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Summary. We introduce the altitudes of a triangle (the cevians perpendi-
cular to the opposite sides). Using the generalized Ceva’s Theorem, we prove the
existence and uniqueness of the orthocenter of a triangle [7]. Finally, we formalize
in Mizar [I] some formulas [2] to calculate distance using triangulation.
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1. PRELIMINARIES

From now on n denotes a natural number, ¢ denotes an integer, r, s, t denote
real numbers, Ay, By, C1, Dy denote points of £, L1, Ly denote elements of
Lines(R"), and A, B, C denote points of 2.

Now we state the propositions:

(1) fOo<i-r<r,theni=1.
(2) Let us consider an integer . If 52 < i < £, then i =0 or i = —1.

(3) Suppose r is not zero and s is not zero and ¢ is not zero. Then (=%) -

(=) (=) =1

(4) If0 <7 <2-m, then sin(5) # 0. The theorem is a consequence of (1).
(5) If =2-7m <r <0, then sin(5) # 0. The theorem is a consequence of (4).
(6) tan(2-m—r)= —tanr.

(7) If Ay € Line(B1,C4) and A; # C1, then Line(By,C1) = Line(Aq, C1).
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(8) If Ay #C1 and A; € Line(Bl, Cl), then B; € Line(Al, Cl)
(9) Suppose A; # B; and A; # C; and |(A1 — B1, 41 — Cy)] = 0 and
L1 5 Line(Al, Bl) and L2 = Line(Al, Cl) Then L1 1 LQ.
(10) IfBl?éCl and ‘(Bl—Al,Bl—Clﬂ :0, then Al#Cl.
(11) |(Ay — B1, A1 —Cy)| =|(B1 — A1,C1 — Ay)|.
(12) Suppose By # C; and r = —(KBl’Cl)'_‘ﬁ((jyéicllc)w‘l_,]gf_lb%‘)lﬂ(m’Cl)l) and
Dy=r-By+ (1 — ’l“) - C1. Then |(D1 — A, Dy — Cl)| = 0.
(13) If Ay #Byand C; =7-A;+ (1 —7r)- By and Cy = By, then r = 0.
(14) (i) [(B1,C1)|=|(C1, C1)|[=[(A1, B1)[+[(A1, Ch)| = [(C1— A1, B1—Ch),
and
(ii) |(By —Cy,B1 —C)|+ [(C1 — A1, By — C1)| = |(B1 — C1, B1 — 43)].
(15) |(Ay — B1, A1 —Cy)| = —|(A1 — B1,C1 — Ay)|.
(16) |(B1— A1,C1 — Ay)| = (A1 — By, A1 — CY)|.
(17) |(B1 — A1,C1 — Ay)| = —|(B1 — A1, A1 — C1)|. The theorem is a conse-
quence of (16) and (15).

(18) Suppose B; # C; and C; # Ay and A; # By and |(Ch — Ay, By — CY)|

is not zero and |(B; — C1,A4; — Bj)| is not zero and [(C; — Aj, A1 —

By)] is not zero and r = —(l(Bl’Cl)‘_|(|(Célc_vl();‘1_,gf_lell)|)‘+|(A1’Cl)|

C1,A71)|—(A1,A1)|— C A
_(\( 1,41)] |(|(cl‘;—1/)1‘1,c"(£1}113|)|+|(31’ 1)|) and

) and s =

A1,B1)|—|(B1,B1)|—|(C1,A C1,B (=15t
t = —(LALBUELPLBIECLANEICLE])  Then T2 = 1. The the-

orem is a consequence of (14), (15), and (3).
(19) fCy=r-A;+(1—7r)-Byand r =1, then C; = A;.
(20) IfCy=r-A1+ (1 —r)- By and r =0, then C = Bj.

(21) If ‘(Bl — Cl,Bl — Cl)‘ = —’(Cl — Al,Bl — Cl)‘, then ‘(Bl — Cl,Al -
By)| = 0. The theorem is a consequence of (15).
(22) Suppose By # C; and r = —(KBI’CI)Hﬁ(cvéf_vl();‘;]‘g(f_lg;‘)|+‘(l41’Cl)|) and

r = 1. Then |(B; — Ci, A1 — By)| = 0. The theorem is a consequence of
(14) and (21).

