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Summary. In this article, using the Mizar system [5], [2], the isomorphisms
from the space of multilinear operators are discussed. In the first chapter, two
isomorphisms are formalized. The former isomorphism shows the correspondence
between the space of multilinear operators and the space of bilinear operators.

The latter shows the correspondence between the space of multilinear ope-
rators and the space of the composition of linear operators. In the last chapter,
the above isomorphisms are extended to isometric mappings between the normed
spaces. We referred to [6], [11], [9], [3], [10] in this formalization.
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1. PLAIN ISOMORPHISMS
FROM THE SPACE OF MULTILINEAR OPERATORS

From nowon X, Y, Z, E, F, G, S, T denote real linear spaces.
Let G be a real linear space sequence. Note that [[ G is constituted finite
sequences. Now we state the propositions:

(1) Let us consider an element s of [[(E, F'), an element i of dom(F, F'), and
an object z1. Then len(s +- (i,z1)) = 2.

(2) Let us consider a real linear space sequence G, an element i of dom G,
an element x of []G, and an element r of G(7). Then (reproj(i,x))(r) =
x4+ (i,7).
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Let X, Y be real linear spaces. The functor IsoCPRLSP(X,Y") yielding a li-
near operator from X x Y into [[(X,Y") is defined by

(Def. 1) for every point x of X and for every point y of Y, it(z,y) = (x,y).

Now we state the proposition:
(3) Let us consider real linear spaces X, Y. Then OMxyy = (IsoCPRLSP(X,

Y))(0xxv)-

Let X, Y be real linear spaces. One can check that IsoCPRLSP(X,Y) is
bijective and there exists a linear operator from X X Y into [[(X,Y) which is
bijective. Now we state the proposition:

(4) Let us consider a linear operator I from S into 7. Suppose I is bijective.
Then there exists a linear operator J from T into S such that

(i) J =171 and
(ii) J is bijective.
PROOF: Reconsider J = I~! as a function from 7 into S. For every points
v, wof T, J(v+w)=J(v)+ J(w). For every point v of T and for every
real number r, J(r-v) =7r-J(v). O
Let X, Y be real linear spaces and f be a bijective linear operator from X x
Y into [J(X,Y). One can verify that the functor f~! yields a linear operator
from [[(X,Y) into X xY. One can check that f~! is bijective as a linear operator
from [[(X,Y) into X x Y and there exists a linear operator from [[(X,Y) into
X x Y which is bijective. Now we state the propositions:
(5) Let us consider real linear spaces X, Y, a point z of X, and a point y of
Y. Then ((IsoCPRLSP(X,Y))")((z,v)) = (=, v).
(6) Let us consider real linear spaces X, Y. Then ((IsoCPRLSP(X,Y))™ 1)
(OH(X,Y>) = Oxxy. The theorem is a consequence of (3).

(7) Let us consider a multilinear operator u from (E, F) into G. Then u -
(IsoCPRLSP(E, F)) is a bilinear operator from F x F into G.
PROOF: Reconsider L = u - (IsoCPRLSP(FE, F')) as a function from E x F
into G. For every points x1, x9 of E and for every point y of F', L(z1 +
x2,y) = L(x1,y)+ L(x2,y). For every point x of E and for every point y of
F and for every real number a, L(a-x,y) = a- L(x,y). For every point z of
E and for every points y1, y2 of F, L(z,y1 +y2) = L(x,y1) + L(z,y2). For
every point x of E and for every point y of F' and for every real number
a, L(z,a-y) =a- L(z,y) by [1, (31)]. O

(8) Let us consider a bilinear operator u from E x F into G. Then u -
((IsoCPRLSP(E, F))~1) is a multilinear operator from (E, F) into G.
PROOF: Reconsider M = u - ((IsoCPRLSP(FE, F))~!) as a function from
[I{E, F) into G. For every element i of dom(E, F) and for every element
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s of [I[{E, F), M - (reproj(i, s)) is a linear operator from (E, F')(i) into G.
O

(9) There exists a linear operator I from VectorSpaceOfBilinOpersg (X, Y, Z)
into VectorSpaceOfMultOpersg ((X,Y'), Z) such that

(i) I is bijective, and

(ii) for every point u of VectorSpaceOfBilinOpersg(X,Y,Z), I(u) = u -
((IsoCPRLSP(X, Y))™1).

