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Kazuhisa Nakasho Yasunari Shidama
Yamaguchi University Shinshu University
Yamaguchi, Japan Nagano, Japan

Summary. In this article, we formalize differentiability of implicit func-
tion theorem in the Mizar system [3], [I]. In the first half section, properties of
Lipschitz continuous linear operators are discussed. Some norm properties of a
direct sum decomposition of Lipschitz continuous linear operator are mentioned
here.

In the last half section, differentiability of implicit function in implicit func-
tion theorem is formalized. The existence and uniqueness of implicit function in
[6] is cited. We referred to [10], [11], and [2] in the formalization.
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1. PROPERTIES OF LiPSCHITZ CONTINUOUS LINEAR OPERATORS

From now on S, T', W, Y denote real normed spaces, f, fi1, fo denote partial
functions from S to T', Z denotes a subset of .S, and ¢, n denote natural numbers.
Now we state the propositions:
(1) Let us consider real normed spaces F, F, a partial function f from F to
F, asubset Z of E, and a point z of E. Suppose Z is open and z € Z and
Z Cdom f and f is differentiable in z. Then

(i) f1Z is differentiable in z, and
(i) f'(z) = (f12)' ().
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PRrROOF: Consider N being a neighbourhood of z such that N C dom f and
there exists a rest R of F, F' such that for every point  of F such that
x € N holds f/, — f/. = (f'(2))(x — 2) + R/5_.. Consider r being a real
number such that » > 0 and Ball(z,7) C Z. Reconsider Ny = NN Z as
a neighbourhood of z. Consider R being a rest of E/, F' such that for every
point = of E such that » € N holds f/, — f/. = (f'(2))(x — 2) + R/,_..
For every point x of E such that x € Ny holds (f[Z2),, — (f1Z),. =
(F(2)@ ~ 2) + Rjaes. D

Let us consider real normed spaces F, F', G, a partial function f from
E x F to G, asubset Z of E x F, and a point z of E X F. Suppose Z is
open and z € Z and Z C dom f. Then

(i) if f is partially differentiable in z w.r.t. 1, then f[Z is partially dif-
ferentiable in z w.r.t. 1 and partdiff(f, z) w.r.t.1 =
partdiff (f[Z, z) w.r.t. 1, and

(ii) if f is partially differentiable in z w.r.t. 2, then f[Z is partially dif-
ferentiable in z w.r.t. 2 and partdiff(f, z) w.r.t.2 =
partdiff (f[Z, z) w.r.t. 2.

PROOF: If f is partially differentiable in z w.r.t. 1, then f[Z is partially dif-
ferentiable in z w.r.t. 1 and partdiff(f, z) w.r.t. 1 = partdiff(fZ, z) w.r.t. 1.
Set g = f - (reproj2(z)). Consider N being a neighbourhood of (z)2 such
that N C dom g and there exists a rest R of F'; G such that for every point
x of F such that x € N holds g/, — g/(z), = (partdiff(f, 2) w.r.t.2)(x —
(2)2) + R/y—(2),- Consider R being a rest of F', G such that for every point
x of F such that x € N holds g/, — g/(z), = (partdiff(f, 2) w.r.t.2)(x —
(2)2) + Rz (2),-

Set h = (f|Z) - (reproj2(z)). Consider r; being a real number such
that 1 > 0 and Ball(z,r;) C Z. Consider ry being a real number such
that o > 0 and {y, where y is a point of F : ||y — (2)2| < r2} C N. Set
r = min(ry, r2). Set M = Ball((z)2,7). M C N and for every point = of F
such that x € M holds (reproj2(z))(x) € Z. M C dom h. For every point
x of F such that x € M holds h/, — h/), = (partdiff(f, z) w.r.t. 2)(x —
(2)2) + R/z—(z)z' ]

Let us consider real normed spaces X, E, G, F, a bilinear operator B
from E x F into G, a partial function f from X to FE, a partial function g
from X to F', and a subset S of X. Suppose B is continuous on the carrier
of Ex F and S C dom f and S C dom g and for every point s of X such
that s € S holds f is continuous in s and for every point s of X such that
s € S holds g is continuous in s. Then there exists a partial function H
from X to G such that



IMPLICIT FUNCTION THEOREM. PART II 119

(i) dom H = S, and

(ii) for every point s of X such that s € S holds H(s) = B(f(s),g(s)),
and

(iii) H is continuous on S.

PROOF: Define P[object,object] = there exists a point ¢t of X such that
t = $1 and $3 = B(f(t),g(t)). For every object x such that z € S there
exists an object y such that y € the carrier of G and P[x,y]. Consider
H being a function from S into G such that for every object z such that
z € S holds P[z, H(z)]. For every point s of X such that s € S holds
H(s) = B(f(s),g(s)). For every point zy of X and for every real number r
such that zg € S and 0 < r there exists a real number py such that 0 < ps
and for every point z; of X such that z; € S and ||z1 — z¢|| < p2 holds
HH/xl — H/IOH <r.Od

(4) Let us consider real normed spaces F, F', a partial function g from E to
F, and a subset A of E. Suppose g is continuous on A and domg = A.
Then there exists a partial function xo from E to E X F such that

(i) domzy = A, and
(i) for every point = of E such that x € A holds zs(x) = (z, g(x)), and
(iii) x9 is continuous on A.