(23) If A# Band A# C, then |[A—B|+|A—-C|#0.

(24) If A, B, C form a triangle, then A ¢ Line(B, C).

(25) If A#Band B# C and |(B—A,B—C)|=0, then £(A,B,C) =% or
L(A,B,C)=(3) .

(26) 1If A, B, C form a triangle, then sin(%) > 0.

(27) If £(B,A,C) # £(C, B, A), then sin({BACLEBANy o The the-
orem is a consequence of (5) and (4).
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(28) If A, B, C form a triangle, then sin £ (A, B,C) # 0.
Let us assume that A, C, B form a triangle and £(A,C, B) < 7. Now we
state the propositions:
(29) «(A,C,B)=m—(L(C,B,A)+ (B, A,C)).
(30) «(B,A,C)+4«£(C,B,A) =m—«(A,C, B). The theorem is a consequence
of (29).
Let us assume that A, B, C' form a triangle. Now we state the propositions:
(31) «(B,A,C)—«(C,B,A) # .
(32) «(B,A,C)—«(C,B,A) # —m.
Let us assume that A, B, C form a triangle. Now we state the propositions:
(33) (-2)-m< «(B,AC)—«(C,BA) <2 7.
(34) r < A(B,A,C)EK(C,B,A)
Let us assume that A, B, C form a triangle and (B, A,C) < 7. Now we
state the propositions:

(35) —m < «L(B,A,C)—«(C,B,A) <m.

(36) —(3) < K(B,A,C);A(C,B,A)

< m. The theorem is a consequence of (33).

< 5. The theorem is a consequence of (35).

2. ORTHOCENTER

From now on D denotes a point of 5% and a, b, ¢, d denote real numbers.
Let A, B, C be points of £2. Assume B # C. The functor Altit A(A, B,C)
yielding an element of Lines(R?) is defined by

(Def. 1) there exist elements L1, Lo of Lines(R?) such that it = L; and Ly =
Line(B,C) and A € Ly and Ly L Lo.
Let us assume that B # C. Now we state the propositions:
(37) A€ Altit A(A, B, C).
(38) Altit A(A, B,C) is a line.
(39) Altit A(A, B,C) = Altit A(A, C, B).
Now we state the propositions:
(40) If B # C and D € Altit A(4, B, C), then
Altit A(D, B, C) = Altit A(A, B, C).
(41) If B # C and D € Line(B,C) and D # C, then Altit A(A, B,C) =
Altit A(A, D, C). The theorem is a consequence of (7).

