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Summary. In this article, we give several differentiation and integrability
formulas of special and composite functions including the trigonometric function,
and the polynomial function.
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The papers [12], [2], [3], (1], [7], [11], (13], [4], [17], [8], [9], [6], [18], [5], [10], [15],
[16], and [14] provide the terminology and notation for this paper.
One can check that there exists a subset of R which is closed-interval.
For simplicity, we use the following convention: a, b, z, r are real numbers,
n is an element of N, A is a closed-interval subset of R, f, g, f1, fo, g1, go are
partial functions from R to R, and Z is an open subset of R.
We now state a number of propositions:
(1) Suppose Z C dom(ﬁ) and for every x such that z € Z holds fi(z) =1
and f» = 2. Then ﬁ is differentiable on Z and for every x such that

x € Z holds (ﬁ)’rz(m) = ——2&

(14x2)2 -
1
(2) Suppose that A C Z and f = glf% and fo = the func-
tion arccot and Z C ]-1,1[ and go = [? and for every z such

that * € Z holds ¢i(z) = 1 and fa(z) > 0 and Z = dom f.
Then /f(a:)d:n = (—(the function In) - (the function arccot))(sup A) —
A

(—(the function In) - (the function arccot))(inf A).
(3) Suppose that
(i) AczZ
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(i)  for every x such that z € Z holds (the function exp)(z) < 1 and
fi (.Z') =1,
(iii) Z C dom((the function arctan) -(the function exp)),

(iV) Z = dom f, and
. the function exp
(v) f= f1+(the function exp)?”

Then /f(x)dx = ((the function arctan) -(the function exp))(sup A) —

A
((the function arctan) -(the function exp))(inf A).

(4) Suppose that
i)y ACZ,
(i)  for every x such that z € Z holds (the function exp)(xz) < 1 and
f1 (J}) =1,
(iii) Z C dom((the function arccot) -(the function exp)),

(iV) Z = dom f, and
o —the function exp
(V) f - f1+(the function eXP)2 ’

Then / f(x)dx = ((the function arccot) -(the function exp))(sup A)—((the

function arccot) -(the function exp))(inf A).
(5) Suppose that
i) ACZ,
(i) Z =dom f, and
(iii)  f = (the function exp)

the function sin + the function exp
the function cos (the function cos)?’

Then / flx ((the function exp) (the function tan))(sup A) — ((the

functlon exp) (the function tan))(inf A).
(6) Suppose that
i) ACZ,
(i) Z =dom f, and

3 the functi the function exp
(iii)  f = (the function exp) {HEEReon % (the fanction sin)? "
Then / f(z ((the function exp) (the function cot))(sup A) — ((the

functlon exp) (the function cot))(inf A).

(7) Suppose that
) ACZ
) for every x such that x € Z holds fi(z) =1,
(i) ZC]-1,1],
)  Z =dom f, and
) f = (the function exp) (the function arctan)+

the function exp
1+
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Then / f(x)dx = ((the function exp) (the function arctan))(sup A)—((the
A

function exp) (the function arctan))(inf A).

(8) Suppose that
(i) AcZz,

—

)
(ii)  for every x such that x € Z holds fi(z) =1,
(i) ZC)-1,1],
) Z =dom f, and
o . . the function ex
) f = (the function exp) (the function arccot)—fngp

Then / f(x)dx = ((the function exp) (the function arccot))(sup A)—((the
A

function exp) (the function arccot))(inf A).
(9) Suppose A C Z = dom f and f = ((the function exp) -(the function sin))
(the function cos). Then /f(m)dx = ((the function exp) -(the function

A
sin))(sup A) — ((the function exp) -(the function sin))(inf A).
(10) Suppose A C Z = dom f and f = ((the function exp) -(the function
cos)) (the function sin).

Then /f(x)dx = (—(the function exp) - (the function cos))(sup A) —

A
(—(the function exp) - (the function cos))(inf A).
(11) Suppose A C Z and for every x such that x € Z holds z > 0 and
Z = dom f and f = ((the function cos) -(the function In)) é. Then

/f(:v)dx = ((the function sin) -(the function In))(sup A) — ((the function
A

sin) -(the function In))(inf A).

(12) Suppose A C Z and for every x such that x € Z holds x > 0
and Z = domf and f = ((the function sin) -(the function In))
é. Then /f(:n)dx = (—(the function cos) - (the function In))(sup A) —

A
(—(the function cos) - (the function In))(inf A).

