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Summary. In this article, direct sum decomposition of group is mainly
discussed. In the second section, support of element of direct product group is
defined and its properties are formalized. It is formalized here that an element
of direct product group belongs to its direct sum if and only if support of the
element is finite. In the third section, product map and sum map are prepared.
In the fourth section, internal and external direct sum are defined. In the last
section, an equivalent form of internal direct sum is proved. We referred to [23],
[22], [8] and [I8] in the formalization.
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1. MISCELLANIES

Let D be a non empty set and « be an element of D. Observe that the
functor (x) yields a finite sequence of elements of D. Let I be a set.
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A family of groups of I is an associative, group-like multiplicative magma
family of I. Let G be a group. Note that there exists a subgroup of G which is
commutative.

Now we state the proposition:

(1) Let us consider a set I, a family F' of groups of I, and an object i. If
i € I, then F(i) is a group.

Let I be a set, F' be a family of groups of I, and i be an object. Assume
i € I. One can verify that the functor F(i) yields a group. One can verify that
sum F' is non empty and constituted functions.

Now we state the propositions:

(2) Let us consider a set I, and a function F. Suppose I = dom F' and for
every object i such that ¢ € I holds F'(4) is a group. Then F' is a family of
groups of 1.

(3) Let us consider a set I, a family F' of groups of I, and an element a of
I[[F. Then doma = I.

(4) Let us consider a non empty set I, a family F' of groups of I, and an
element x of I. Then (the support of F)(z) = Qp(y).

(5) Let us consider a non empty set I, a family F' of groups of I, a function
x, and an element i of I. If x € [[ F, then x(i) € F(i). The theorem is a
consequence of (4).

(6) Let us consider groups G, H, and a subgroup I of H. Then every homo-
morphism from G to I is a homomorphism from G to H.

2. SUPPORT OF ELEMENT OF DIRECT PropucT GROUP

Let I be a set, F' be a family of groups of I, and a be a function. The functor
support(a, F') yielding a subset of I is defined by
(Def. 1) for every object i, i € it iff a(i) # 1p) and i € I.
Now we state the proposition:

(7) Let us consider a set I, a family F' of groups of I, and an element a of
sum F'. Then there exists a finite subset J of I and there exists a many
sorted set b indexed by J such that J = support(a, F') and a = 1HF+-b
and for every object j such that j € I'\ J holds a(j) = 1p(;) and for every
object j such that j € J holds a(j) = b(j).

ProOF: Consider g being an element of [[(the support of F), J being
a finite subset of I, b being a many sorted set indexed by J such that
g = IHF and a = g+-b and for every set j such that j € J there exists
a group-like, non empty multiplicative magma G such that G = F(j) and
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b(j) € the carrier of G and b(j) # 1¢. dom 1r = I. For every object j
such that j € I'\ J holds a(j) = 1p¢;) by [13, (11)], [I7, (6)]. For every
object j, j € support(a, F) iff j € J by [13], (13)]. O
Let I be a set, F' be a family of groups of I, and a be an element of sum F'.
One can verify that support(a, F) is finite.
Let G be a group and a be a function from [ into G. The functor support a
yielding a subset of I is defined by

(Def. 2) for every object i, i € it iff a(i) # 1¢ and i € I.
We say that a is finite-support if and only if
(Def. 3) support a is finite.

Let us observe that there exists a function from I into G which is finite-
support. Let a be a finite-support function from I into GG. One can verify that
support a is finite.

The functor [] a yielding an element of G is defined by the term

(Def. 4) T](a|supporta).
Now we state the propositions:

(8) Let us consider a set I, a family F' of groups of I, and an element a of
[IF. Then a € sum F' if and only if support(a, F') is finite.
PROOF: Reconsider J = support(a, F') as a finite subset of I. Set k = a[J.
Set © = IHF+-k. For every set j such that j € J there exists a group-
like, non empty multiplicative magma G such that G = F(j) and k(j) €
the carrier of G and k(j) # 1¢ by [10, (49)], (5). doma = I. For every
object ¢ such that i € domz holds x(i) = a(i) by [13], (11)], [I7, (6)], [13,
(13)], [10, (49)]. z = a. O

(9) Let us consider a set I, a group G, a family H of groups of I, a function
x from [ into G, and an element y of [[ H. Suppose = = y and for every
object ¢ such that i € I holds H (i) is a subgroup of G. Then support z =
support(y, H).