Let A, B, C be points of £2. Assume B # C. The functor FootAltit A(A, B, C)
yielding a point of £2 is defined by
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(Def. 2) there exists a point P of £% such that it = P and Altit A(A, B,C) N
Line(B, C) = {P}.
Let us assume that B # C. Now we state the propositions:
(42) FootAltit A(A, B,C) = FootAltit A(A, C, B). The theorem is a conse-
quence of (39).
(43) (i) FootAltit A(A, B,C) € Line(B, C), and
(ii) FootAltit A(A, B,C) € Altit A(A, B,C).
Now we state the propositions:
(44) If B # C and A ¢ Line(B, C), then Altit A(A, B,C) =
Line(A, FootAltit A(A, B,C')). The theorem is a consequence of (43).
(45) If B # C and A € Line(B, C), then FootAltit A(A, B,C) = A.
(46) If B # C and FootAltit A(A, B,C) = A, then A € Line(B, ().
Let us assume that B # C. Now we state the propositions:
(47) |(A — FootAltit A(A, B,C), B — C)| = 0. The theorem is a consequence
of (44) and (45).
(48) |(A—TFootAltit A(A, B,C), B—FootAltit A(A, B,C))| = 0. The theorem
is a consequence of (43), (44), and (45).
(49) |(A—FootAltit A(A, B,C),C —FootAltit A(A, B,C))| = 0. The theorem
is a consequence of (42) and (48).
Now we state the propositions:
(50) If B # C and B = FootAltit A(A, B,C), then |(B—A,B—C)| =0. The
theorem is a consequence of (49), (11), and (43).
(51) If B# C and D € Line(B, C) and D # C, then FootAltit A(A, B,C) =
FootAltit A(A, D, C'). The theorem is a consequence of (7) and (41).
(52) If B# Cand |(B—A,B—C)| =0, then B = FootAltit A(A, B,C). The
theorem is a consequence of (9) and (45).
(63) If B# C and B # A and (A, B,C) = 7, then FootAltit A(A, B,C) =
B. The theorem is a consequence of (11) and (52).
(54) If A, B, C form a triangle, then A # FootAltit A(A, B, C). The theorem
is a consequence of (43).
(55) If A, B, C form a triangle and [(B — A, B — C)| # 0, then
FootAltit A(A, B,C), B, A form a triangle.
PROOF: Set p = FootAltit A(A, B, C). Consider P being a point of £2 such
that FootAltit A(A, B,C) = P and Altit A(A, B,C) N Line(B,C) = {P}.
Consider Ly, Ly being elements of Lines(R?) such that Altit A(A, B, C) =
Ly and Ly = Line(B,C)and A€ Lyand Ly L Ly. P#B.p# A.p, B, A
are mutually different. P € Line(B,C). B, C € Line(B, P). L(p, B,A) # =
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by [11L (11)], [12 (12)], (50), (8). £(B,A,p) # = by [11, (11)], [12 (12)].
£L(A,p, B) # m by [11], (11)], [12 (12)], (8), (54). O
Let A, B, C be points of £2. Assume B # C. The functor | Altit A(A, B, O)|
yielding a real number is defined by the term

(Def. 3) |A — FootAltit A(A, B, C)].
Let us assume that B # C. Now we state the propositions:
(56) 0 < |Altit A(A, B,C)|.
(57) |Altit A(A, B,C)| = |Altit A(A, C, B)|. The theorem is a consequence
of (42).
Now we state the propositions:
(58) If B# C and |(B— A,B — C)| =0, then | FootAltit A(A, B,C) — A| =
|A — BJ. The theorem is a consequence of (52).

(59) Suppose B # C and r = —( |(B’C)|7|?(C]§C)é;g(f’cl§‘)|+‘(A’C)‘) and D =r-B+
(1—-r)-C and D # C. Then D = FootAltit A(A4, B,C).
PRrROOF: |(D—A,D —C)| = 0. D = FootAltit A(A, D,C). D € Line(B, C)
by 6} (4)]. O

(60) Suppose B # C and r = —( |(B’C)|_|(|?é€)éjjg‘;(fb]§‘)|+‘(A’C)‘) and D =r-B+
(1—=7r)-C and D = C. Then C = FootAltit A(A, B,C). The theorem is

a consequence of (13), (14), (15), (52), and (42).

(61) Suppose A, B, C form a triangle and |(C — A, B — ()| is not zero and
(B — C,A — B)| is not zero and |(C' — A, A — B)| is not zero. Then
Line(A, FootAltit A(A, B, C)), Line(C, FootAltit A(C, A, B)),

Line(B, FootAltit A(B, C, A)) are concurrent. The theorem is a consequ-
ence of (60), (17), (47), (59), (18), and (22).

(62) If A, B, C form a triangle and |(C — A, B — ()| is zero, then
FootAltit A(A, B,C) = C and FootAltit A(B,C, A) = C. The theorem is
a consequence of (15), (52), and (42).