(13) Suppose A C Z = dom f and f = (the function exp) ((the function cos)
-(the function exp)). Then / f(z)dz = ((the function sin) -(the function

A
exp))(sup A) — ((the function sin) -(the function exp))(inf A).
(14) Suppose A C Z = dom f and f = (the function exp) ((the function sin)
-(the function exp)).
Then /f(x)d:n = (—(the function cos) - (the function exp))(sup A) —

A
(—(the function cos) - (the function exp))(inf A).
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(15) Suppose that A C Z C dom((the function In) -(f14f2)) and r # 0 and for
every x such that z € Z holds g(z) = T and g(x) > —1 and g(z) < 1 and
fi(x) =1and fo = (O0%)-g and Z = dom f and f = (the function arctan)

-g. Then /f(x)da: = (idz ((the function arctan) -g) — § ((the function In)

(fr+ fg)jgl)(sup A) — (idz ((the function arctan) -g) — 5 ((the function In)
((f1 + f2))) (inf A).

(16) Suppose that A C Z C dom((the function In) -(f1+f2)) and r # 0 and for
every x such that z € Z holds g(z) = ¥ and g(x) > —1 and g(z) < 1 and
fi(z) =1and fo = (0%)-g and Z = dom f and f = (the function arccot)

-g. Then /f(x)dx = (idz ((the function arccot) -g) + § ((the function In)

(fi+ fg)sl)(sup A) — (idz ((the function arccot) -g) + § ((the function In)
(1 + f2)))(inf A).
(17) Suppose that
(i) AcZ
(ii)  f = (the function arctan) -fi + - (gii?lz),
(iii)  for every x such that x € Z holds g(z) = 1 and fi(z) = £ and
fi(z) > -1 and fi(z) <1
(iv) Z =dom f, and

(

is continuous on A.

v) f
Then /f(x)d:z = (idz ((the function arctan) -f;))(sup A) — (idz ((the

A
function arctan) - f1))(inf A).

(18) Suppose that
(i) AcCZ
(ii)  f = (the function arccot) - f1 — m

(iii)  for every x such that x € Z holds g(z) = 1 and fi(z) = £ and
fi(x) > —1and fi(z) <1

(iv) Z =dom f, and

(v)  f is continuous on A.

Then /f(x)dm = (idz ((the function arccot) -f1))(sup A) — (idz ((the

A
function arccot) -f1))(inf A).

(19) Suppose that A C Z C ]—1,1] and for every z such that x € Z holds
fi(x) =1and Z = dom f and Z C dom((C") - (the function arcsin)) and

1<mnand f = n ((O" ). (the function arcsin)) Then / dZC — (" the
f= LT fx (@) - (

function arcsin))(sup A) — ((d") - (the function arcsm))(lnf A).
(20) Suppose that A C Z C ]—1,1] and for every z such that x € Z holds
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fi(z) = 1 and Z C dom((O") - (the function arccos)) and Z = dom f

n n—1y. e function arccos
and 1 < n and f = (™ zm(éh)-(iﬁfl;) ) Then A/f(ac)dx =
(—(O") - (the function arccos))(sup A) — (—(O") - (the function arccos))
(inf A).
(21) Suppose A C Z and for every x such that x € Z holds fi(z) = 1 and
Z C ]-1,1] and Z = dom f and f = (the function arcsin)+——92—.
(O2)-(HL-0P)
Then /f(x)dac = (idz (the function arcsin))(sup A) — (idz (the function
A

arcsin))(inf A).
(22) Suppose A C Z and for every z such that z € Z holds fi(z) = 1 and
Z C ]-1,1] and Z = dom f and f = (the function arccos)— idg

O2)(f1-0»)
Then /f(x)dx = (idz (the function arccos))(sup A) — (idz (the function
A

arccos))(inf A).
(23) Suppose that
i)y ACZ,
(i) ZC]-1,1],
(iii) for every x such that x € Z holds fi(z) =a- -2z + b and fa(x) =1,
(iv) Z =dom f, and ;
— ] 1 1
(v)  f = a(the function arcsm)—km.
Then /f(x)da: = (f1 (the function arcsin))(sup A) — (fi (the function
arcsin)ﬁinf A).
(24) Suppose that
(i) Acz
(i) ZC]-1,1],
(iii)  for every x such that € Z holds fi(z) =a-2z+ b and fa(x) =1,
(iv) Z =dom f, and ;
— ] 1
(v)  f = a(the function arccos)—m.
Then /f(:v)dx = (f1 (the function arccos))(sup A) — (fi (the function
arccos)l)él(inf A).
(25) Suppose that
i)y ACZ,