PROOF: For every object i such that 7 € I holds 1y;) = 1¢ by [28, (44)].
For every object i, i € support(y, H) iff i € supportz. O

(10) Let us consider a set I, a group G, a family F' of groups of I, and an
object a. Suppose a € sum F' and for every object ¢ such that ¢ € I holds
F (i) is a subgroup of G. Then a is a finite-support function from I into
G.
PRrROOF: Reconsider b = a as an element of [[ F'. For every object ¢ such
that ¢ € I holds Qp;) C Q. domb = I. For every object z such that
z € rngb holds z € Qg by (3), (5), [28, (40)]. support(b, F') = support b.
]
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(11) Let us consider a non empty set I, and a family F' of groups of I. Then
support(lH » F) is empty.
PROOF: For every object i, i ¢ support(lHF, F) by [17, (6)]. O
(12) Let us consider a non empty set I, a group GG, and a function a from I
into G. If a = I — 1¢, then support a is empty.
PRrROOF: For every object i, i ¢ supporta by [24, (7)]. O
(13) Let us consider a non empty set I, a group G, and a family F' of groups
of I. Suppose for every element i of I, F(i) is a subgroup of G. Then
IHF =1+ 1gq.
PRrROOF: dom 1HF = [. For every object j such that j € I holds IHF(j) =
(I — 1G)(.7) by [177 (6)]7 [247 (7)]7 [28’ (44)]' O
(14) Let us consider a non empty set I, a family F' of groups of I, a group
G, and a finite-support function z from I into G. Suppose supportz = ()
and for every object i such that ¢ € I holds F'(i) is a subgroup of G. Then
T = 1HF.
PROOF: For every set ¢ such that ¢ € I there exists a group-like, non empty
multiplicative magma G such that G = F(i) and z(i) = 1g by [28, (44)].
O
(15) Let us consider a set I, a group G, and a finite-support function z from
I into G. If support x = (), then [Jz = 14.
(16) Let us consider a non empty set I, a group G, and a finite-support
function a from I into G. If a = I —— 1¢, then [[a = 1¢. The theorem
is a consequence of (12) and (15).
Let us consider a non empty set I, a family F' of groups of I, an element x of
[1F, an element ¢ of I, and an element g of F'(i). Now we state the propositions:
(17) Ifzx= e+ (i,9), then support(z, F) C {i}.
PROOF: For every object j such that j € support(z, F') holds j € {i} by
[20, (1)]. O
(18) If z = e+ (i,9) and g # 1p(), then support(z, F') = {i}. The
theorem is a consequence of (17).
Let us consider a non empty set I, a group GG, an element i of I, an element
g of G, and a function a from I into G. Now we state the propositions:
(19) Ifa= I+ 1g)+- (i,9), then supporta C {i}.
PRrROOF: For every object j such that j € supporta holds j € {i} by [7,
(32)], [24, (7)). O
(20) If a = (I — 1¢) +- (i,9) and g # 1g, then supporta = {i}. The
theorem is a consequence of (19).

Now we state the propositions:
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(21) Let us consider a non empty set I, a group G, a finite-support function
a from I into G, an element i of I, and an element g of G. If a = ([ —
1)+ (7, 9), then [Ta = g. The theorem is a consequence of (20) and (16).

(22) Let us consider a non empty set I, a family F' of groups of I, a function
x, an element ¢ of I, and an element g of F(i). Suppose support(z, F') is
finite. Then support(z +- (7, g), F) is finite.