(63) Suppose A, B, C form a triangle and C' € Altit A(A, B,C) and C €
Altit A(B, C, A). Then Altit A(A, B,C) N Altit A(B,C, A) is a point.
PRrOOF: Consider L1, Ly being elements of Lines(R?) such that
Altit A(A,B,C) = Ly and Ly = Line(B,C) and A € Ly and L; L Lo.
Consider Ls, L4 being elements of Lines(R?) such that Altit A(B,C, A) =
L3 and L4 = Line(C, A) and B € Lg and L3 L Ly. Ly } L3 by [9, (41)],
[6, (16)], [8, (108)], [I2, (13)]. Ly is not a point and L3 is not a point. [J

(64) Suppose B, C, A form a triangle and C' € Altit A(B,C,A) and C €
Altit A(C, A, B). Then Altit A(B, C, A) N Altit A(C, A, B) is a point.
PRrOOF: Consider Ly, Ly being elements of Lines(R?) such that
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Altit A(B,C,A) = L1 and Ly = Line(C,A) and B € Ly and Ly L L.
Consider Ls, L4 being elements of Lines(R?) such that Altit A(C, A, B) =
L3 and L4 = Line(A,B) and C' € L3 and L3 1 L4. L1 H L3 by [8, (71),
(111)], [6 (16)], [9, (41)]. Ly is not a point and L3 is not a point. [J

(65) Suppose C, A, B form a triangle and C € Altit A(C, A, B) and C €
Altit A(A, B,C). Then Altit A(C, A, B) N Altit A(A, B,C) is a point.
Proo¥F: Consider L1, Lo being elements of Lines(R?) such that
Altit A(C,A,B) = L; and Ly = Line(A,B) and C € L; and L; L Lo.
Consider L3, Ly being elements of Lines(R?) such that Altit A(4, B,C) =
L3 and Ly = Line(B,C) and A € L3z and Lg L Ly. Ly }f L3 by [8, (71),
(111)], [6, (16)], [9 (41)]. Ly is not a point and Ls is not a point. [J

(66) Suppose A, B, C form a triangle and |(C' — A, B — C')| = 0. Then

(i) Altit A(A, B,C)NAltit A(B,C, A) = {C}, and

(ii) Altit A(B,C, A) N Altit A(C, A, B) = {C}, and
(i) Altit A(C, A, B) NAltit A(A, B,C) = {C}.
PrOOF: A ¢ Line(B,C) and B ¢ Line(C, A). FootAltit A(A, B,C) =
C and FootAltit A(B,C,A) = C. Altit A(A,B,C) = Line(A4,C) and
Altit A(B,C, A) = Line(B, (). C € Altit A(C, A, B). Altit A(A, B,C) N
Altit A(B, C, A) = {C} by [6, (22)], (63). Altit A(B, C, A)NAltit A(C, A, B)
= {C} by [12] (15)], (37), (64), [6l (22)]. Altit A(C, A, B)NAltit A(A, B, C)
= {C} by [12, (15)], (37), (65), [6, (22)]. O

(67) Suppose A, B, C form a triangle. Then there exists a point P of £2 such
that

(i) Altit A(A, B,C) N Altit A(B,C, A) = {P}, and
(ii) Altit A(B,C,A) N Altit A(C, A, B) = {P}, and
(iii) Altit A(C, A, B) N Altit A(A, B,C) = {P}.
The theorem is a consequence of (66), (61), (24), (44), and (38).
Let A, B, C be points of £2. Assume A, B, C form a triangle. The functor
Orthocenter A(A, B, C) yielding a point of £2 is defined by
(Def. 4) Altit A(A, B,C) N Altit A(B,C, A) = {it} and Altit A(B, C, A) N Altit
A(C, A, B) = {it} and Altit A(C, A, B) N Altit A(A, B, C) = {it}.

3. TRIANGULATION

Let us assume that B # A. Now we state the propositions:
(68) (sin((B,A,C)+sin(C,B,A))-(|C—B|—|C—A|]) = (sing(B,A,C)—
sin £(C, B, A)) - (IC — B| +|C — AJ).
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(69) sin(ABACLEDA) . o ARACLLGEA,) (€ — B| - |C - A]) =
sin(LBAQ_LOBA)) g LBACHLCBA) (10— B 4 |C — Al). The
theorem is a consequence of (68).

