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Summary. This article is the final step of our attempts to formalize the
negative solution of Hilbert’s tenth problem.

In our approach, we work with the Pell’s Equation defined in [2]. We analyzed
this equation in the general case to show its solvability as well as the cardinality
and shape of all possible solutions. Then we focus on a special case of the equ-
ation, which has the form z? — (a® — 1)y* = 1 [§] and its solutions considered as
two sequences {z;(a)}i2o, {yi(a)}iZo. We showed in [I] that the n-th element of
these sequences can be obtained from lists of several basic Diophantine relations
as linear equations, finite products, congruences and inequalities, or more preci-
sely that the equation x = y;(a) is Diophantine. Following the post-Matiyasevich
results we show that the equality determined by the value of the power func-
tion y = z® is Diophantine, and analogously property in cases of the binomial
coefficient, factorial and several product [9].

In this article, we combine analyzed so far Diophantine relation using con-
junctions, alternatives as well as substitution to prove the bounded quantifier
theorem. Based on this theorem we prove MDPR-theorem that every recursive-
ly enumerable set is Diophantine, where recursively enumerable sets have been
defined by the Martin Davis normal form.

The formalization by means of Mizar system [5], [7], [4] follows [10], Z. Ada-
mowicz, P. Zbierski [3] as well as M. Davis [6].
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1. PRELIMINARIES

From now on i, j, n, n1, no, m, k, I, u denote natural numbers, 1, i2, i3, i4,
i5, i denote elements of n, p, ¢ denote n-element finite 0-sequences of N, and
a, b, ¢, d, e, f denote integers.

Let n be a natural number. Let us note that idseq(n) is Zvalued.

Let z be an n-element, natural-valued finite 0-sequence and p be a Z-valued
polynomial of n,Rp. One can check that eval(p, @x) is integer.

Now we state the proposition:

(1) Let us consider a Zvalued polynomial p of n,Rp, and n-element finite
0-sequences z, y of N. Suppose k£ # 0 and for every ¢ such that ¢ € n holds
k| 2(i)—y(i). Then k | (eval(p, ®¢) qua integer)—(eval(p, %) qua integer).
PRrROOF: Reconsider f; = Ry as a field. Reconsider p; = p as a polynomial
of n,f1. Reconsider x5 = %, yo = % as a function from n into the carrier
of fi. Set s3 = SgmX(BagOrder n, Support p;). Consider X being a finite
sequence of elements of the carrier of f; such that len X = lenss and
eval(p1,z2) = > X and for every element ¢ of N such that 1 < i <len X
holds X /; = p1 - s3; - (eval(s3/;, 72))-

Consider Y being a finite sequence of elements of the carrier of f; such
that lenY = lenss and eval(py,y2) = > Y and for every element i of N
such that 1 <4 < lenY holds Y); = p1 - s3/; - (eval(s3/;,y2)). Reconsider
Yo =Y, X4 = X as a finite sequence of elements of R. Define P[natural
number| = if §; <len X, then Y (X4[$1) — > (Y2[$1) is an integer and for
every integer d such that d = > (X4[$1) — > (Y2[$1) holds k | d. For every
natural number i such that P[i] holds P[i + 1]. P[i]. O
Let f be a Zvalued function. Let us note that — f is Zvalued.
The scheme SCHI deals with a binary predicate P and a finite-0-sequence-
yielding finite 0-sequence f and states that
(Sch. 1) {f(i)(j), where i, j are natural numbers : P[i, j]} is finite.
Now we state the propositions:

(2) If m>n>0,then 1+ m!- (idseq(n)) is a CR-sequence.

PROOF: Set h = 1+m!-(idseq(n)). Define F(natural number) = m!-$; +1.
For every ¢ such that ¢ € dom h holds h(i) = F(i). h is positive yielding.
For every natural numbers 4, j such that i, j € domh and ¢ < j holds h(7)
and h(j) are relatively prime. h is Chinese remainder. (J

(3) Let us consider a prime number p, and a finite sequence f of elements
of N. Suppose f is positive yielding and p | [] f. Then there exists i such
that

(i) i € dom f, and
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(i) p | f(@).

PROOF: Define P[natural number] = for every finite sequence f of elements
of N such that len f = $; and f is positive yielding and p | [] f there exists
i such that ¢ € dom f and p | f(i). P[0]. If P[n], then Pn + 1]. Pln]. O

2. SELECTED OPERATIONS ON POLYNOMIALS

Let n be a set and p be a series of n, Rp. The functor |p| yielding a series of

n, Rp is defined by
(Def. 1) for every bag b of n, it(b) = |p(b)|.