PROOF: Define P[object, object] = there exists a point ¢ of E such that
t =%, and $2 = (t, g(t)). For every object x such that x € S there exists
an object y such that y € the carrier of E x F' and Plz,y]. Consider H
being a function from S into E x F' such that for every object z such that
z € S holds P[z, H(z)]. For every point s of E such that s € S holds
H(s) = (s, g(s)). For every point zy of E and for every real number r
such that zg € S and 0 < r there exists a real number py such that 0 < ps
and for every point x; of E such that x; € S and ||x1 — z¢|| < p2 holds
| H )y — Holl < 7. O

(5) Let us consider real normed spaces S, T, V, a point zy of V, a partial
function f1 from the carrier of V to the carrier of S, and a partial function
f2 from the carrier of S to the carrier of T'. Suppose z¢ € dom(f2 - f1)
and fi is continuous in xy and fs is continuous in f; Jao- Then fo - f1 is
continuous in xg.
PROOF: rng(f14$1) C dom fo. O

(6) Let us consider real normed spaces E, F, a point z of £ x F, a point z
of E, and a point y of F. Suppose z = (z, y). Then ||z| < ||z] + ||yl

(7) Let us consider real normed spaces E, F', G, and a linear operator L
from F x F into G. Then there exists a linear operator Lq from F into G
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and there exists a linear operator Ly from F' into G such that for every
point z of E and for every point y of F, L({x, y)) = L1(z) + L2(y) and
for every point = of E, Li(z) = L/<x 0r) and for every point y of F,

La(y) = L/(0E731>.

PROOF: Define C(point of E) = L/($1,0F)' Consider Ly being a function
from the carrier of E into the carrier of G such that for every point = of
E, Li(z) = C(x). For every elements s, t of E, Li(s+t) = Li(s) + Li(t).
For every element s of E and for every real number r, Li(r-s) =r-Li(s).
Define D(point of F) = L/(OE,$1
the carrier of F' into the carrier of G such that for every point x of F,
Ly(z) = D(x). For every elements s, t of ', La(s+1t) = La(s) + La(t). For
every element s of F' and for every real number r, Ly(r-s) = r- La(s). For
every point z of E and for every point y of F, L({z, y)) = L1(z) + La(y).
U

Let us consider real normed spaces F, F, GG, a linear operator L from

) Consider Ly being a function from

FE x F into G, a linear operator Li; from E into G, a linear operator Lis
from F into G, a linear operator Lo; from F into GG, and a linear operator
Lo from F' into GG. Suppose for every point x of E and for every point y
of F', L({z, y)) = L11(x) + Li2(y) and for every point = of E and for every
point y of F, L({z, y)) = Lo1(xz) + L22(y). Then

(i) L11 = L21, and
(ii) L12 = L22.

Let us consider real normed spaces E, F, G, a linear operator L, from F
into GG, and a linear operator Lo from F' into G. Then there exists a linear
operator L from E x F into G such that

(i) for every point z of F and for every point y of F', L({x, y)) = L1(z)+
Ly (y), and

(i) for every point z of E, Li(z) = L/(z,op)’ and
(iii) for every point y of F', Lao(y) = L/<OE’y).

PROOF: Define Plobject, object] = there exists a point x of E and there
exists a point y of F such that $; = (z, y) and $2 = Li(x) + La(y).
For every element z of E x F', there exists an element y of G such that
P[z,y]. Consider L being a function from E x F into G such that for
every element z of E' x F, P[z, L(z)]. For every points z, w of E x F,
L(z +w) = L(z) + L(w). For every element z of E' x F' and for every real
number r, L(r-z) = r- L(z). For every point z of E and for every point y
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of F, L({x, y)) = Li(xz)+ La(y). For every point x of E, L1(x) = L/<x 0r)"
For every point y of F, La(y) = L/(OE 5) by [9) (3)]. O

(10) Let us consider real normed spaces F, F, G, and a Lipschitzian linear
operator L from FE x F into G. Then there exists a Lipschitzian linear
operator Ly from E into G and there exists a Lipschitzian linear operator
Lo from F into GG such that for every point x of E and for every point y of
F, L({z, y)) = Li(z)+ L2(y) and for every point z of E, L1 (z) = L/<x70F)
and for every point y of F', Lo(y) = L How, ) The theorem is a consequence
of (7).