Now we state the proposition:

(70) Suppose A, B, C form a triangle and (B, A,C) — £(C, B, A) # 7w and
£(B,A,C) — £(C,B,A) # —7. Then cos(£BAL_LCBANy o/  The
theorem is a consequence of (2).

Let us assume that A, C, B form a triangle and £(A,C, B) < 7. Now we

state the propositions:

JA,C)—4(C,B,A «L(A,C, C—-B|-|C-A
(71) tan(i(B )QK( B )) co t( £( B))‘(}C—g}ﬁ-IC—AI)'

PROOF: (B, A,C) — £(C, B, A) 7é mand £(B,A,C) — £(C,B, A) # —.
Set o — A(B,A,C);A(C,B,A)‘ Set 8 = A(B,A,C);A(C,B,A)‘ £(A,C,B) = 7 —

(£(C,B,A)+4£(B, A,C)). Set a; = M sinay # 0. |C—B|+|C—A| #
0 by [11}, (42)]. sinf-cosa - (|C — B| — ) =sina-cos - (|C — B|+
|IC—A|). (|C—B|—|C—Al)-cosai-1=(|C—B|+|C—A|)-sina; - (£22).
O

B,A,C)—«(C,B,A AC,B C—B|-|C—A
(72) « )2‘6( ) = arctan(cot(é( 5 )) : (IC—BMC—A:))' The theorem

is a consequence of (71) and (36).

(73) £(B,A,C)— £(C, B, A) = 2-arctan(cot(£42E)) . (E=PE=a1). The

theorem is a consequence of (72).
: AC, —B|-|C— T AC,
(74) (1) «(B,A,C) = arctan(cot(“{( QCB))-(ig_gh}g_i}))—i—(ﬁ—(%),
and

(i) £(C, B, A) = (3)— (L4525 —arctan(cot (472 - (JE=2AE=4]).

The theorem is a consequence of (73) and (30).

A—B|-sin L(B,A,C
(75) |[B-C|= sml (B,|40)+(4(CB)A))-

PROOF: |B — C| = A=Blsin&B.AC) 0 [17] (6), (43)], (28). £(A,C, B) =

sm&(A,C,B)
™= (L(C,B,A)+ L(B,A,C)). O
A—B|-sin £(C,B,A
(76) [A-C|= sm‘ (B|AC)+(4(C B)A))
PROOF: [A — C| = H=ZonalGRA) by [T (6)), (28). £(A,C,B) = 7 —
(£(C,B,A) + £(B, A,C)) by [11} (20)], [I ,(47)]- 0

Now we state the propositions:
(77) Suppose A, C, B form a triangle and £(C,A,B) =%
Then | Altit A(C, A, B)| = |A— B|-tan £ (A, B,C'). The theorem is a con-
sequence of (11) and (58).
(78) Suppose A, B, C form a triangle and £(C, A, B) = (2) - .
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Then | Altit A(C, A, B)| = |A— B|-tan £(C, B, A). The theorem is a con-
sequence of (11) and (58).

(79) Suppose A, C, B form a triangle and |[(A — C,A — B)| = 0. Then
| Altit A(C, A, B)| = |A — B| - |tan £(A, B,C)|. The theorem is a con-
sequence of (11), (77), (56), (6), and (78).

(80) Suppose B # C and FootAltit A(A, B,C), B, A form a triangle. Then

(i) |A—B]|-sin £(A, B,FootAltit A(A, B, C)) = | FootAltit A(A, B,C) —
Al, or
(ii) |A — B| - (—sin £ (A, B, FootAltit A(A, B,C))) =
| FootAltit A(A, B,C) — A.
The theorem is a consequence of (48).
(81) Suppose A, B, C form a triangle and |(B — A, B — C)| # 0. Then

(i) |A—B]|-sin £(A, B,FootAltit A(A, B, C)) = | FootAltit A(A, B,C) —
Al, or
(ii) |A — B| - (—sin £ (A, B, FootAltit A(A, B,C))) =
| FootAltit A(A, B,C) — Al.
The theorem is a consequence of (80) and (55).