(ii) for every x such that € Z holds g(z) = 1 and fi(z) = ¥ and fi(z) > —1
and fi(x) <1,
(ili)) Z =dom f,

(iv)  f is continuous on A, and
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v)  f = (the function arcsin) - f; + — 92—,
v ( T Yy

Then /f(a;)dac = (idz ((the function arcsin) -f1))(sup A) — (idz ((the function

aurcsinj4 -f1))(inf A).
(26) Suppose that
G) Acz
(ii)  for every z such that € Z holds g(z) = 1 and fi(z) = { and fi(z) > —1
and fi(z) <1
(iii) Z = dom f,
(iv)  f is continuous on A, and

v = (the function arccos #
v F=l e S

Then /f(a:)dm = (idz ((the function arccos) -f1))(sup A) — (idz ((the function

A
arccos) -f1))(inf A).

Orn-1 : H
(27) Suppose A C Z and [ = ((mn+1>)(Eﬁzefiﬁﬂfgincils)) and 1 < n and Z C

dom((") - (the function tan)) and Z = dom f. Then /f(a:)d:c = ((O") - (the

A
function tan))(sup A) — ((O") - (the function tan))(inf A).

0"—1).(the functi
(28) Suppose A C Z and f = nE(DnH)?(glteful;rgité%nsics)s)) and 1 < n and

Z C dom((O") - (the function cot)) and Z = dom f. Then /f(x)dw =

(—(O") - (the function cot))(sup A) — (—(0") - (the function cot))(?nf A).
(29) Suppose that
) ACZ,
) Z C dom((the function tan) -f;),
(iii) f= ((the function sin)-f1)?
)
)

~ ((the function cos)-f1)2’
for every x such that x € Z holds fi(x) = a -z and a # 0, and

Z = dom f.
Then /f(:n)dx = (% ((the function tan) -f1) —idz)(sup A) — (2 ((the function

tan) :?1) —idy)(inf A).
(30) Suppose that
) ACZ,

) Z C dom((the function cot) - f1),
(iii) f= ((the function cos)-f1)?
)

)

~ ((the function sin)-f1)2’
for every x such that = € Z holds f1(z) = a-x and a # 0, and

Z = dom f.
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Then /f(a;)d:c = ((—2) ((the function cot) -f1) — idz)(sup A) — ((—%) ((the
A

function cot) -f1) —idz)(inf A).

(31) Suppose that

(i) ACZ,

(ii)  for every x such that x € Z holds fi(z) =a -z +0,
(ii) Z =dom f, and

. ___ the function sin f

(IV) f=a the function cos T (the functlion cos)?”

Then /f(l’)dl’ = (f1 (the function tan))(sup A) — (f1 (the function tan))(inf A).
A

(32) Suppose that

(i) ACZ
(ii)  for every z such that x € Z holds fi(x) =a-x +b,
(ili)) Z =dom f, and
: __ , the functi f
(IV) f=a thz fﬁ?l(étligrri gﬁ? o (the functlion sin)? "

Then /f(x)da: = (f1 (the function cot))(sup A) — (f1 (the function cot))(inf A).
A

(33) Suppose that
) ACZ,
e function sin)(z)?2
) for every x such that x € Z holds f(z) = ((:Ee gum:ion cos))Ex))z’
(iii)) Z C dom((the function tan)—idyz),
)
)

Z = dom f, and
f is continuous on A.

Then /f(x)dm = ((the function tan)—idz)(supA) — ((the function
A

tan)—idz)(inf A).
(34) Suppose that
(i) ACZ
i) for every x such that x € Z holds f(z) =
(ili)) Z C dom(—the function cot —idy),
)
)

(the function cos)(x)?
(the function sin)(z)2’

Z = dom f, and

f is continuous on A.

Then /f(a:)dx = (—the function cot — idz)(sup A) — (—the function cot —

A
(35) Suppose that
i)y ACZ
(ii)  for every z such that x € Z holds f(z) = (T (e funlction @z and (the

function In)(z) > —1 and (the function In)(z) < 1,

33
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(iii) Z C dom((the function arctan) -(the function In)),
(iv) Z =dom f, and
(v)  f is continuous on A.

Then /f(w)dx = ((the function arctan) -(the function In))(sup A) — ((the func-
A

tion arctan) -(the function In))(inf A).