PROOF: Reconsider y = x +- (i,¢g) as a function. For every object j such
that j € support(y, F) holds j € support(x, F') U {i} by [7, (32)]. O

(23) Let us consider a non empty set I, a group G, a function a from I into
G, an element ¢ of I, and an element g of G. Suppose support a is finite.
Then support(a +- (7, g)) is finite.

PROOF: Reconsider b = a +- (i, g) as a function from I into G. For every
object j such that j € support b holds j € supporta U {i} by [7, (32)]. O
Let us consider a non empty set I, a family F' of groups of I, a function z,

an element ¢ of I, and an element g of F'(i). Now we state the propositions:

(24) Ifx €[[F, then z+- (i,g9) € [[ F.

PROOF: domx = I. Set y = x +- (i,g). For every object j such that
j € dom(the support of F') holds y(j) € (the support of F')(j) by [7, (31)],
(4), [7, (32)], [2 (9)]. O

(25) If x € sum F, then x +- (i,g) € sum F.

PROOF: Set y = = +- (i,9). y € [[ F. For every object j such that j €
support(y, F') holds j € support(z, F) U{i} by [7, (32)]. O
Now we state the propositions:

(26) Let us consider a non empty set I, a group G, a finite-support function
a from I into G, an element ¢ of I, and an element g of G. Then a+- (i, g)
is a finite-support function from I into G. The theorem is a consequence
of (23).

(27) Let us consider a non empty set I, a family F' of groups of I, an object
i, and functions a, b. Suppose i € I and doma = I and b= a +- (i, 1p(;))-
Then support(b, F') = support(a, F) \ {i}.

PRrROOF: For every object j, j € support(b, F) iff j € support(a, F)) \ {i}
by [I5, (11), (48)], [7. (32)], [15, (50)]. O

(28) Let us consider a non empty set I, a group G, an object ¢, and functions
a, b from I into G. Suppose i € supporta and b = a +- (i, 1g). Then
support b = supporta \ {i}.

PROOF: For every object j, j € supportb iff j € supporta \ {i} by [15,
(11), (48)], [7, (32)], [15, (50)]. OO

(29) Let us consider a non empty set I, a family F' of groups of I, an object

i, an element a of sum F', and a function b. Suppose i € support(a, F') and
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b= a+-(i,1p()). Then support(b, F') = support(a, F') — 1. The theorem
is a consequence of (3) and (27).

(30) Let us consider a non empty set I, a group G, an object i, a finite-
support function a from I into G, and a function b from [ into G. Suppose

i € supporta and b = a +- (i,1¢). Then support b = supporta — 1. The
theorem is a consequence of (28).

Let us consider a non empty set I, a family F' of groups of I, and elements
a, bof [[F.
Let us assume that support(a, F') misses support(b, F'). Now we state the
propositions:

(31) a+-b[support(b, F) =a - b.
PROOF: Reconsider ¢ = a+-b[ support(b, F') as a function. Reconsider d =
a-b as an element of [[F. doma = I. domb = I. domd = I. For every
object ¢ such that ¢ € I holds ¢(i) = d() by (5), [I3, (11)], [I7, (1)], [13,
(13)]. O

(32) a-b=b-a.
PROOF: Reconsider ¢ = a - b as an element of [[ F. Reconsider d = b-a
as an element of [[ F. domc¢ = I. domd = I. For every object i such that
i € I holds c(i) = d(i) by (5), [I7, (1)]. O

(33) Let us consider a non empty set I, a family F' of groups of I, and an
element i of I. Then ProjGroup(F),1) is a subgroup of sum F.
PROOF: Set S = ProjGroup(F,i). Set G = sum F'. For every object x such
that x € Qg holds x € Q¢ by [28, (40)], (17), (8). O

(34) Let us consider a non empty set I, families F'; G of groups of I, and
functions z, y. Suppose for every object ¢ such that ¢ € I there exists
a homomorphism h; from F(i) to G(i) such that y(i) = hi(z(i)). Then
support(y, G) C support(x, F).
PROOF: For every object i such that i € support(y, G) holds
i € support(z, F) by [30, (31)]. O

