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Summary. In this article, using the Mizar system [I], [2], we discuss the
continuity of bounded linear operators on normed linear spaces. In the first sec-
tion, it is discussed that bounded linear operators on normed linear spaces are
uniformly continuous and Lipschitz continuous. Especially, a bounded linear ope-
rator on the dense subset of a complete normed linear space has a unique natural
extension over the whole space. In the next section, several basic currying pro-
perties are formalized.

In the last section, we formalized that continuity of bilinear operator is equ-
ivalent to both Lipschitz continuity and local continuity. We referred to [4], [13],
and [3] in this formalization.
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1. UNIFORM CONTINUITY AND LIPSCHITZ CONTINUITY OF BOUNDED
LINEAR OPERATORS

From now on S, T, W, Y denote real normed spaces, f denotes partial
function from S to T', Z denotes a subset of S, and 7, n denote natural numbers.

!This study was supported in part by JSPS KAKENHI Grant Number JP17K00182.

(© 2018 University of Bialystok
231 CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
http://zbmath.org/classification/?q=cc:46-00
http://zbmath.org/classification/?q=cc:47A07
http://zbmath.org/classification/?q=cc:47A30
http://zbmath.org/classification/?q=cc:68T99
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/lopban_8.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

232 KAZUHISA NAKASHO, YUICHI FUTA, AND YASUNARI SHIDAMA

Now we state the propositions:

(1) Let us consider real normed spaces E, F', a subset E; of E, and a partial
function f from E to F. Suppose E; is dense and F' is complete and
dom f = E; and f is uniformly continuous on F;. Then

(i) there exists a function g from FE into F such that g[/E; = f and
g is uniformly continuous on the carrier of F and for every point
x of E, there exists a sequence sy of F such that rngsg C E; and
so is convergent and limsy = = and f,sg is convergent and g(z) =
lim(f.so) and for every point = of E and for every sequence sy of
such that rng sg C E7 and sg is convergent and lim sy = x holds f.sg
is convergent and g(x) = lim(f,s¢), and

(ii) for every functions g1, g2 from FE into F such that g;[F; = f and g1
is continuous on the carrier of ¥ and go[FE1 = f and g5 is continuous
on the carrier of E holds g1 = go.

PROOF: For every point x of E and for every sequence sg of F such that
rng sg C F1 and sg is convergent for every real number s such that 0 < s
there exists a natural number n such that for every natural number m such
that n < m holds ||(f«so)(m) — (f«s0)(n)|| < s. For every point z of E
and for every sequence sy of E¥ such that rng so C E; and sq is convergent
holds f.sp is convergent by [12, (5)]. For every point x of E and for every
sequences s, so of E such that rngs; € Ej and s; is convergent and
lims; = x and rngse C E; and s is convergent and lim ss = x holds
lm(f.s1) = im(f.s2) by [7, (14)].

Define P[object,object] = there exists a sequence sy of E such that
rng so € F7 and sg is convergent and lim sy = $; and f.sg is convergent
and $2 = lim(f.sg). For every element x of F, there exists an element y of
F such that P[z,y|. Consider g being a function from E into F' such that
for every element x of E, P[x, g(x)]. For every object x such that x € dom f
holds f(x) = g(z). For every point = of E and for every sequence sy of
FE such that rngsg C E1 and sg is convergent and lim sg = x holds f,sg
is convergent and g(z) = lim(f.so). For every real number r such that
0 < r there exists a real number s such that 0 < s and for every points
x1, x2 of E such that z1, zo € the carrier of E and ||z; — x2|| < s holds
9/2, — 9/a. |l < 7. For every element x of E, g1(z) = ga(x) by [5, (14)], [9,
(18)]. O

(2) Let us consider real normed spaces E, F, G, a point f of the real norm
space of bounded linear operators from FE into F', and a point g of the real
norm space of bounded linear operators from F' into G. Then there exists
a point A of the real norm space of bounded linear operators from F into
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G such that
(1) h:gf7 and
(ii) (Al < lgll - If1-

PROOF: Reconsider L; = f as a Lipschitzian linear operator from F into
F'. Reconsider Ly = g as a Lipschitzian linear operator from F' into G. Set
L3 = Ly - Ly. For every real number ¢ such that ¢ € PreNorms(L3) holds
t<lgll - 11l by [LT4 (16)]. OO

Let us consider real normed spaces E, F. Then every Lipschitzian linear

operator from FE into F is Lipschitzian on the carrier of E and uniformly
continuous on the carrier of E.
ProoF: Consider K being a real number such that 0 < K and for every
vector x of E, | L(z)|| < K -||z||. Set r = K + 1. Set Ey = the carrier of E.
For every points x1, 29 of E such that 1, x2 € Ep holds ||L/;, — L., | <
Tl — a2 O