(36) Suppose that
i)y ACZ,
(ii)  for every x such that z € Z holds f(x) = — > (T (e funlction @3 and (the
function In)(z) > —1 and (the function In)(z) < 1,
(ii) Z C dom((the function arccot) -(the function In)),
(iv) Z =dom f, and
(v)  fis continuous on A.

Then /f(x)da: = ((the function arccot) -(the function In))(sup A) — ((the func-
A

tion arccot) -(the function In))(inf A).
(37) Suppose that
(i) ACZ
(ii)  for every x such that z € Z holds f(x) =
and fi(z) > —1 and fi(z) <1,
(ili)) Z C dom((the function arcsin) - f1),
(iv) Z =dom f, and
(v)  f is continuous on A.
Then / f(z)dz = ((the function arcsin) -fi)(sup A) — ((the function arcsin)

\/ﬁandfl(l‘):a.x_i_b

A
1) (inf 4).
(38) Suppose that
(i) ACZ
(ii)  for every x such that x € Z holds f(z) = m and fi(z) =a-z+b
and fi(z) > —1 and fi(z) <1,
(iii) Z C dom((the function arccos) - f1),
(iv) Z =dom f, and
(v)  f is continuous on A.
Then /f(:c)d:z: = (—(the function arccos) - f1)(sup A) — (—(the function

A
arccos) - f1)(inf A).

(39) Suppose that A C Z and fi = g — f» and fo = % and for every x such
that x € Z holds f(x) = z- (1 — x2)_% and g(z) = 1 and fi(x) > 0 and
Z C dom((D%)-fl) and Z = dom f and f is continuous on A. Then /f(:z:)dm =

A
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(~(@2) - fi)(sup A) — (~(02) - f)(inf A).
(40) Suppose that A C Z and g = f1 — f> and fo = % and for every x such
that = € Z holds f(z) = z - (a® — x2)7% and fi(z) = a2 and g(z) > 0 and
Z C dom((D%) -g) and Z = dom f and f is continuous on A. Then /f(x)dac =
A
1 1 .
(—=(@2) - g)(sup A) — (=(032) - g)(inf A).
(41) Suppose that
(i) ACZ
(i) n>0,
__ (the function cos)(z)
(iii)  for every z such that z € Z holds f(z) = (the Fanction s (n)orT and (the
function sin)(z) # 0,
(iv)  Z C dom((0") - e Fumction s )"
(v) Z =dom f, and
(vi)  f is continuous on A.

Then /f(x)da: = ((—%)((Dn) !
A

1

the function sin
(42) Suppose that

D(sup A) — ((—0) (@) -

" the function sin

))(inf A).

i) Acz,

(i) n >0,

(iii)  for every x such that = € Z holds f(x) = (t}(lih?uflirtlf;ozo?)r(li()?+1 and (the
function cos)(z) # 0,

(iv) 2 € dom((0") " i famction cos):

(v) Z =dom f, and

(vi)  f is continuous on A.

1 1 1
Th d = (=((@O - sup 4A) — (= ((@O") -
en A/f(ﬂﬂ)fﬁ ) s funetion cos)) P A) = (—((07)
1 .
the function cos))(lnf A).
1
(43) Suppose that A C Z and f = % and fo = the function arccot

and Z C ]-1,1[ and go = [? and for every z such that x € Z holds
f(l‘) = (14+z2)-(the funlction arccot)(z) and gl(iv) = 1 and fQ(:E) > 0 and 7 =

dom f. Then /f(x)da: = (—(the function In) - (the function arccot))(sup A) —

A
(—(the function In) - (the function arccot))(inf A).

(44) Suppose that
G) Acz
(11) Zg]_lal[a
(iii) for every z such that = € Z holds (the function arcsin)(z) > 0 and fi(z) =1,
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(iv)  Z C dom((the function In) -(the function arcsin)),
(v) Z =dom f, and

vi) f= L

(vi) ((

D% )-(f1—[2)) (the function arcsin) )

Then /f(x)dsc = ((the function In) -(the function arcsin))(sup A) — ((the func-

A
tion In) -(the function arcsin))(inf A).

(45) Suppose that

) ACZ,

) ZC ]_17 1[7

) for every x such that x € Z holds fi(z) = 1 and (the function arccos)(x) > 0,

(iv)  Z C dom((the function In) -(the function arccos)),

)  Z =dom f, and
1

) F=1

D%)-(fl—I:IQ)) (the function arccos) '

Then /f(x)dac = (—(the function In) - (the function arccos))(sup A) —

A
(—(the function In) - (the function arccos))(inf A).
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