(11) Let us consider real normed spaces E, F', G, a Lipschitzian linear opera-
tor L1 from F into GG, and a Lipschitzian linear operator Lo from F' into
G. Then there exists a Lipschitzian linear operator L from E x F' into G
such that

(i) for every point z of E and for every point y of F'; L({z, y)) = L1(z)+
Lo (y), and

(i) for every point z of E, Li(z) = L/<$’0F), and
(iii) for every point y of F', La(y) = L/<OE,y).

The theorem is a consequence of (9).

(12) Let us consider real normed spaces F, F, G, and a point L of the real
norm space of bounded linear operators from F x F into G. Then there
exists a point Ly of the real norm space of bounded linear operators from
FE into G and there exists a point Lo of the real norm space of bounded
linear operators from F' into G such that for every point x of £ and for
every point y of F'; L({z, y)) = L1(x) + L2(y) and for every point x of F,
Li(x) = L({z, Or)) and for every point y of F', La(y) = L({0g, y)) and
LI < [ILa[l + [|Z2[l and || L] < [|IL|| and [|Lef| < [IZ].

PROOF: Reconsider L. = L4 as a Lipschitzian linear operator from E x
F into G. Consider Ly being a Lipschitzian linear operator from FE into
G, Lo being a Lipschitzian linear operator from F' into G such that for
every point x of E and for every point y of F', L({z, y)) = Li(x) + La2(y)
and for every point x of F, Li(z) = L/<I,0F> and for every point y of F,

La(y) = L/(OE,y)'

Reconsider Ly = L, as a point of the real norm space of bounded
linear operators from E into G. Reconsider Ls = Lo as a point of the real
norm space of bounded linear operators from F' into G. For every point x
of E, Ls(z) = L4({x, Or)). For every point y of F', L3(y) = L4({0g, y)).
For every real number ¢ such that ¢ € PreNorms(L) holds ¢ < || Ls||+ || Ls||-
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For every real number ¢ such that ¢ € PreNorms(L;) holds ¢ < ||L4||. For
every real number ¢ such that ¢ € PreNorms(Ls) holds t < || L4]|. O

(13) Let us consider real normed spaces E, F', G, a point L of the real norm
space of bounded linear operators from F x F into G, points Lq1, L12
of the real norm space of bounded linear operators from E into G, and
points Loy, Lo of the real norm space of bounded linear operators from F
into G. Suppose for every point = of E and for every point y of F, L({z,
y)) = Li1(x) + L21(y) and for every point x of E and for every point y of
F, L({x, y)) = Li2(x) + L22(y). Then

(1) L11 = ng, and
(11) L21 = LQQ.

The theorem is a consequence of (8).

2. DIFFERENTIABILITY OF IMPLICIT FUNCTION

Now we state the propositions:
(14) Let us consider real normed spaces E, G, F, a subset Z of E x F,
a partial function f from E x F' to G, and a point z of ' x F. Suppose f
is differentiable in z. Then

(i) f is partially differentiable in z w.r.t. 1, and
(ii) f is partially differentiable in z w.r.t. 2, and

(iii) for every point d7 of E and for every point dg of F, (f'(z))({dr,
dg)) = (partdiff(f, z) w.r.t. 1)(d7) + (partdiff (f, z) w.r.t. 2)(dg).

PRrROOF: Reconsider y = (IsoCPNrSP(FE, F'))(z) as a point of [[(E, F).
Consider N being a neighbourhood of z such that N C dom f and there
exists a rest R of ¥ x F', G such that for every point w of F x F' such that
w € N holds f/, — f/. = (f'(2))(w — 2) + R,,_.. Consider R being a rest
of £ x F', G such that for every point w of ¥ x F' such that w € N holds
Srw—Ffr: = (f'(2))(w—2)+R/y_.. Reconsider L = f'(z) as a Lipschitzian
linear operator from F x F into G. Consider L; being a Lipschitzian linear
operator from F into G, Lo being a Lipschitzian linear operator from F
into G such that for every point dy of E and for every point dg of F', L({dy,
ds)) = Li(d7) + La(dg) and for every point d; of E, Li(d7) = L/(d7,0F)
and for every point dg of F, La(dg) = L/(OE,ds)'

Reconsider Ls = L as a point of the real norm space of bounded linear
operators from FE into G. Reconsider Ly = Lo as a point of the real norm
space of bounded linear operators from F into G. Set g1 = f - (reproj1(z)).
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Set go = f - (reproj2(z)). Reconsider z = (z)1 as a point of E. Reconsider
y = (z)2 as a point of F. Consider ry being a real number such that
0 < ro and {y, where y is a point of E X F : ||y — z|| <19} C N. Consider
r being a real number such that 0 < r < ry and Ball(z,r) x Ball(y,r) C
Ball(z, rg). Define C(point of F) = R/<$17 0r)- Consider R; being a function
from the carrier of F into the carrier of G such that for every point p of
E, Ri(p) = C(p). Define D(point of F) = R/<0E7$1). Consider Ry being
a function from the carrier of F' into the carrier of G such that for every
point p of F', Ra(p) = D(p).