Now we state the proposition:

(4) Let us consider a set n, and a series p of n, Rp. Then Supportp =
Support |p|.

Let n be an ordinal number and p be a polynomial of n,Rg. Let us note that
Ip| is finite-Support.

Let n be a set, S be a non empty zero structure, and p be a finite-Support
series of n, S. One can check that Support p is finite.

Let n be an ordinal number, L be an add-associative, right zeroed, right
complementable, non empty additive loop structure, and p be a polynomial of
n,L. The functor Y coeff(p) yielding an element of L is defined by the term

(Def. 2) > p- (SgmX(BagOrder n, Support p)).
The functor degree(p) yielding a natural number is defined by
(Def. 3) (i) there exists a bag s of n such that s € Support p and it = degree(s)
and for every bag s; of n such that s; € Support p holds degree(s;) <
it, if p # 0, L,
(ii) ¢ =0, otherwise.

Now we state the propositions:

(5) Let us consider an ordinal number n, and a bag b of n. Then degree(b) =
S b (SgmX(&,,, support b)).

(6) Let us consider an ordinal number n, an add-associative, right zero-
ed, right complementable, non empty additive loop structure L, and
a polynomial p of n,L. Then degree(p) = 0 if and only if Supportp C
{EmptyBagn}.

ProOF: If degree(p) = 0, then Supportp C {EmptyBagn}. Consider s
being a bag of n such that s € Support p and degree(p) = degree(s). O
(7) Let us consider an ordinal number n, an add-associative, right zeroed,

right complementable, non empty additive loop structure L, a polynomial
p of n,L, and a bag b of n. If b € Support p, then degree(p) > degree(b).
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(8) Let us consider an ordinal number n, and a polynomial p of n,Rp. If
Ip| = 0,(Rp), then p = 0,(Rp).
Let n be a set. One can verify that |0, (Rp)| reduces to 0,(Rr). Now we state
the propositions:

(9) Let us consider an ordinal number n, and a polynomial p of n,Rp. Then
degree(p) = degree(|p|). The theorem is a consequence of (8) and (4).
(10) Let us consider an ordinal number n, a bag b of n, and a real number

r. Suppose r > 1. Let us consider a function x from n into the carrier of
Rp. Suppose for every object ¢ such that ¢ € dom z holds |z(7)| < r. Then

|eval(b, z)| < rdesree(t),

PROOF: Reconsider f; = Ry as a field. Set so = SgmX(,,, support ). Set
B = b- sy. Consider y being a finite sequence of elements of f; such that
leny = len sy and eval(b,z) = [[y and for every element i of N such that
1 <i<leny holds y/; = powerg, (z - 52/;, B/;)-

Define P[natural number] = if $; < leny, then [](y[$1) is a real
number and for every real number P such that P = [[(y[$1) holds |P| <
r2_(BI$1)_ For every i such that P[i] holds P[i + 1]. For every ¢, P[i]. O

(11) Let us consider an ordinal number n, a polynomial p of n,Rp, and a real
number r. Suppose r > 1. Let us consider a function x from 7 into the car-
rier of Rp. Suppose for every object ¢ such that ¢ € dom x holds |z(7)| < 7.
Then | eval(p, )| < (3 coeff(|p|)) - (rdesree®)),
PROOF: Reconsider f; = Ry as a field. Reconsider p; = p, A; = |p| as a po-
lynomial of n, f;. Reconsider zo = z as a function from n into the carrier
of f1. Set S1 = SgmX(BagOrder n, Support p1). Reconsider H = Ay - S as
a finite sequence of elements of the carrier of Rp. Y coeff(|p|) = > A;1-51.

Consider y being a finite sequence of elements of the carrier of f; such
that leny = lenS; and eval(p,z) = Y y and for every element i of N
such that 1 <4 < leny holds y/; = p1 - S1/; - (eval(S1;, 22)). Reconsider
Y = y as a finite sequence of elements of R. Define P[natural number] =
if $1 <leny, then | (Y 1$1)| < (X (H[$1)) - (rdegee(P)), For every natural
number 4 such that P[i] holds P[i + 1]. For every natural number i, P]i].
]

Let n be an ordinal number and p be a Zvalued polynomial of n,Rg. Let us
note that |p| is natural-valued and there exists a polynomial of n,Rp which is
natural-valued.