PROOF: Set F; = the carrier of VectorSpaceOfBilinOpersg(X,Y, Z). Set
F5 = the carrier of VectorSpaceOfMultOpersg((X,Y), Z).
Define P[function, function] = $5 = $;-((IsoCPRLSP(X,Y))™!). For every
element z of F, there exists an element y of F» such that P[z, y|. Consider
I being a function from F; into F5 such that for every element x of Fi,
Plz,I(x)]. For every objects x1, xo such that z1, xo € F} and I(z1) =
I(x2) holds x1 = z5. For every object y such that y € Fy there exists
an object x such that z € Fy and y = I(z). For every points z, y of
VectorSpaceOfBilinOpersg(X,Y, Z), I(z + y) = I(x) + I(y). For every
point x of VectorSpaceOfBilinOpersg(X,Y, Z) and for every real number
a, I(a-x)=a-I(z). O

(10) There exists a linear operator I from VectorSpaceOfLinearOpersg (X,
VectorSpaceOfLinearOpersg (Y, Z)) into VectorSpaceOfMultOpersg ((X,Y),
Z) such that

(i) I is bijective, and

(ii) for every point u of VectorSpaceOfLinearOpersg (X, VectorSpaceOf-
LinearOpersg(Y, Z)) and for every point x of X and for every point

y of Y, I(u)((z,y)) = u(x)(y).

The theorem is a consequence of (9) and (5).

2. EXTENSIONS TO ISOMETRIC ISOMORPHISM
FROM THE NORMED SPACE OF MULTILINEAR OPERATORS

In the sequel X, Y, Z, E, F, G denote real normed spaces and S, T" denote
real norm space sequences. Now we state the propositions:
(11) Let us consider a point s of [[(E, F), an element i of dom(F, F'), and
an object z1. Then len(s +- (i,z1)) = 2.
(12) Let us consider a Lipschitzian multilinear operator v from (E, F') into
G. Then u- (IsoCPNrSP(E, F)) is a Lipschitzian bilinear operator from E
x F into G.
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(13)

(14)

(15)
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PROOF: Reconsider L = u - (IsoCPNrSP(E, F')) as a function from E x F
into G. For every points x1, zo of E and for every point y of F, L(x; +
x9,y) = L(x1,y)+ L(z2,y). For every point = of E and for every point y of
F and for every real number a, L(a-x,y) = a- L(x,y). For every point z of
E and for every points yi, y2 of F, L(z,y1 +y2) = L(x,y1) + L(z,y2). For
every point x of E and for every point y of I’ and for every real number a,
L(z,a-y) = a-L(z,y). There exists a real number K such that 0 < K and
for every vector z of F and for every vector y of F, || L(z,y)|| < K-||z||-||y]|-
]

Let us consider a Lipschitzian bilinear operator u from E x F' into G.

Then u - ((IsoCPNrSP(E, F))~1) is a Lipschitzian multilinear operator
from (E, F) into G.
PROOF: Reconsider M = u - ((IsoCPNrSP(E, F))™1) as a function from
[I{E, F) into G. For every element i of dom(E, F) and for every element
s of [[{E, F), M - (reproj(i, s)) is a linear operator from (E, F')(i) into G.
There exists a real number K such that 0 < K and for every point s of
[I{(E,F), |M(s)|]]| < K - (NrProduct s). O

There exists a linear operator I from NormSpaceOfBoundedBilinOpersg
(X,Y, Z) into NormSpaceOfBoundedMultOpersg ((X,Y), Z) such that

(i) I is bijective and isometric, and

(ii) for every point u of NormSpaceOfBoundedBilinOpersg (X, Y, Z), I(u)
= u- ((IsoCPNrSP(X,Y))1).

PROOF: Set F; = the carrier of NormSpaceOfBoundedBilinOpersg(X,Y,
Z). Set Fy = the carrier of NormSpaceOfBoundedMultOpersg((X,Y), Z).
Define P|[function, function] = $3 = $; - ((IsoCPNrSP (X, Y))™1). For every
element x of F, there exists an element y of F; such that P[z, y]. Consider
I being a function from Fj into F5 such that for every element x of Fi,
Plxz,I(x)]. For every objects x1, xo such that z1, xo € F} and I(z1) =
I(z3) holds x1 = x9. For every object y such that y € F, there exists
an object x such that x € F; and y = I(z). For every points z, y of
NormSpaceOfBoundedBilinOpersg (X,Y, Z), I(x +y) = I(x) + I(y). For
every point = of NormSpaceOfBoundedBilinOpersg (X, Y, Z) and for every
real number a, I(a-z) = a-I(z) by [8, (19)], [4, (18)], [7, (20)]. For every
element u of NormSpaceOfBoundedBilinOpersg (X, Y, Z), || I(u)| = [Jul-
]

There exists a linear operator I from the real norm space of bounded
linear operators from X into the real norm space of bounded linear ope-
rators from Y into Z into NormSpaceOfBoundedMultOpersg((X,Y), Z)
such that
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(i) I is bijective and isometric, and

(ii) for every point u of the real norm space of bounded linear operators
from X into the real norm space of bounded linear operators from Y
into Z, ||u|| = ||[I(u)]| and for every point = of X and for every point
y ot Y, I(u)({z,y)) = u(z)(y).