For every real number r such that r > 0 there exists a real number d
such that d > 0 and for every point z of E such that z # O and ||2]| < d
holds ||z~ - ||R1 /.|| < r. For every real number r such that 7 > 0 there
exists a real number d such that d > 0 and for every point z of F' such that
z # 0p and ||z|| < d holds ||z|| 7! - |R2/.|l < r. Reconsider N1 = Ball(z, )
as a neighbourhood of z. Reconsider Ny = Ball(y, ) as a neighbourhood of
y. N1 € domgy. No C dom go. For every point x; of E¥ such that z; € Ny
holds g1 /,, — 91/, = Ls(xy —x) + Ri )z, For every point y; of F' such
that y; € Ny holds 92y — 927y = Li(yh —y) + Ra /y,—y- O

(15) Let us consider real normed spaces E, G, F', asubset Z of Ex F', a partial
function f from E x F to G, a point a of E, a point b of F', a point ¢ of
G, a point z of E x F, real numbers r1, 79, a partial function g from F
to F', a Lipschitzian linear operator P from FE into G, and a Lipschitzian
linear operator @ from G into F'.

Suppose Z is open and dom f = Z and z = (a, b) and z € Z and
f(a,b) = c and f is differentiable in z and 0 < r; and 0 < 9 and dom g =
Ball(a,r1) and rngg C Ball(b,72) and g(a) = b and g is continuous in a
and for every point x of E such that x € Ball(a,r1) holds f(z,g(z)) = ¢
and partdiff (f, z) w.r.t.2 is one-to-one and Q = (partdiff(f, z) w.r.t.2)~!
and P = partdiff(f, z) w.r.t. 1. Then

(i) g is differentiable in a, and

(i) ¢'(a) = -Q- P.

PROOF: Reconsider L = Q- P as a point of the real norm space of bounded
linear operators from F into F. Consider Ny being a neighbourhood of z
such that Ny C dom f and there exists a rest R of £ X F', G such that for
every point w of £/ x F' such that w € No holds f/,, — f/. = (f'(2))(w —
z)+ R/,—.. Consider R being a rest of E'x F', G such that for every point
w of E x F such that w € Ng holds f/, — f/. = (f'(2))(w — 2) + R ..
Consider ry being a real number such that 0 < rg and {y, where y is
a point of £ x F : ||y — z|| < ro} € Np. Consider r3 being a real number
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such that 0 < r3 < ¢ and Ball(a, r3) x Ball(b, r3) C Ball(z, 7). Reconsider
r4 = min(ry, r3) as a real number.

Consider r5 being a real number such that 0 < r5 and for every point
x1 of E such that x1 € domg and |z1 — al| < 75 holds [|g/z, — g/all < 73
Reconsider rg = min(r4,75) as a real number. Reconsider N = Ball(a, )
as a neighbourhood of a. Define C(point of E) = _Q(R/($1,g/a+$1 —g/a))‘

Consider Ry being a function from the carrier of E into the carrier of F
such that for every point p of E, Ri(p) = C(p). For every point z of E
such that z € N holds g/, — g/o = (—L)(z — a) + R1 /54 Define D[point
of E,object] = $2 = (81, g/a+$, — 9/a)- For every element dy of the carrier
of E, there exists an element dg of the carrier of E x F' such that D[d7, ds].

Consider V being a function from the carrier of E into the carrier of
E x F such that for every element d; of the carrier of E, D[dr, V(d7)].
Reconsider Q1 = ) as a point of the real norm space of bounded linear
operators from G into F. Set Q2 = ||Q1]|. Consider dy being a real number
such that dyp > 0 and for every point dg of £ x F' such that d9 # Ogpxpr
and ||dg|| < do holds ||dg|| ™" - || R g, || < m Consider d; being a real
number such that 0 < di < dp and Ball(a, d1) x Ball(g/,,d1) € Ball(z, do).
Consider do being a real number such that 0 < dy and for every point xq
of E such that z1 € domg and [|z1 — al| < dg holds |lg/z, — g/all < du.
Reconsider d3 = min(dy, d2) as a real number. Reconsider dy = min(ds, r1)
as a real number.

For every point dy of E such that d7 # Og and ||d7|| < d4 holds
1Ry gl < m “([ld7][ +11g/a+d; — 9/all)- For every point d7 of E such
that d7 # Op and ||d7|| < dy holds || Ry q. || < 3 - (ld7]l + 9/atdr — 97all)-
Set Q3 = ||L||. Reconsider ds = min(reg,ds) as a real number. For every
point d7 of E such that d7 # Og and ||d7|| < d5 holds [|g/q1d, — 9/all <
(2-Qs3+ 1) -||dy||. For every real number r such that r > 0 there exists
a real number d such that d > 0 and for every point dy of E such that
dr # 05 and |[dr]| < d bolds ||dz]| - [|Ryja, || < by [ (23)], [T (7)), 8
(18)]. O