Let O be an ordinal number and p be a natural-valued polynomial of O,Ry.
Let us observe that Y coeff(p) is natural.
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3. SELECTED SUBSETS OF ZERO BASED FINITE SEQUENCES OF N
AS DIOPHANTINE SETS

The scheme SubsetDioph deals with a natural number n and a 4-ary predicate
P and a set S and states that

(Sch. 2) For every elements ia, i3, i4 of n, {p, where p is an n-element fini-
te 0-sequence of N : for every natural number ¢ such that ¢ € S holds
Plp(i), p(iz), p(i3), p(i4)]} is a Diophantine subset of the n-xtuples of N

provided

e for every elements iy, ig, i3, i4 of n, {p, where p is an n-element finite
0-sequence of N : P[p(i1), p(i2),p(i3),p(ia)]} is a Diophantine subset of
the n-xtuples of N and

e SCZ,.

Now we state the propositions:

(12) Suppose nj + ng < n.
Then {p: p(i1) > k-((p(i2)2 +1) - (II(1 + pim, 102)) - (- plis) +m) )}
is a Diophantine subset of the n-xtuples of N.
PROOF: Define Fj(natural number, natural number, natural number) =
$1$2. Define Py[natural number, natural number, natural object, natural
number, natural number, natural number| = 1-$; > k-$3+0. For every i1,
i2, i3, i4, and i5, {p : Po[p(i1), p(i2), Fo(p(is), p(ia), p(i5)), p(i3), p(i), p(is)] }
is a Diophantine subset of the n-xtuples of N. Define Fj (natural number,
natural number, natural number) = i-$;+j. Define P; [natural number, na-
tural number, natural object, natural number, natural number, natural num-
ber] = $; > k-($2$3). For every i1, 2, 3, 14, and i5, {p : P1[p(i1), p(i2), F1(p
(i3),p(i4),p(i5)), p(i3), p(is), p(i5)]} is a Diophantine subset of the n-xtuples
of N. Define F»(natural number, natural number, natural number) = 1-$; -
$o.
Define Py[natural number, natural number, natura$l object, natural
$3i~ 2+j)

number, natural number, natural number| = $; > k-( . For every i1,

i2, 13, 14, and is, {p : P2[p(i1), p(iz), Fo(p(i3), p(ia), p(is)), p(i3), p(ia), p(is)] }
is a Diophantine subset of the n-xtuples of N. Define Ps[natural number,

natural number, natural object, natural number, natural number, natural

number| = $; > k - ($6-$3i'$2+j). For every iy, ig, i3, i4, and i5, {p
: Palpin), plia), Fa(plis), p(ia), plis)), plis), p(ia), plis)]} is a Diophantine
subset of the n-xtuples of N. Define F5(natural number, natural number, na-
tural number) = 1-§;+1. Define Ps[natural number, natural number, natur-
al object, natural number, natural number, natural number| = $; > k-
(83 - $5 - $6"5217). For every i1, i, i3, ia, and i5, {p: Ps[p(ir), p(iz), Fs(p(is),
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p(i4),p(i5)), p(is), p(ia), p(i5)]} is a Diophantine subset of the n-xtuples
of N. Define G(natural number, natural number, natural number) = [ -
$1+m. Define Ry [natural number, natural number, natural object, natural

number, natural number, natural number] = $; > k-($3 - $5 - ($6 + 1)"%217).
For every i1, i, i3, i4, and i5, {p : R1[p(i1), p(i2), G(p(i3), p(is), p(i5)), p(i3),
p(i4),p(i5)]} is a Diophantine subset of the n-xtuples of N.

Define Pgnatural number, natural number, natural object, natural
number, natural number, natural number] = $; > k- (($3+1) - 85 - (I - $6+
m)i'$2+j ). Define Fg(natural number, natural number, natural number) =
1-$1-%;. For every n, i1, i9, i3, i4, and i5, {p : Ps[p(i1), p(i2), Fe(p(i3), p(is),
p(i5)),p(i3), p(ia), p(i5)]} is a Diophantine subset of the n-xtuples of N.
Set X = n+ 1. Reconsider N = n, Iy = i1, Is = i9, I3 = i3, Iy = i4
as an element of X. Define Pr[finite 0-sequence of N] = §,(I1) > k -
(1-$1(12) - $1(Iz) + 1) - $1(N) - (I - $1(I3) + m)" 51U ) Define Qfinite
0-sequence of N] = $1(N) = [[(1 + $1n, [n2). Set Py = {p, where p is
an X-element finite 0-sequence of N : P7[p] and Q7[p]}. P is a Diophan-
tine subset of the X-xtuples of N. Define Slfinite 0O-sequence of N| =
$1(i1) > k- (($1(i2)2 + 1) - (TT(1 + $1my [m2)) - (1- $1(i) + m) 1 H7) Get
S ={p:Sp|}. S C the n-xtuples of N. [J

Let us consider a Zvalued polynomial P of k,Rg, an integer a, a permu-
tation py of n, and i;. Suppose k < n. Then {p : for every k-element finite
0-sequence ¢ of N such that ¢ = p - pa[k holds a - p(iy) = eval(P, %)} is
a Diophantine subset of the n-xtuples of N.