Let us consider real normed spaces F, F', a subreal normal space E; of
FE, and a point f of the real norm space of bounded linear operators from
FE4 into F. Suppose F' is complete and there exists a subset Ey of F such
that Ey = the carrier of F; and Ej is dense. Then

(i) there exists a point g of the real norm space of bounded linear
operators from FE into F such that domg = the carrier of E and
g|(the carrier of E7) = f and ||g|| = ||f]| and there exists a partial
function Lq from F to F' such that L1 = f and for every point x of
E, there exists a sequence sg of F such that rng sy C the carrier of
F1 and sqg is convergent and lim sg = x and L1.S¢ is convergent and
g(x) = lim(L14s0) and for every point x of E and for every sequence
sg of E such that rng sy C the carrier of E; and sg is convergent and
lim sp = « holds Lj.so is convergent and g(x) = lim(Lj.s¢), and

(ii) for every points g1, g2 of the real norm space of bounded linear
operators from F into F' such that gy [(the carrier of Ey) = f and
g2 (the carrier of F1) = f holds g1 = ga.

PRroOF: Consider Ey being a subset of E such that Ey = the carrier of
FEq and FEj is dense. Reconsider L = f as a Lipschitzian linear operator
from F; into F. Reconsider L1 = L as a partial function from F to F.
Consider K being a real number such that 0 < K and for every vector x
of By, ||L(z)|| < K - ||z||. Set r = K + 1. For every points x1, x3 of E such
that x1, x9 € Ey holds ||Ll/gﬁ1 — Ll/mz” <r- Ha;l — 1:2”

There exists a function P3 from E into F' such that P3[Ey = L
and P35 is uniformly continuous on the carrier of E and for every point
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x of E, there exists a sequence sg of F such that rngsy C FEy and sq is
convergent and lim sg = z and L1, sg is convergent and Ps(z) = lim(L1.s0)
and for every point x of E and for every sequence sg of F such that
rng so C Ep and sg is convergent and lim sg = = holds Li.sq is convergent
and P3(z) = lim(L14s0) and for every functions Pj, P, from F into F' such
that P;[Ey = L1 and P is continuous on the carrier of £ and P»[Ey = L
and P is continuous on the carrier of E holds P, = Ps.

Consider P; being a function from FE into I’ such that P3[FEy = L
and Pj is uniformly continuous on the carrier of E and for every point
x of E, there exists a sequence sy of F such that rngsy C FEy and sq is
convergent and lim sy = z and L1, sg is convergent and Ps(z) = lim(L1.s0)
and for every point x of E and for every sequence sy of E such that
rng so € Ey and s is convergent and lim sg = z holds Li.sg is convergent
and P3(z) = lim(L1.s0) and for every point z of E, there exists a sequence
sp of E such that rngsy C Ey and sq is convergent and lim sy = z and
Ly.s¢ is convergent and P3(z) = lim(Li.s9) and for every point x of E
and for every sequence sg of E such that rg sy C Ey and sq is convergent
and limsyp = 2 holds Lj.so is convergent and Ps(x) = lim(Lj.so). For
every points z, y of F, P3(x +y) = P3(z) 4+ Ps(y). For every point x of E
and for every real number a, Ps3(a - x) = a- P3(x).

Reconsider ¢ = P3 as a point of the real norm space of bounded li-
near operators from F into F. For every real number ¢ such that ¢t €
PreNorms(L) holds ¢ < ||g|. For every real number ¢ such that ¢ €
PreNorms(P3) holds ¢ < || f]|. For every points g;, g2 of the real norm
space of bounded linear operators from E into F' such that g1 [(the carrier
of E1) = f and g2 (the carrier of Eq) = f holds g1 = g2 by (3), [8 (7)],
(1). O

2. Basic PROPERTIES OF CURRYING

Now we state the propositions:

(5) Let us consider non empty sets E, F', G, a function f from E x F into
G, and an object z. If z € E, then (curry f)(x) is a function from F' into

G.
(6) Let us consider non empty sets E, F, G, a function f from E x F into
G, and an object y. If y € F, then (curry’ f)(y) is a function from E into

G.
Let us consider non empty sets E, F', G, a function f from E x F into G,

and objects x, y. Now we state the propositions:
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(7) Ifz € E and y € F, then (curry f)(x)(y) = f(z,y).
(8) Ifx € E and y € F, then (curry’ f)(y)(x) = f(z,y).
Let E, F, G be real linear spaces and f be a function from (the carrier of
E) x (the carrier of F') into the carrier of G. We say that f is bilinear if and
only if
(Def. 1) for every point v of E such that v € dom(curry f) holds (curry f)(v)
is an additive, homogeneous function from F' into G and for every point
v of F such that v € dom(curry’ f) holds (curry’ f)(v) is an additive,
homogeneous function from E into G.