From now on X, Y, Z denote non trivial real Banach spaces.
Now we state the propositions:

(16)

Let us consider a point u of the real norm space of bounded linear opera-
tors from X into Y. Suppose u is invertible. Then there exist real numbers
K, s such that

(i) 0 < K, and
(ii) 0 <s, and

(iii) for every point dg of the real norm space of bounded linear operators
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from X into Y such that ||dgs|]| < s holds w + d¢ is invertible and
Mnvu+ds — Invu — —(Invu) - de - (Invu)|| < K - (||dg|| - ||ds]])-

(17) Let us consider a partial function I from the real norm space of bounded
linear operators from X into Y to the real norm space of bounded linear
operators from Y into X. Suppose dom I = InvertOpers(X,Y) and for
every point u of the real norm space of bounded linear operators from
X into Y such that u € InvertOpers(X,Y) holds I(u) = Invu. Let us
consider a point u of the real norm space of bounded linear operators
from X into Y. Suppose u € InvertOpers(X,Y’). Then

(i) I is differentiable in u, and

(ii) for every point dg of the real norm space of bounded linear operators
from X into Y, (I'(u))(dg) = —(Invu) - dg - (Invu).

PRrROOF: Set S = the real norm space of bounded linear operators from
X into Y. Set W = the real norm space of bounded linear operators
from Y into X. Set N = InvertOpers(X,Y’). Define C(point of S) =
—(Invu) - $1 - (Invu). Consider L being a function from the carrier of S
into the carrier of W such that for every point = of S, L(x) = C(x). For
every elements s, ¢t of S, L(s+t) = L(s) + L(t). For every element s of S
and for every real number r, L(r - s) = r - L(s). Define D(point of S) =
Invu+$; — Invu — L($;).

Consider R being a function from the carrier of S into the carrier of
W such that for every point x of S, R(x) = D(z). For every point x of
S, R(z) =Invu+2z —Invu — —(Invu) - z - (Invu). Reconsider Lo = L as
a point of the real norm space of bounded linear operators from S into
W. For every real number r such that r > 0 there exists a real number d
such that d > 0 and for every point z of S such that z # 0g and ||z|| < d
holds [|z]|! - [|R,|| < r. Reconsider Ry = R as a rest of S, W. For every
point v of S such that v € N holds I, — I, = Lo(v — u) + Ro/y—y- O

(18) There exists a partial function I from the real norm space of bounded
linear operators from X into Y to the real norm space of bounded linear
operators from Y into X such that

(i) dom I = InvertOpers(X,Y’), and
(ii) rng ! = InvertOpers(Y, X), and
(iii) I is one-to-one and differentiable on InvertOpers(X,Y’), and
)

(iv) there exists a partial function J from the real norm space of bounded
linear operators from Y into X to the real norm space of bounded
linear operators from X into Y such that J = I~! and .J is one-to-one
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and dom J = InvertOpers(Y, X) and rng J = InvertOpers(X,Y') and
J is differentiable on InvertOpers(Y, X), and

(v) for every point u of the real norm space of bounded linear operators
from X into Y such that u € InvertOpers(X,Y') holds I(u) = Invu,
and

(vi) for every points u, dg of the real norm space of bounded linear
operators from X into Y such that u € InvertOpers(X,Y’) holds
(I'(u))(dg) = —(Invu) - dg - (Inv u).

Proor: Consider I being a partial function from the real norm space of
bounded linear operators from X into Y to the real norm space of bounded
linear operators from Y into X such that dom/ = InvertOpers(X,Y)
and rng I = InvertOpers(Y, X) and I is one-to-one and continuous on
InvertOpers(X,Y') and there exists a partial function J from the real norm
space of bounded linear operators from Y into X to the real norm space of
bounded linear operators from X into Y such that J = I~! and J is one-
to-one and domJ = InvertOpers(Y, X) and rngJ = InvertOpers(X,Y)
and J is continuous on InvertOpers(Y, X) and for every point u of the real
norm space of bounded linear operators from X into Y such that u €
InvertOpers(X,Y') holds I(u) = Invu.

Consider J being a partial function from the real norm space of bo-
unded linear operators from Y into X to the real norm space of bounded
linear operators from X into Y such that J = I~! and J is one-to-one and
dom J = InvertOpers(Y, X ) and rng J = InvertOpers(X,Y’) and J is con-
tinuous on InvertOpers(Y, X). For every point u of the real norm space of
bounded linear operators from X into Y such that u € InvertOpers(X,Y’)
holds I is differentiable in u. For every point v of the real norm space of
bounded linear operators from Y into X such that v € InvertOpers(Y, X)
holds J(v) = Invwv by [B, (15)]. For every point v of the real norm space of
bounded linear operators from Y into X such that v € InvertOpers(Y, X)
holds J is differentiable in v. OJ

Let us consider real normed spaces E, G, F', a subset Z of Ex F', a partial
function f from E x F to G, a point a of E, a point b of F', a point ¢ of
G, a point z of ' x F', a subset A of E, a subset B of F, and a partial
function g from E to F'. Suppose Z is open and dom f = Z and A is open
and B is open and A x B C Z and z = (a, b) and f(a,b) = ¢ and f is
differentiable in z and domg = A and rngg C B and a € A and g(a) = b
and ¢ is continuous in a and for every point z of E such that x € A holds
f(z,g(x)) = c and partdiff(f, z) w.r.t. 2 is invertible. Then

(i) g is differentiable in a, and
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(i) ¢'(a) = —(Inv partdiff(f, z) w.r.t.2) - (partdiff (f, z) w.r.t. 1).