PRrROOF: Consider I being a linear operator from the real norm space of bo-
unded linear operators from X into the real norm space of bounded linear
operators from Y into Z into NormSpaceOfBoundedBilinOpersg(X, Y, Z)
such that I is bijective and for every point u of the real norm space of
bounded linear operators from X into the real norm space of bounded
linear operators from Y into Z, ||u|| = ||[I(u)|| and for every point x of
X and for every point y of Y, I(u)(x,y) = u(x)(y). Consider J being
a linear operator from NormSpaceOfBoundedBilinOpersg(X,Y, Z) into
NormSpaceOfBoundedMultOpersg ((X, YY), Z) such that J is bijective and
isometric and for every point u of NormSpaceOfBoundedBilinOpersg (X, Y,
Z), J(u) = u - ((IsoCPNrSP(X,Y))™1).

Reconsider K = J - I as a linear operator from the real norm space of
bounded linear operators from X into the real norm space of bounded li-
near operators from Y into Z into NormSpaceOfBoundedMultOpersg ({X,
Y), Z). For every element x of the real norm space of bounded linear ope-
rators from X into the real norm space of bounded linear operators from
Y into Z, | K(x)|| = ||z|. O

(16) Let us consider real norm space sequences X, Y, and a real normed space
Z. Then there exists a linear operator I from the real norm space of boun-
ded linear operators from [] X into the real norm space of bounded linear
operators from [[Y into Z into NormSpaceOfBoundedMultOpersg ((IT X,
[1Y), Z) such that

(i) I is bijective and isometric, and

(ii) for every point u of the real norm space of bounded linear operators
from [] X into the real norm space of bounded linear operators from
[1Y into Z, |Ju|| = ||I(w)|| and for every point = of [T X and for every

point y of [TY, I(u)({z,y)) = u(x)(y)-

ACKNOWLEDGEMENT: I would like to express my gratitude to Professor
Yasunari Shidama for his helpful advice.

REFERENCES

[1] Grzegorz Bancerek and Andrzej Trybulec. Miscellaneous facts about functions. Formalized
Mathematics, 5(4):485-492, 1996.


http://fm.mizar.org/1996-5/pdf5-4/funct_7.pdf

106

2l

KAZUHISA NAKASHO

Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

Nelson Dunford and Jacob T. Schwartz. Linear operators I. Interscience Publ., 1958.

Yuichi Futa, Noboru Endou, and Yasunari Shidama. Isometric differentiable functions
on real normed space. Formalized Mathematics, 21(4):249-260, 2013. doi:10.2478 /forma-
2013-0027.

Adam Grabowski, Artur Kornitowicz, and Adam Naumowicz. Four decades of Mizar.
Journal of Automated Reasoning, 55(3):191-198, 2015. doi:10.1007/s10817-015-9345-1.
Miyadera Isao. Functional Analysis. Riko-Gaku-Sya, 1972.

Kazuhisa Nakasho. Bilinear operators on normed linear spaces. Formalized Mathematics,
27(1):15-23, 2019. doii10.2478/forma-2019-0002.

Hiroyuki Okazaki, Noboru Endou, and Yasunari Shidama. Cartesian products of family
of real linear spaces. Formalized Mathematics, 19(1):51-59, 2011. doi:10.2478/v10037-
011-0009-2.

Laurent Schwartz. Théorie des ensembles et topologie, tome 1. Analyse. Hermann, 1997.
Laurent Schwartz. Calcul différentiel, tome 2. Analyse. Hermann, 1997.
Kosaku Yoshida. Functional Analysis. Springer, 1980.

Accepted May 27, 2019


https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.2478/forma-2013-0027
http://dx.doi.org/10.2478/forma-2013-0027
http://dx.doi.org/10.1007/s10817-015-9345-1
http://dx.doi.org/10.2478/forma-2019-0002
http://dx.doi.org/10.2478/v10037-011-0009-2
http://dx.doi.org/10.2478/v10037-011-0009-2

	=0pt Isomorphisms from the Space of Multilinear Operators  By Kazuhisa Nakasho  