(82) Suppose A, C, B form a triangle and £(A,C,B) < w and [(A—C, A —
B)| # 0. Then |Altit A(C, A, B)| = |A = Bl - |(srzamicrisies)
sin £(C, A, FootAltit A(C, A, B))|. The theorem is a consequence of (76),
(55), and (80).

(83) Suppose 0 < L(B,A,D) <mand 0 < L(D,A,C) <mand D, A, C are
mutually different and B, A, D are mutually different. Then (A, C, D)+
£(D,B,A)=2-71— (L(B,A,C)+ £(A,D,B)+ £(C,D, A)).

PRrROOF: (B, A,D)+4£(D,A,C) = £(B,A,C) by [5, (2)], [L1, (4)]. (A C,
D) = 7 — (L(C,D,A) + £(D,A,C)) by [10, (47)]. £(D,B,A) = m™ —
(L(A,D,B) + £(B, A, D)) by [10, (47)]. O

(84) Suppose A, C, B form a triangle and ((A,C, B) < w and A, D, B form
a triangle and £(A,D,B) < m and a = £(C,B,A) and b = £(B,A,C)
and ¢ = ((D,B,A) and d = £(C,A,D). Then |D — C|? = |A— BJ?-
((sirfégib))z + (sin(?)ljrlccl+c))2 -2 (sir?&ljrla)) ) (sin(zlic%rc)) $ COS d)

PROOF: Set e = b+ d. sin(e + ¢) = sin(«L(B, A, D) + £(D, B, A)) by [14
(79)]. O

(85) Suppose sin(2 - s) - cosd = cos(2 - t). Then (r - coss)? + (r-sins)? —2-
(r-coss)-(r-sins)-cosd=2-r2.(sint)2.

(86) Let us consider real numbers R, . Suppose D # C and 0 < R and A,
C, B form a triangle and ((A,C,B) < w and A, D, B form a triangle
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and L(A,D,B) < wmand a = £(C,B,A) and b = (B, A,C) and ¢ =

£(D,B,A) and d = £(C,A,D) and R - coss = sir?ég—(fl—b) and R -sins =

Sin(z:_% and 0 < ¥ < 7 and sin(2-s) - cosd = cos(2-9). Then |D —C| =

|A— B|-v2-R-sind.
PRrROOF: |[D—C|? =|A—B|? - ((R-coss)?2+ (R-sins)?2 —2-(R-coss) - (R-
sins) - cosd). |D — C| # —|A— B|-v2- R-sind by [13, (25)], [L1, (42)].
O
(87) Suppose A, C, B form a triangle and £(A,C, B) < w and D, A, C form
. T A—B|-sin L(C,B,A
a triangle and (A, D,C) = 5. Then |D — C| = (sinLc(B,Jéx,CH(g(C,B,)A))) .
sin £(C, A, D). The theorem is a consequence of (76).
(88) Suppose B, C, A form a triangle and £(B,C, A) < w and D, C, A form
. T A—B|-sin L(A,B,C
a triangle and £(C,D,A) = 5. Then |[D - C| = (sin|(4(A,|B,C)+(K(C,A,)B))) .
sin £ (D, A, C). The theorem is a consequence of (75).

(89) Suppose A, C, B form a triangle and £ (A, C, B) < w and D, A, C form a
triangle and £ (A, D,C) = 5 and A € L(B,D) and A # D. Then |[D—-C| =
Qinéi@?,f%Biﬁ’ﬁﬁ? A))) -sin £(C, A, D). The theorem is a consequence of
(87).

(90) Suppose B, C, A form a triangle and £(B,C,A) < 7 and D, C, A

form a triangle and £(C,D,A) = § and A € L(D,B) and A # D. Then

D —-C|= (sinéi(_[ffg)‘f(z’i’g?c))) -sin (D, A, C).
PRrROOF: sin(L(C, A, B) + L(A, B,C)) = sin(L(D, A, C) — L(A, B,C)) by

& (1], B, (3)]. O
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