PRrOOF: Consider 73 being a real number such that 0 < 2 and Ball(b, r2) C
B. Consider r3 being a real number such that 0 < r3 and for every point
z1 of E such that 1 € domg and [|x1 — al| < r3 holds [lg/z, — g/all < 7.
Consider r4 being a real number such that 0 < r4 and Ball(a,r4) C A. Set
r1 = min(rs, r4). Set g1 = g[ Ball(a,r1). For every real number r such that
0 < r there exists a real number s such that 0 < s and for every point z;
of E such that z1 € domg; and [[z1 — al| < s holds |g1 /5, — g1/al < 7
For every point x of E such that = € Ball(a, 1) holds f(x,¢1(z)) = c.
Reconsider @ = (partdiff(f, z) w.r.t.2)~! as a Lipschitzian linear ope-

rator from G into F. Reconsider P = partdiff(f, z) w.r.t. 1 as a Lipschit-
zian linear operator from E into G. g is differentiable in a and ¢1'(a) =
—(@ - P. Consider N being a neighbourhood of a such that N C dom g;
and there exists a rest R of E, F' such that for every point x of F such
that € N holds g1/, — g1/, = (91"(a))(z — a) + R/y_,- Consider R being
a rest of E, I’ such that for every point x of E such that x € N holds
91z — 910 = (@1'(a))(z — a) + R),_,. For every point x of E such that
z € N holds 9/x = 9ja = (gll(a))(ﬂf —a)+ R/x—a' O

(20) Let us consider a real normed space E, non trivial real Banach spaces
G, F, asubset Z of ¥ x F, a partial function f from F x F' to GG, a point
cof G, a subset A of E, a subset B of F, and a partial function g from E
to F'. Suppose Z is open and dom f = Z and A is open and B is open and
A x B C Z and f is differentiable on Z and ffZ is continuous on Z and
domg = A and rngg C B and ¢ is continuous on A and for every point
x of E such that z € A holds f(x,g(z)) = ¢ and for every point x of E
and for every point z of E x F such that x € A and z = (z, g(x)) holds
partdiff (f, z) w.r.t. 2 is invertible. Then

(i) g is differentiable on A, and
(ii) g}4 is continuous on A, and
(iii) for every point z of E and for every point z of E x F' such that x € A
and z = (z, g(z)) holds ¢'(xz) = —(Inv partdiff (f, z) w.r.t. 2)-
(partdiff(f, z) w.r.t. 1).

PRrROOF: For every point x of E and for every point z of F x F' such
that z € A and z = (z, g(x)) holds g is differentiable in  and ¢'(z) =
—(Inv partdiff (f, z) w.r.t. 2) - (partdiff(f, z) w.r.t. 1). For every point = of
FE such that z € A holds g is differentiable in z. Consider z2 being a par-
tial function from E to E x F such that dom x5 = A and for every point x
of E such that x € A holds x2(x) = (x, g(x)) and x5 is continuous on A.
Consider B being a bilinear operator from the real norm space of bounded
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linear operators from E into G x the real norm space of bounded linear
operators from G into F' into the real norm space of bounded linear ope-
rators from E into F' such that B is continuous on the carrier of (the real
norm space of bounded linear operators from E into G) x (the real norm
space of bounded linear operators from G into F') and for every point u
of the real norm space of bounded linear operators from E into G and for
every point v of the real norm space of bounded linear operators from G
into ', B(u,v) =v - u.

Consider I being a partial function from the real norm space of bo-
unded linear operators from F' into G to the real norm space of boun-
ded linear operators from G into F' such that dom I = InvertOpers(F, G)
and rng/ = InvertOpers(G, F) and [ is one-to-one and continuous on
InvertOpers(F, G) and there exists a partial function J from the real norm
space of bounded linear operators from G into F to the real norm space of
bounded linear operators from F into G such that J = I~! and J is one-to-
one and dom J = InvertOpers(G, F) and rng J = InvertOpers(F, G) and
J is continuous on InvertOpers(G, F) and for every point u of the re-
al norm space of bounded linear operators from F' into G such that
u € InvertOpers(F,G) holds I(u) = Invu. For every point = of E such
that @ € A holds (g14) 2 = =B (1 2).02) @), (11122 22)@))