Let us consider a Zvalued polynomial P of k+ 1,Rp, an integer a, n, i1,

and io. Suppose k+ 1 < n and k € ig. Then {p : for every (k + 1)-element
finite O-sequence ¢ of N such that ¢ = (p(i2)) = (plk) holds a - p(iy) =
eval(P, %)} is a Diophantine subset of the n-xtuples of N.
PROOF: Set k1 = k + 1. Reconsider I5 = id; as a finite O-sequence. Set
f = (i2) 7 I5. Set R = rng f. Consider g being a function such that g
is one-to-one and domg = n \ k1 and rngg = n \ R. Reconsider f; =
f+-g as a function from n into n. Define Qlfinite 0-sequence of N] =
for every kj-element finite 0-sequence g of N such that ¢ = $; - f1[k1
holds a - $1(i1) = eval(P, “g). Define R[finite 0-sequence of N] = for every
(k 4+ 1)-element finite 0-sequence ¢ of N such that ¢ = ($1(i2)) = ($1[k)
holds a- $1(i1) = eval(P, %). For every n-element finite O-sequence p of N,
Qlp] iff Rp]. {p: Qlp]} = {¢: Rlg]}. O

Let us consider a Zvalued polynomial P of k+1,Rg, n, i1, and i5. Suppose
k+1<mnandk € i;. Then {p : for every (k+ 1)-element finite 0-sequence
q of N such that ¢ = (p(i1)) ~ (p[k) holds eval(P, %) = 0 (mod p(iz))} is
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a Diophantine subset of the n-xtuples of N.
ProOF: Set ky = K+ 1. Set X = n+ 1. Reconsider N = n, I} = i1,
Iy = is as an element of X. Define Plfinite O-sequence of N =1-$;(N) =
0-9%1(/1) (mod1 - $;(I2)). Define Olfinite 0-sequence of N| = for every
k1-element finite O-sequence ¢ of N such that ¢ = ($1(11)) ~ ($1[k) holds
1-$1(N) = eval(P,“). Define M[finite 0-sequence of N] = for every k-
element finite 0-sequence ¢ of N such that ¢ = ($1(/1)) ™ ($1]k) holds (—1)-
$1(N) = eval(P,%). Define Q[finite O-sequence of N] = O[$;] or M]$4].
{p, where p is an X-element finite 0-sequence of N : O[p]} is a Diophantine
subset of the X-xtuples of N. {p, where p is an X-element finite 0-sequence
of N : M[p]} is a Diophantine subset of the X-xtuples of N. {p, where p
is an X-element finite O-sequence of N : O[p] or M|p]} is a Diophantine
subset of the X-xtuples of N. Set P; = {p, where p is an X-element finite
0-sequence of N : P[p] and Qlp|}. P; is a Diophantine subset of the X-
xtuples of N.

Set P, = {p[n, where p is an X-element finite 0-sequence of N : p €
Py }. Define Slfinite 0-sequence of N| = for every kj-element finite 0-
sequence q of N such that ¢ = ($1(i1))"($1[k) holds eval(P, %) = 0 (mod $;
(i2)). Set S ={p:Sp|]}. SC . P, CS. O

4. BOUNDED QUANTIFIER, THEOREM AND ITS VARIANT

Let us consider a Zvalued polynomial p of 2+ n + k,Rp, an n-element finite
0-sequence X of N, and an element = of N. Now we state the propositions:

(16) For every element z of N such that z < x there exists a k-element finite
0-sequence y of N such that eval(p, *(({(z,z) ~ X) "~ %)) = 0 if and on-
ly if there exists a k-element finite O-sequence Y of N and there exist
elements Z, e, K of N such that K > z and K > () coeff(|p|)) -
(2 +1) - (TI(1 + X)) - edegree(p)) and for every natural number ¢ such that
i€ kholdsY(i) >eande >z and 1+(Z+1)-(K!) =[[(1+K!- (idseq(z+
1))) and eval(p, %(((Z,z) " X) " Y)) =0 (mod 1+ (Z + 1) - (K!)) and for
every natural number ¢ such that ¢ € k holds [[(Y (i) + 1 + —idseq(e)) =
0 (mod1+ (Z+1)-(K').