3. PRODUCT MAP AND SUM MAP

Let F', G be non-empty, non empty functions and A be a non empty function.
Assume dom F' = dom G = dom h and for every object ¢ such that ¢ € domh
holds A(7) is a function from F(i) into G(i). The functor ProductMap(F, G, h)
yielding a function from [] F' into [[ G is defined by

(Def. 5) for every element = of [[ F' and for every object ¢ such that ¢ € domh
there exists a function hy from F(i) into G(i) such that hy = h(i) and

(it(2)) (i) = ha(x(i)).
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Let us consider non-empty, non empty functions F, G and a non empty
function h.

Let us assume that dom ' = dom G = dom h and for every object ¢ such
that ¢ € dom h there exists a function h; from F(7) into G(7) such that h; = k(i)
and h is onto. Now we state the propositions:

(35) ProductMap(F, G, h) is onto.
PROOF: Set p = ProductMap(F, G, h). For every object i such that i €
dom h holds h(i) is a function from F(i) into G(i). For every object y such
that y € []G there exists an object = such that x € [[F and y = p(z) by
2, (9)), BT, (11)], [10; (2)]. O

(36) ProductMap(F, G, h) is one-to-one.
PROOF: Set p = ProductMap(F, G, h). For every object i such that i €
dom h holds h(i) is a function from F'(i) into G(i). For every objects z1,
x9 such that z1, zo € [[F and p(z1) = p(x2) holds x1 = z2 by [2, (9)],
[11, (19)], [10, (2)]. O

(37) ProductMap(F, G, h) is bijective. The theorem is a consequence of (35)
and (36).

Now we state the proposition:

(38) Let us consider a non empty set I, families F, G of groups of I, a non
empty function h, an element x of [[ F', and an element y of [[G. Sup-
pose I = domh and y = (ProductMap(the support of F,the support of
G, h))(z) and for every object i such that ¢ € I holds h(7) is a homomor-
phism from F'(i) to G(). Let us consider an object i. Suppose i € I. Then
there exists a homomorphism hy from F'(i) to G(i) such that

(i) h1 = h(i), and
(i) y(i) = ha(x(d)).
The theorem is a consequence of (4).

Let I be a non empty set, F'; G be families of groups of I, and h be a non
empty function. Assume I = dom h and for every object ¢ such that ¢ € I holds
h(i) is a homomorphism from F'(i) to G(i). The functor ProductMap(F, G, h)
yielding a homomorphism from [[ F' to [[ G is defined by the term

(Def. 6) ProductMap(the support of F,the support of G,h).
Now we state the propositions:
(39) Let us consider a non empty set I, families F, G of groups of I, a non

empty function h, an element x of [[ ', and an element y of [[ G. Suppose

I = domh and y = (ProductMap(F, G, h))(z) and for every object i such
that ¢ € I holds h(i) is a homomorphism from F'(i) to G(3). Let us consider
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an object i. Suppose ¢ € I. Then there exists a homomorphism h; from
F(i) to G(i) such that

(i) hy = h(i), and
(i) (i) = ha(z(@)).

The theorem is a consequence of (38).

(40) Let us consider a non empty set I, families F'; G of groups of I, and
a non empty function h. Suppose I = dom h and for every object ¢ such
that ¢ € I there exists a homomorphism hy from F(i) to G(i) such that
hi = h(i) and hy is bijective. Then ProductMap(F, G, h) is bijective. The
theorem is a consequence of (4) and (37).