For every point x of E such that z € A holds z € dom((f [! Z)-z2) and
(f I' Z) x5 is continuous in x. For every point = of E such that € A holds
v e€dom(l-(f[?Z) -x9)and I -(f |2 Z) - x5 is continuous in z. Consider
H being a partial function from FE to the real norm space of bounded
linear operators from F into F' such that dom H = A and for every point
x of E such that 2 € A holds H(z) = B(((f ' Z2) - z2)(z),(I - (f |?
Z) - x2)(x)) and H is continuous on A. For every point xo of E such
that mp € A holds B{((f ' Z) - 22)(x0), (I - (f ? Z) - x2)(w0))) =
B/(((frlZ)-xz)(xo), (- 122)-2) (w0)) For every point xg of E such that g € A
holds g} 4 [A is continuous in . O

Let us consider a real normed space F, non trivial real Banach spaces
G, F, a subset Z of E x I, a partial function f from E x F' to G, a point a
of E, a point b of I, a point ¢ of G, and a point z of E x F'. Suppose Z is
open and dom f = Z and f is differentiable on Z and ff » is continuous on
Z and (a, b) € Z and f(a,b) = c and z = (a, b) and partdiff(f, z) w.r.t.2
is invertible. Then there exist real numbers r;, r9 such that

(i) 0 <7y, and
(ii) 0 < 7o, and
(iii) Ball(a,r1) x Ball(b,r2) C Z, and
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(iv) for every point x of E such that x € Ball(a,r;) there exists a point
y of F such that y € Ball(b,r2) and f(x,y) = ¢, and

(v) for every point  of E such that x € Ball(a, 1) for every points y1, y2
of F' such that y;, y2 € Ball(b,r2) and f(z,y1) = ¢ and f(x,y2) = ¢
holds y1 = 2, and

(vi) there exists a partial function g from E to F such that domg =
Ball(a,r1) and rngg C Ball(b,r2) and g is continuous on Ball(a,r;)
and g(a) = b and for every point = of E such that x € Ball(a, r1) holds
f(z,g(z)) = c and g is differentiable on Ball(a,r) and g/[Ball(a,rl)
continuous on Ball(a,r) and for every point x of E and for every
point z of E x F' such that € Ball(a,r) and z = (x, g(x)) holds
g (z) = —(Inv partdiff(f, z) w.r.t. 2) - (partdiff (f, z) w.r.t. 1) and for
every point x of E and for every point z of £ x F' such that = €
Ball(a,r1) and z = (z, g(x)) holds partdiff(f, z) w.r.t. 2 is invertible,
and

is

(vii) for every partial functions g1, g2 from F to F' such that domg; =
Ball(a,r;) and rngg; C Ball(b,r2) and for every point z of E such
that = € Ball(a,r1) holds f(z,¢1(x)) = ¢ and dom go = Ball(a,r;)
and rng go C Ball(b,r2) and for every point z of E such that z €
Ball(a,r1) holds f(z,g2(z)) = ¢ holds g1 = go.

PROOF: Set P = fy |? Zy. Consider p; being a real number such that
0 < p1 and Ball(P/;,p1) C InvertOpers(F,G). Consider s; being a real
number such that 0 < s; and for every point z; of £ x F such that
z1 € Zp and |[|z1 — 2| < s1 holds ||P/,, — P).|| < p1. Consider sy being
a real number such that 0 < sy and Ball(z, s3) C Zy. Set s = min(sq, $2).
Set Z = Ball(z,s). Set f = folZ. Set D = f,. For every point z of E x
F such that z € Z holds fy'(z) = f/(z). For every point z of E x F and
for every real number r such that xg € Z and 0 < r there exists a real
number s such that 0 < s and for every point z1 of E X F' such that 1 € Z
and [|z1 — o|| < s holds ||D /5, — Dy,|l < 7. For every point z of £ x F
such that z € Z holds partdiff(fo, z) w.r.t.1 = partdiff(f, z) w.r.t.1 and
partdiff (fo, z) w.r.t. 2 = partdiff (f, z) w.r.t. 2.

Consider 71, 79 being real numbers such that 0 < r; and 0 < 7o
and Ball(a,r1) x Ball(b,m3) € Z and for every point x of E such that
x € Ball(a,r1) there exists a point y of F' such that y € Ball(b,72) and
f(z,y) = ¢ and for every point x of E such that = € Ball(a,r;) for every
points 1, yo of F' such that y1, yo € Ball(b,r2) and f(z,y1) = ¢ and
f(x,y2) = ¢ holds y; = y2 and there exists a partial function g from E
to F' such that g is continuous on Ball(a,r1) and dom g = Ball(a,r;) and
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rng g C Ball(b,72) and g(a) = b and for every point x of E such that
x € Ball(a,r1) holds f(z,g(x)) = ¢ and for every partial functions g1, g2
from E to F such that domg; = Ball(a,r1) and rngg; C Ball(b,r2) and
for every point z of E such that z € Ball(a,r) holds f(z,gi(x)) = ¢ and
dom gy = Ball(a,r1) and rng gs C Ball(b,ry) and for every point x of E
such that = € Ball(a,r1) holds f(x,g2(z)) = ¢ holds g1 = g¢a.