PRrROOF: If for every element z of N such that z < x there exists a k-
element finite O-sequence y of N such that eval(p, %(({z,2) ~ X) ")) =0,
then there exists a k-element finite O-sequence Y of N and there exist
elements Z, e, K of N such that K > z and K > (3 coeff(|p|)) -
(2 +1) - (11 + X)) - edegree(p)) and for every natural number ¢ such that
i€ kholdsY(i) >eand e >z and 1+(Z+1)-(K!) = [[(1+K!- (idseq(z+
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1))) and eval(p, %(((Z,z) " X) " Y)) =0 (mod 1+ (Z + 1) - (K!)) and for
every natural number ¢ such that ¢ € k holds [[(Y () + 1 + —idseq(e)) =
0 (mod1+4(Z+1)-(K!)). Set K; = K!. Set z1 = 14 (2+1)- K;. Consider
ps being an element of N such that ps | z; and ps < z; and ps3 is prime.
Define P(object) = Y ($1) mod ps.

Consider Y3 being a finite 0-sequence such that lenYs = k and for
every natural number ¢ such that ¢ € k holds Y3(i) = P (). rngY3 C N.
Reconsider By = eval(p, %((Z,z) ~ X) " Y)) as an integer. K < p3. For
every i such that i € 24+k+n holds p3 | (({(Z,2)"X)"Y) (i) —(((z,2) " X)"
Y3)(i). p3 | By — eval(p, %((z,z) ~ X) 7 Y3)). Consider m being a natural
number such that | eval(p, (((z,z) ~ X) " ¥3))| = p3 - m. For every object
i such that i € dom(%(((z,z) ™~ X) " Y3)) holds [(%(((z,z) ™ X) " Y3))(i)| <
(2 +1) - (TI(1 + X)) - e. [eval(p, “(({z,2) ~ X) " ¥3))| < (X coetf(|p])) -
(@2 +1) - ([I(1 + X)) - "), O

For every element z of N such that z < x there exists a k-element finite

0-sequence y of N such that for every i such that ¢ € k holds y(i) <
z and eval(p, %(((z,z) © X) " y)) = 0 if and only if there exists a k-
element finite O-sequence Y of N and there exist elements Z, K of N
such that K > z and K > (X coef£(|p|)) - (22 + 1) - (TT(1 + X)) &™)
and for every natural number ¢ such that ¢ € k holds Y (i) > x 4+ 1 and
1+(Z+1)-(K!) = [1(1+ K" (idseq(z+1))) and eval(p, %((Z,z) " X)"Y)) =
0 (mod1+ (Z+1)-(K!)) and for every natural number ¢ such that i € k
holds [[(Y () + 1 + —idseq(z + 1)) =0 (mod 1 + (Z + 1) - (K!)).
PROOF: Set 1 = x + 1. If for every element z of N such that z < x there
exists a k-element finite 0-sequence y of N such that for every 4 such that
i € k holds y(i) < z and eval(p, %((z,z) ~ X) " y)) = 0, then there exists
a k-element finite 0-sequence Y of N and there exist elements Z, K of N
such that K > z and K > (X coef£(|p|)) - (22 + 1) - (TT(1 + X)) &)
and for every natural number ¢ such that ¢ € k holds Y (i) > z; and
1+(Z+1)-(K!) = [1(1+K!-(idseq(z+1))) and eval(p, (((Z,2) " X)"Y)) =
0 (mod1+ (Z+1)-(K!)) and for every natural number 7 such that i € k
holds T](Y (¢) + 1+ —idseq(z1)) =0 (mod 1+ (Z+1) - (K!)). Set K1 = K!.
Set z1 =14+ (2 +1)- K.

Consider p3 being an element of N such that ps | z; and ps3 < 2z and
ps is prime. Define P(object) = Y ($1) mod ps. Consider Y3 being a finite
0-sequence such that len Y3 = k and for every natural number ¢ such that
i € k holds Y3(i) = P(4). rng Y3 C N. Reconsider E; = eval(p, {(((Z,z) ~
X)"Y)) as an integer. K < ps. For every natural number ¢ such that i € k
holds Y3(i) < x. For every i such that i € 2+k+n holds p3 | (({(Z,z)"X)"
Y)(i) = (({z,2) " X) " Y3)(i). p3 | By —eval(p, %(({z,2) " X)"Y3)). Consider
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m being a natural number such that | eval(p, %(((z,z) " X)"Y3))| = p3-m.
For every object 4 such that i € dom(%(((z, )"~ X)"Y3)) holds |(*(({z,2)"
X) " Ys))(@)] < (2 +1) - (1A + X)). |eval(p, (((z,2) ~ X) " ¥3))| <
(S coetz(|p])) - ((a? +1) - (IT(1 + X)) 7). O

Let us consider a Zvalued polynomial p of 2 + n + k,Rr. Now we state the
propositions:

(18) {X, where X is an n-element finite 0-sequence of N : there exists an ele-
ment x of N such that for every element z of N such that z < x there exists
a k-element finite 0-sequence y of N such that eval(p, %(((z,z) " X) "y)) =
0} is a Diophantine subset of the n-xtuples of N.