Let I be a non empty set, F' be a family of groups of I, and 7 be an element of
I. Observe that the functor ProjGroup(F,i) yields a strict subgroup of sum F'.
Let F, G be families of groups of I and h be a non empty function. Assume
I = dom h and for every object i such that ¢ € I holds (i) is a homomorphism
from F'(i) to G(). The functor SumMap(F, G, h) yielding a homomorphism from
sum F' to sum G is defined by the term

(Def. 7) ProductMap(F, G, h)[sum F.
Now we state the propositions:

(41) Let us consider a non empty set I, families F', G of groups of I, and

a non empty function h. Suppose I = dom h and for every object i such
that ¢ € I there exists a homomorphism hy from F(i) to G(i) such that
hi = h(i) and hy is bijective. Then SumMap(F, G, h) is bijective.
PROOF: For every object i such that ¢ € I holds h(i) is a homomorphism
from F'(i) to G(7). Set p = ProductMap(F, G, h). Set s = SumMap(F, G, h).
p is bijective. For every object y such that y € Qguma holds y € rng s by
[28, (40)], [30, (61)], (39), [B0, (62)]. O

(42) Let us consider a non empty set I, families F', G of groups of I, and a
non empty function h. Suppose I = dom h and for every object ¢ such that
i € I holds h(7) is a homomorphism from F'(i) to G(i). Let us consider an
element ¢ of I, an element f of F(i), and a homomorphism hy from F'() to
G (7). Suppose hy = h(i). Then (SumMap(F, G, h))((1ProdHom(F,7))(f)) =
(IProdHom(G, 7)) (hi(f)).
PRrROOF: Set x = (1ProdHom(F,4))(f). Set y = (SumMap(F, G, h))(z).
domy = I. Consider hy being a homomorphism from F'(i) to G(i) such
that ho = h(i) and y(i) = ho(x(i)). For every element j of I such that
j # i holds y(j) = 1) by 20, (1)], (39), [30, (31)). O
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4. DEFINITION OF INTERNAL AND EXTERNAL DIRECT SUM DECOMPOSITION

Now we state the proposition:

(43) Let us consider a non empty set I, a group G, and an object i. Suppose

i € 1. Then there exists a family F' of groups of I and there exists a
homomorphism h from sum F' to G such that h is bijective and F =
(I — {1}g)+({i} — G) and for every object j such that j € I holds
1p(j) = 1g and for every element z of sum F', h(z) = z(i) and for every
element x of sum F, there exists a finite subset J of I and there exists a
many sorted set a indexed by J such that J C {i} and J = support(z, F')
and (support(z, F') = () or support(z, F) = {i}) and = = [rta and for
every object j such that j € I'\ J holds x(j) = 1p(;) and for every object
Jj such that j € J holds z(j) = a(j).
PROOF: Set v = I —— {1}q. Set w = {i} — G. Set F' = v+-w. For every
object j such that j € I'\ {i} holds F(j) = {1}¢ by [24, (7)]. For every
object j such that j € I holds F'(j) is a group. For every object j such that
j € I holds 1p(;) = 1 by [28, (44)]. Define Plelement of sum F element
of G| = $3 = $1 (7). For every element = of sum F', there exists an element
y of G such that P[z,y] by [28, (40)], (5), [24, (13), (7)]. Consider h being
a function from sum F' into G such that for every element x of sum F’,
Plz, h(z)] from [11, Sch. 3|. For every object y such that y € Q¢ there
exists an object x such that © € Quumr and y = h(z) by [24, (7)], (24),
(17), (8). For every element z of sum F', support(z, F') C {i} by [28, (40)],
(5), [28 (44)]. For every objects x1, xa such that x1, z2 € Qgqumr and
h(z1) = h(z2) holds x; = z2 by [28, (40)], (3), (7), [10, (2)]. For every
elements z, y of sum F', h(x -y) = h(z) - h(y) by [28, (40)], (5), [28, (43)],
[T7, (1)]. For every element x of sum F, there exists a finite subset J of I
and there exists a many sorted set a indexed by J such that J C {i} and
J = support(z, F') and (support(z, F') = 0 or support(z, F) = {i}) and
T = 1HF+-a and for every object j such that j € I'\ J holds x(j) = 15
and for every object j such that j € J holds z(j) = a(j) by [15, (31)], (7).
U

Let I be a non empty set and G be a group. A direct sum components of G
and [ is a family of groups of I and is defined by

(Def. 8) there exists a homomorphism h from sum it to G such that h is bijective.