3. EQUIVALENCE OF SOME DEFINITIONS OF CONTINUITY OF BILINEAR
OPERATORS

Now we state the proposition:

(9) Let us consider real linear spaces E, F, G. Then (the carrier of E) x

(the carrier of F') — O is bilinear.
PROOF: Set f = (the carrier of E) x (the carrier of F') — 0g. For every
point z of E, (curry f)(z) is an additive, homogeneous function from F' into
G. For every point = of F' such that = € dom(curry’ f) holds (curry’ f)(z)
is an additive, homogeneous function from F into G. O

Let E, F, GG be real linear spaces. Observe that there exists a function from

(the carrier of E) x (the carrier of F') into the carrier of G which is bilinear.

Now we state the proposition:

(10) Let us consider real linear spaces E, F, G, and a function L from
(the carrier of E) x (the carrier of F') into the carrier of G. Then L is
bilinear if and only if for every points x1, o of E and for every point y
of F, L(x1 + x2,y) = L(z1,y) + L(x2,y) and for every point x of E and
for every point y of F' and for every real number a, L(a-z,y) = a- L(z,y)
and for every point x of E and for every points y1, y2 of F', L(z,y1 +y2) =
L(x,y1) + L(x,y2) and for every point x of E and for every point y of
F and for every real number a, L(z,a-y) = a- L(z,y). The theorem is
a consequence of (8) and (7).

Let E, F, G be real linear spaces and f be a function from E x F' into G.
We say that f is bilinear if and only if

(Def. 2) there exists a function g from (the carrier of E) x (the carrier of F) into
the carrier of G such that f = g and g is bilinear.
One can verify that there exists a function from E x F into G which is
bilinear.



236 KAZUHISA NAKASHO, YUICHI FUTA, AND YASUNARI SHIDAMA

Let f be a function from F x F into G, x be a point of F, and y be a po-
int of F. Note that the functor f(z,y) yields a point of G. Now we state the
proposition:

(11) Let us consider real linear spaces F, F', G, and a function L from E X
F into G. Then L is bilinear if and only if for every points x1, 2 of E
and for every point y of F', L(x1 + x2,y) = L(x1,y) + L(z2,y) and for
every point z of E and for every point y of F' and for every real number a,
L(a-z,y) = a- L(z,y) and for every point = of F and for every points yi,
yo2 of F, L(x,y1+y2) = L(z,y1) + L(x, y2) and for every point x of E and
for every point y of F' and for every real number a, L(z,a-y) = a- L(z,y).

Let E, F', G be real linear spaces.

A bilinear operator from F x F into GG is a bilinear function from E x F
into G. Let E, I, G be real normed spaces and f be a function from F x F into
G. We say that f is bilinear if and only if

(Def. 3) there exists a function g from (the carrier of F) x (the carrier of F') into
the carrier of G such that f = g and g is bilinear.

Let us note that there exists a function from F x F' into G which is bilinear.

A bilinear operator from E x F into G is a bilinear function from E x F into
G. From now on E, F, G denote real normed spaces, L denotes a bilinear ope-
rator from £ x F into GG, x denotes an element of F/, and y denotes an element
of F.

Let F, F', G be real normed spaces, f be a function from F x F' into G, = be
a point of E, and y be a point of F. Note that the functor f(z,y) yields a point
of G. Now we state the propositions:

(12) Let us consider real normed spaces F, F', G, and a function L from F X
F into G. Then L is bilinear if and only if for every points z1, z9 of E
and for every point y of F, L(z1 + x2,y) = L(z1,y) + L(z2,y) and for
every point z of E and for every point y of F' and for every real number a,
L(a-z,y) = a- L(z,y) and for every point x of E and for every points yi,
y2 of F', L(x,y1+vy2) = L(z,y1) + L(x, y2) and for every point x of E and
for every point y of F' and for every real number a, L(z,a-y) = a- L(z,y).

(13) Let us consider real normed spaces E, F'; G, and a bilinear operator f
from £ x F into G. Then

(i) f is continuous on the carrier of E x F'iff f is continuous in Ogxp,
and

(ii) f is continuous on the carrier of E x F' iff there exists a real number
K such that 0 < K and for every point = of E and for every point y
of F | f(z,y)|l < K - [l - Iyl
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PRrOOF: If f is continuous in Ogxp, then there exists a real number K
such that 0 < K and for every point x of F and for every point y of F,
1f (@)l < K- lzf - [yl by [9 (7)), [6, (22)], [10, (18)]. If there exists
a real number K such that 0 < K and for every point z of F and for every
point y of F, || f(x,y)|| < K -||z] - ||y]|, then f is continuous on the carrier
of Ex F. O
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