PROOF: Set Xy = {X, where X is an n-element finite 0-sequence of N :
there exists an element x of N such that for every element z of N such
that z < x there exists a k-element finite 0-sequence y of N such that
eval(p, %(((z,xz) " X) " y)) = 0}. Set ny = 1+n+k. Set s4 = 3 coeff(|p|).
Set D = degree(p). Reconsider Zy = 0, ig = n1, i1 =n1 + 1, ia = ny + 2,
i3 = n1 + 3 as an element of ny + 4. Define Ps[finite 0-sequence of N| =
1-8$1(i1) > 1-$1(Zp) + 0. Define Pslfinite 0-sequence of N| = $1(i1) >
51+ ((81(Z0)? +1) - (IT(1 + $1111m)) - (1 $1(io) + 0)" ™ “1P) . {g, where ¢
is an (n; + 4)-element finite 0-sequence of N : Psq]} is a Diophantine
subset of the n; + 4-xtuples of N.

Define Py[finite 0-sequence of N| = for every natural number ¢ such that
i € k holds $1(1+n+1i) > $1(ip) and [T($1(1+n+i)+1+—idseq($1(p))) =
0 (mod $1(i2)). {g, where ¢ is an (ny + 4)-element finite 0-sequence of N :
P4lq]} is a Diophantine subset of the nj + 4-xtuples of N. Define Ps|[finite
0-sequence of N] = 1-$1(ig) > 1-$1(Zp) +0. Define Pg[finite 0-sequence of
N] = 14+(8$1(i3)+1) - ($1(i1)!) = $1(i2). Define Pr[finite 0-sequence of N] =
$1(i2) = TT(1+31(21)!- (idseq(1+9%1(Zp)))). Reconsider R = p as a Z-valued
polynomial of 1 + n;,Rp. Define Pg|finite 0-sequence of N|] = for every
(1+ nq)-element finite 0-sequence Y of N such that Y = ($1(i3)) ~ ($1]n1)
holds eval(R, ®Y") = 0 (mod $; (i2)). {g, where ¢ is an (n; +4)-element finite
0-sequence of N : Pg[q]} is a Diophantine subset of the n; + 4-xtuples of
N.

Define Pjaslfinite 0-sequence of N|] = Ps[$1] and Ps[$1]. {gq, where ¢
is an (n; + 4)-element finite 0-sequence of N : Pja3[q]} is a Diophantine
subset of the n; + 4-xtuples of N. Define Pja34[finite 0-sequence of N] =
Pi23[$1] and P4[$1]. {g, where ¢ is an (n; + 4)-element finite 0-sequence
of N : Pias4a[q]} is a Diophantine subset of the nj + 4-xtuples of N. Define
P12345]finite 0-sequence of N| = Pya34[$1] and P5[$1]. {¢, where g is an (n1+
4)-element finite O-sequence of N : Pjagys[q]} is a Diophantine subset of
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the ny + 4-xtuples of N. Define P123456[finite 0-sequence of N| = P1o345[$1]
and Pg[$1]. {g, where ¢ is an (n; + 4)-element finite 0-sequence of N :
Piasase[q]} is a Diophantine subset of the ny + 4-xtuples of N. Define
P1asase7[finite 0-sequence of N| = Piasas6[$1] and Pr[$1]. {g, where ¢ is
an (n; + 4)-element finite 0-sequence of N : Pjasaser[q]} is a Diophantine
subset of the n; 4+ 4-xtuples of N.

Define Pio34567s[finite 0-sequence of N| = Piagyse7[$1] and Pg[$:1]. Set
X3 = {q, where ¢ is an (n;+4)-element finite 0-sequence of N : P1a345678[q] }-
X3 is a Diophantine subset of the n; + 4-xtuples of N. Set Xo = {X [(n +
1), where X is an (n; + 4)-element finite 0-sequence of N : X € Xs}.
Define Slfinite 0-sequence of N] = for every element z of N such that
z < $1(0) there exists a k-element finite O-sequence y of N such that
for every n-element finite 0-sequence X of N such that X; = $;; holds
eval(p, %(((z,$1(0)) ™ X1) " y)) = 0. Set X; = {X, where X is an (n +
1)-element finite 0-sequence of N : §[X]}. For every object s, s € X7 iff
s € Xo. Set Y1 = {X|1, where X is an (n + 1)-element finite 0-sequence
of N: X € X;}. For every object s, s € Y7 iff s € X. O

(19) {X, where X is an n-element finite 0-sequence of N : there exists an ele-
ment z of N such that for every element z of N such that z < x there exists
a k-element finite O-sequence y of N such that for every natural number
i such that i € k holds y(i) < x and eval(p, (({z,z) ~ X) " y)) = 0} is
a Diophantine subset of the n-xtuples of N.