Let F be a direct sum components of G and I. We say that F' is internal if
and only if

(Def. 9) for every element ¢ of I, F(i) is a subgroup of G and there exists a
homomorphism h from sum F' to G such that h is bijective and for every
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finite-support function x from I into G such that z € sum F holds h(z) =
[lz.
One can verify that there exists a direct sum components of G and I which
is internal.

5. EQUIVALENT EXPRESSION OF INTERNAL DIRECT SUM DECOMPOSITION

Now we state the propositions:

(44) Let us consider a group G, and a non empty subset A of G. Suppose for

every elements z, y of G such that z, y € A holds -y = y-x. Then gr(A)
is commutative.
PROOF: For every elements x, y of G and for every elements 7, j of Z such
that z, y € A holds 2% - y/ = ¢/ - 2% by [27, (39)]. For every element y of
G and for every element j of Z such that y € A for every finite sequence
F' of elements of G for every finite sequence I of elements of Z such that
len F =lenT and rng ' C A holds [[ F! -y = ¢/ - [[ F! by [29, (21), (8)],
[32, (70)], [6, (4)]. For every elements z, g of G and for every element ¢
of Z such that z € gr(A) and g € A holds z - ¢° = ¢' - = by [29, (28)].
For every element x of G such that x € gr(A) for every finite sequence
F' of elements of G for every finite sequence I of elements of Z such that
len F =lenl and rng ' C A holds [[F! -z =2 - [[ F! by [29, (21), (8)],
[32, (70)], [6, (4)]. For every elements z, y of gr(A), x -y = y -z by [28|
(41)], [29, (28)], [28, (43)]. O

(45) Let us consider a group G, a subgroup H of G, a finite sequence a of

elements of G, and a finite sequence b of elements of H. If a = b, then
[Ta=T11I6.
PROOF: Define P[natural number| = for every finite sequence a of elements
of G for every finite sequence b of elements of H such that lena = $; and
a = b holds [[a = []b. P[0] by [29, (8)], [28, (44)]. For every natural
number k such that P[k] holds P[k + 1] by [6, (4), (17)], [26, (55)], [29,
(6)]. For every natural number k, P[k] from [4, Sch. 2]. O

(46) Let us consider a group G, an element h of G, and a finite sequence F of

elements of G. Suppose for every natural number k such that & € dom F
holds h - Fy, = F, - h. Then h-[[F =][F - h.
PROOF: Define P[natural number] = for every finite sequence F of ele-
ments of G such that len F' = $; and for every natural number i such that
i € dom F holds h- F; = F;-h holds h - [[F =[] F - h. P[0] by [29] (8)].
For every natural number k such that P[k| holds P[k + 1] by [0}, (4), (17),
(5)], [14], (80)]. For every natural number 4, P[i] from [4, Sch. 2]. O
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(47) Let us consider a group G, and finite sequences F', Fy, Fy of elements

of G. Suppose len F = len F} and len F' = len F» and for every natural
numbers 7, j such that i, j € dom F' and i # j holds Fi;-F»; = Fy;-F1; and
for every natural number k such that k& € dom F' holds F'(k) = Fyy, - Fay.
Then HF = HF1 : HFQ.
PROOF: Define P[natural number| = for every finite sequences F', Fy, F; of
elements of G such that len F = $; and len F' = len F; and len F' = len I}
and for every natural numbers 4, j such that ¢, 7 € dom F' and i # j holds
Fy; - Fy; = Fy; - F1; and for every natural number k such that k € dom F'
holds F(k) = Fiy - Fay, holds [[F = [[ F1 - [ F». P[0] by [29, (8)]. For
every natural number k such that P[k] holds P[k+ 1] by [6, (4), (17), (5)],
[14, (80)]. For every natural number ¢, P[i] from [4, Sch. 2]. O

(48) Let us consider a group G, and a finite sequence a of elements of G.
Suppose for every object i such that ¢ € doma holds a(i) = 1g. Then
[Ta=1¢q.