For every point z of E and for every point y of F such that = €
Ball(a,r1) and y € Ball(b,r2) holds fo(x,y) = f(x,y). For every point x
of E such that x € Ball(a,r1) there exists a point y of F' such that y €
Ball(b, r2) and fo(z,y) = c. For every point z of E such that = € Ball(a,r1)
for every points y1, y2 of F such that y1, y2 € Ball(b,r2) and fo(x,y1) = ¢
and fo(x,y2) = ¢ holds y; = y2. Consider g being a partial function from
E to F such that g is continuous on Ball(a,r;) and dom g = Ball(a,r;)
and rngg C Ball(b,72) and g(a) = b and for every point x of E such
that x € Ball(a,r1) holds f(z,g(x)) = c. For every point x of E and
for every point w of F x F such that = € Ball(a,r) and w = (z, g(x))
holds partdiff (fy, w) w.r.t. 2 is invertible. For every point x of E and for
every point w of E x F such that x € Ball(a,r) and w = (z, g(z)) holds
partdiff (f, w) w.r.t. 2 is invertible.

For every point z of E such that z € Ball(a,r1) holds fo(z,g(x)) = c.
g is differentiable on Ball(a, 1) and g’rBaH(a’Tl) is continuous on Ball(a, 1)
and for every point x of E and for every point z of £ X F such that z €
Ball(a,r1) and z = (z, g(z)) holds ¢'(x) = —(Inv partdiff (fo, z) w.r.t. 2)-
(partdiff (fo, z) w.r.t. 1). For every partial functions g1, g2 from E to F' such
that dom g; = Ball(a,r1) and rng g; C Ball(b, r2) and for every point x of
E such that = € Ball(a,r1) holds fo(z,g1(z)) = ¢ and dom g9 = Ball(a, r1)
and rng g2 C Ball(b, r2) and for every point = of E such that = € Ball(a, 1)
holds fo(z, g2(x)) = ¢ holds g1 = go. O

REFERENCES

Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

Bruce K. Driver. Analysis Tools with Applications. Springer, Berlin, 2003.

Adam Grabowski, Artur Kornitowicz, and Adam Naumowicz. Four decades of Mizar.
Journal of Automated Reasoning, 55(3):191-198, 2015. doi:10.1007/s10817-015-9345-1.
Hiroshi Imura, Morishige Kimura, and Yasunari Shidama. The differentiable functions on
normed linear spaces. Formalized Mathematics, 12(3):321-327, 2004.

Kazuhisa Nakasho. Invertible operators on Banach spaces. Formalized Mathematics, 27
(2):107-115, 2019. doi:10.2478 /forma-2019-0012.

Kazuhisa Nakasho, Yuichi Futa, and Yasunari Shidama. Implicit function theorem. Part
I. Formalized Mathematics, 25(4):269-281, 2017. doii10.1515/forma-2017-0026.


https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-015-9345-1
http://fm.mizar.org/2004-12/pdf12-3/ndiff_1.pdf
http://fm.mizar.org/2004-12/pdf12-3/ndiff_1.pdf
http://dx.doi.org/10.2478/forma-2019-0012
http://dx.doi.org/10.1515/forma-2017-0026

IMPLICIT FUNCTION THEOREM. PART II 131

[7] Takaya Nishiyama, Keiji Ohkubo, and Yasunari Shidama. The continuous functions on
normed linear spaces. Formalized Mathematics, 12(3):269-275, 2004.

[8] Hiroyuki Okazaki, Noboru Endou, and Yasunari Shidama. Cartesian products of family
of real linear spaces. Formalized Mathematics, 19(1):51-59, 2011. doi:10.2478/v10037-
011-0009-2.

[9] Hideki Sakurai, Hiroyuki Okazaki, and Yasunari Shidama. Banach’s continuous inver-
se theorem and closed graph theorem. Formalized Mathematics, 20(4):271-274, 2012.
doi:10.2478 /v10037-012-0032-y.

[10] Laurent Schwartz. Théorie des ensembles et topologie, tome 1. Analyse. Hermann, 1997.
[11] Laurent Schwartz. Calcul différentiel, tome 2. Analyse. Hermann, 1997.

Accepted May 27, 2019


http://fm.mizar.org/2004-12/pdf12-3/nfcont_1.pdf
http://fm.mizar.org/2004-12/pdf12-3/nfcont_1.pdf
http://dx.doi.org/10.2478/v10037-011-0009-2
http://dx.doi.org/10.2478/v10037-011-0009-2
http://dx.doi.org/10.2478/v10037-012-0032-y

	=0pt Implicit Function Theorem. Part II  By Kazuhisa Nakasho and Yasunari Shidama  