PRrROOF: Set Xy = {X, where X is an n-element finite 0-sequence of N :
there exists an element x of N such that for every element z of N such
that z < « there exists a k-element finite 0-sequence y of N such that
for every natural number ¢ such that i € k holds y(i) < x and eval(p,
U({z,2) " X)"y)) =0}. Set ny = 1 +n+ k. Set 54 = coeff(|p|). Set
D = degree(p). Reconsider Zy = 0, i9p = n1, i1 = n1 + 1, ia = ny + 2,
i3 = n1 + 3 as an element of ny + 4. Define Ps[finite 0-sequence of N| =
1-%1(i1) > 1-%1(Zp) + 0. Define Pslfinite 0-sequence of N| = $;(i1) >
54+ ((81(Z0)% + 1) - ([T + $1p1 1) - (0 $1(io) + 1) " 7). {g, where ¢
is an (n; + 4)-element finite O-sequence of N : Psq]} is a Diophantine
subset of the n; + 4-xtuples of N.

Define Py[finite 0-sequence of N| = for every natural number ¢ such that
i € kholds $1(1+n+i) > $1(i0) and [[($1(1+n+1i)+1+—idseq($1(i0))) =
0 (mod $;(i2)). {g, where ¢ is an (n; + 4)-element finite 0-sequence of N :
Palq]} is a Diophantine subset of the n; + 4-xtuples of N. Define Ps[finite
0-sequence of N| = $1(ig) = 1-$1(Zy) + 1. Define Ps|finite 0-sequence of
Nl =1+ ($1(i3)+1)-($1(i1)!) = $1(d2). Define Pr[finite 0-sequence of N] =
$1(i2) = [T(1+9%1(41)!- (idseq(1+$1(Zp)))). Reconsider R = p as a Z-valued
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polynomial of 1 + ny,Rp. Define Pg|finite 0-sequence of N] = for every
(14 nq)-element finite 0-sequence Y of N such that Y = ($1(i3)) ™ ($1[n1)
holds eval(R, ®Y") = 0 (mod $; (i2)). {q, where ¢ is an (n;+4)-element finite
0-sequence of N : Pg[q]} is a Diophantine subset of the n; + 4-xtuples of
N.

Define Pjos[finite O-sequence of N| = Ps[$;] and P3[$;1]. {¢, where ¢
is an (n1 + 4)-element finite 0-sequence of N : Pja3[g]} is a Diophantine
subset of the n; + 4-xtuples of N. Define Pja34[finite 0-sequence of N] =
P123[$1] and Py[$1]. {q, where ¢ is an (n; + 4)-element finite 0-sequence
of N : Piasa[q]} is a Diophantine subset of the nj + 4-xtuples of N. Define
P12345[finite 0-sequence of N] = Pia34[$1] and P5[$1]. {q, where ¢ is an (n1+
4)-element finite 0-sequence of N : Pjasa5[g]} is a Diophantine subset of
the ny + 4-xtuples of N. Define P1a3456[finite 0-sequence of N| = Pya345[$1]
and Ps[$1]. {¢, where ¢ is an (n; + 4)-element finite O-sequence of N :
Pira3aselq]} is a Diophantine subset of the nj + 4-xtuples of N. Define
Pia3ase7[finite O-sequence of N| = Piagys[$1] and P7[$1]. {g, where ¢ is
an (ny + 4)-element finite O0-sequence of N : Piasas67(g]} is a Diophantine
subset of the nj 4+4-xtuples of N. Define P1234567s[finite 0-sequence of N| =
Prasase7[$1] and Pg[$1]. Set X3 = {g, where ¢ is an (n; +4)-element finite
0-sequence of N : Piasase78[q]}. X3 is a Diophantine subset of the ny + 4-
xtuples of N. Set Xo = {X[(n+1), where X is an (nj + 4)-element finite
0-sequence of N: X € X3}.