PROOF: Set n = lena. a = n — 1¢ by [24, (13)], [9, (57)], [10, (2)]. O

(49) Let us consider a finite set I, a group G, and a (the carrier of G)-valued,
total, I-defined function a. Suppose for every object ¢ such that i € I
holds a(i) = 1g. Then [Ja = 1¢.

PROOF: Set ¢; = CFS(I). Set ag = a - ¢;. For every object ¢ such that
i € domag holds az(i) = 1¢ by [32, (27)], [10, (3), (12)]. O

(50) Let us consider a finite set A, a non empty set B, and a B-valued, total,
A-defined function f. Then f - CFS(A) is a finite sequence of elements
of B.

Let us consider a non empty set I, a group G, a finite-support function a
from I into G, and a finite subset W of I. Now we state the propositions:

(51) If support a € W and for every elements i, j of I, a(i)-a(j) = a(j) - a(i),
then [Ta = [](alW).

PROOF: Reconsider r = rnga as a non empty subset of G. For every
elements x, y of G such that z, y € r holds z -y = y - « by [11}, (113)]. O

(52) Suppose supporta C W. Then there exists a finite-support function a;

from W into G such that

(i) a1 = alW, and
(ii) support a = support ay, and
(iii) [Ta = [Jai.
(53) Let us consider a non empty set I, a group G, a family F' of groups of

I, elements sq, so of sum F', and finite-support functions x, y, x3 from [
into G. Suppose for every element i of I, F(i) is a subgroup of G and for
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every elements ¢, j of I and for every elements g1, go of G such that ¢ # j
and g1 € F(i) and g2 € F(j) holds g1 - g2 = g2-¢1 and s;1 =z and sy =y
and s1 -2 = 3. Then [Jxs =[]z -[ly-

PROOF: Reconsider W = support x U support y as a finite subset of I. For
every object i such that i € support z3 holds i € W by (5), [28] (40), (43)],
[17, (1)]. For every function @ from I into G and for every elements i, j of
I such that a € [T F holds a(i) - a(j) = a(j) - a(@). [Tz =[1(=[|W). [y =
[Ty IW). [Tzs = [1(z3]W). Set ¢; = CES(W). Reconsider wy = (z[W)-¢;
as a finite sequence of elements of G. Reconsider wg = (y|W)-c; as a finite
sequence of elements of G. Reconsider wy = (z3]W)-¢; as a finite sequence
of elements of GG. For every natural numbers 4, j such that ¢, j € domws
and i # j holds wy; - w3; = ws; -wy; by [0, (3), (12), (49)], (5). For every
natural number ¢ such that i € dom wy holds wy(i) = wy; - ws; by [10, (3),

(12), (49)], (5). [Twz = [Tw: - [Tws. O

(54) Let us consider a non empty set I, a group G, and a family F' of groups

of 1. Then F' is an internal direct sum components of G and [ if and only
if for every element i of I, F(i) is a subgroup of G and for every elements
i, j of I and for every elements g1, g2 of G such that i # j and g1 € F(i)
and go € F(j) holds g1 - g2 = g2 - g1 and for every element y of G, there
exists a finite-support function x from I into G such that x € sum F' and
y = [[z and for every finite-support functions z1, z2 from I into G such
that 1, 9 € sum F and [[z1 = [[ x2 holds x1 = xo.

PROOF: Define P[object, object] = there exists a finite-support function
x from I into G such that $; = x and $5 = [Jx. For every element = of
sum F', there exists an element y of G such that P[z,y|. Consider h being
a function from sum F into G such that for every element z of sum F,
Plz, h(z)] from [1I, Sch. 3|. For every object y such that y € Q¢ there
exists an object x such that x € Qg p and y = h(x). For every objects
x1, xo such that z1, zo € Qgump and h(x1) = h(x2) holds x; = x. For
every finite-support function a from [ into G such that a € sum F’ holds
h(a) = [T a. For every elements x, y of sum F', h(x - y) = h(z) - h(y). O
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