Define Sfinite 0-sequence of N] = for every element z of N such that
z < $1(0) there exists a k-element finite 0-sequence y of N such that for
every n-element finite 0-sequence X; of N such that X; = $;|; holds for
every 4 such that i € k holds y(i) < $1(0) and eval(p, *(((z,$1(0)) ™~ X1) °
y)) = 0. Set X7 = {X, where X is an (n + 1)-element finite 0-sequence
of N : S[X]}. For every object s, s € X iff s € Xo. Set Y1 = {X|1, where
X is an (n+1)-element finite 0-sequence of N : X € X;}. For every object
s, seiff se Xo. O

Let n be a natural number and A be a subset of the n-xtuples of N. We say
that A is recursively enumerable if and only if

(Def. 4) there exists a natural number m and there exists a Zvalued polynomial
P of 24+ n + m,Rp such that for every n-element finite 0-sequence X of
N, X € A iff there exists an element = of N such that for every element
z of N such that z < z there exists an m-element finite O-sequence Y of
N such that for every object i such that i € domY holds Y (i) < z and
eval(P,%({z,z) " X) " Y)) =0.

Now we state the proposition:
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(20) Let us consider a natural number n, and a subset A of the n-xtuples of
N. If A is Diophantine, then A is recursively enumerable.
PRrOOF: Consider m being a natural number, P being a Zvalued poly-
nomial of n + m,Rp such that for every object s, s € A iff there exists
an n-element finite O-sequence = of N and there exists an m-element finite
0-sequence y of N such that s = z and eval(P, %(z"y)) = 0. Set ng = n+m.
Reconsider Py = P as a Zvalued polynomial of 0 4+ n4,Rp. Consider g be-
ing a polynomial of 0 4+ 2 + n4,Rp such that rng¢ C rngPy U {0, } and
for every function x; from 0 + n4 into Rp and for every function X; from
0 + 2 + ny into R such that 1[0 = X7 [0 and (@$1)[0 = (@Xl)L0+2 holds
eval(Pg, z1) = eval(q, X7).

Reconsider () = ¢ as a Zvalued polynomial of 2+n+m,Rp. If X € A,
then there exists an element x of N such that for every element z of
N such that z < z there exists an m-element finite 0-sequence Y of N
such that for every object ¢ such that i € domY holds Y (i) < z and
eval(Q, “(((z,2) ~ X) 7 Y)) = 0. Consider y being an m-element finite
0-sequence of N such that for every object ¢ such that ¢ € domy holds
y(i) < a and eval(Q, (({a,a) ~ X) " y)) =0. O

5. MRDP THEOREM

Now we state the proposition:

(21) YURI MATIYASEVICH, JULIA ROBINSON, MARTIN DAvis, HILARY PuT-
NAM THEOREM:
Let us consider a natural number n, and a subset A of the n-xtuples of
N. If A is recursively enumerable, then A is Diophantine. The theorem is
a consequence of (19).

REFERENCES

[1] Marcin Acewicz and Karol Pak. Basic Diophantine relations. Formalized Mathematics,
26(2):175-181, 2018. doii10.2478 /forma-2018-0015.

[2] Marcin Acewicz and Karol Pak. Pell’s equation. Formalized Mathematics, 25(3):197-204,
2017. doii10.1515/forma-2017-0019.

[3] Zofia Adamowicz and Pawet Zbierski. Logic of Mathematics: A Modern Course of Classical
Logic. Pure and Applied Mathematics: A Wiley Series of Texts, Monographs and Tracts.
Wiley-Interscience, 1997.

[4] Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8_17.


http://dx.doi.org/10.2478/forma-2018-0015
http://dx.doi.org/10.1515/forma-2017-0019
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17

FORMALIZATION OF THE MRDP THEOREM IN THE MIZAR SYSTEM 221

[5] Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

[6] Martin Davis. Hilbert’s tenth problem is unsolvable. The American Mathematical Mon-
thly, Mathematical Association of America, 80(3):233-269, 1973. do0ii10.2307/2318447.

[7] Adam Grabowski, Artur Kornitowicz, and Adam Naumowicz. Four decades of Mizar.
Journal of Automated Reasoning, 55(3):191-198, 2015. doi:10.1007/s10817-015-9345-1.

[8] Karol Pak. The Matiyasevich theorem. Preliminaries. Formalized Mathematics, 25(4):
315-322, 2017. do0ii10.1515/forma-2017-0029.

[9] Karol Pak. Diophantine sets. Part II. Formalized Mathematics, 27(2):197-208, 2019.
doi:10.2478 /forma-2019-0019.

10] Craig Alan Smorynski. Logical Number Theory I, An Introduction. Universitext. Springer-

Y g
Verlag Berlin Heidelberg, 1991. ISBN 978-3-642-75462-3.

Accepted May 27, 2019


https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.2307/2318447
http://dx.doi.org/10.1007/s10817-015-9345-1
http://dx.doi.org/10.1515/forma-2017-0029
http://dx.doi.org/10.2478/forma-2019-0019

	=0pt Formalization of the MRDP Theorem in the Mizar System  By Karol Pak  

