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Difference and Difference Quotient. Part III
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Summary. In this article, we give some important theorems of forward
difference, backward difference, central difference and difference quotient and
forward difference, backward difference, central difference and difference quotient
formulas of some special functions.
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The terminology and notation used in this paper have been introduced in the
following papers: [6], [2], [1], [4], [11], [7], [5], [8], [12], [9], [10], and [3].

We follow the rules: n, m are elements of N, h, k, r, r1, 72, x, xg, T1, T2, T3
are real numbers, and f, fi, fo are functions from R into R.

Next we state a number of propositions:

©) Gl = Ay~ (A_y ().
) (A_s[MN@) = (Vs [N,

(3) GlE) = (Vo)) ~ (Vs [)@)

() Bulr fi+ L)+ )@ = BalfiD o+ D)) + Bl 0+ 1))
(5) (Balfi+r LD+ 1)) = Bl 0+ )(@) + - (Ealfa) o+ 1))
6) (& (

(1) (AnlH) = Anlf] ) )

(8)  (Valr fu+ D) (n+ D(@) =7 (ValAD(n + )(@) + (Valf)) (0 + 1) (2).

(9 (Valfi+r fo)(n+1)(@) = (ValA]) (0 +1)(@) + 7 (Valfl) (0 + 1) (2).

(10) )((*)h[n fr=ra o) (n+1)(@) = 1+ (ValAD)(n+ 1) (@) = r2 - (Valfal) (0 +
1)(z).
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(1) (Valf)(1) = Valf]

(12) (TN @) = (Falfhom+m)@.

(13) Glr i+ LD+ D) = GLANE + 1)@) + Gl + 1))

(14) Gulfi+7 L)+ 1)) = GalA) 0+ 1)) + 7+ Galfa]) (n + 1)()

(15) @Gl fi—ra L)t 1)) = ri- @D+ 1) (@) - (Ga[fa]) (01 2)

(16) GO =alsl

(A7) Gl @) = Galf)m + n) o).

(18) 1 (Buf)m@) = Gl + 5 - h), then (TulfNm)) =
Galf () — 5 - D).

(19) I (Rul/Nm)@) = GO+ 25 b+ §), then (VulfH()(@) =
Galf(m)(w = 252 h = b)

(20) Alf](w,z + h) = LalfDle)

21) Alf](z — h,z) = (Va[fD)(z)

(22) Alf]w = §oo+§) = O

(28) Alfl( - §,z +5) = L0

(24) If h #0, then A[f](z — h,z,z + h) = @DA@

(25)  Alfy = fol(zo, 21) = A[fi](zo, x1) — Alf2] (20, 21).

(26) Alr fi + fol(zo,z1) = r - Alfil(wo, 21) + Alfo](z0, 21)-

(27)  Alr fi = fol(zo, 1) = 7 - Al fi](z0, z1) — A[f2](x0, 21).

(28) Alfi +7 fo](zo, 21) = Alfi](zo, z1) + 7 - A[fo] (20, 21).

(29)  Alfi =7 fo](zo, 21) = Alfi](z0, z1) — 7 - Al fo) (20, 21).

(30) Alr1 fi —r2 fol(wo, 21) = r1 - Alfi](2o, 21) — 12 - Alf2] (20, 21).

(31)  (Valh D)) = fi(z) - (Valf))W)(@) + fo(z — B) - (VA[AD(D)().
(32) If =y, x1, x2 are mutually different, then A[f](xo,z1,22) =

Alf](zo, x2, 21).

In the sequel S is a sequence of real sequences.
We now state a number of propositions:

(33) Suppose that for all natural numbers n, i such that i < n holds S(n)(4)
(5) - (ValAaD()(x) 'Eﬁh[f2])(n ~"i)(w — i - h). Then (Vu[f1 fo])(1)(x)
Zifo S()(k) and (Valf1 f2])(2)(x) = Ya—08(2)(k).

(34)  (Gnlfr L)) (x) = il + 5) - Gulfa))(1)(@) + folz — B) - (GulAD(1) ().

(35) Suppose that for all natural numbers n, i such that ¢ < n holds
Sm)(@) = () - (Onl i) (D) (@ + (n="1) 5 (gh[fﬂ)(n ~"i)(x —i-%). Then
(Onlf1 f2) (1) (x) = Ypmo S(1)(k) and (33 [f1 f2])(2)(x) = 3o 5( ) ().

(36) If for every x holds f(z) = v/ and z¢ # x1 and z¢ > 0 and 27 > 0, then
Alfl(zo, 1) = fhﬁ
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(37) Suppose for every x holds f(z) = \/z and xg, 1, x2 are mutually dif-
ferent and 9 > 0 and x; > 0 and z2 > 0. Then A[f](zo,x1,22) =
1
-~ (VaotvEn) (Vaot+yaz) (Var+v/@2)
(38) Suppose for every z holds f(z) = \/x and xg, x1, 2, x3 are mutually
different and x¢g > 0 and 7 > 0 and x2 > 0 and x3 > 0.

Then A[f](xg,z1, 22, x3) =

VIO TLH T+ /T3
(Vo0 rVa) (Vao +/on) (Voo t/as) (Va1 +v/e2) (ot +as) (Vaz tv/es)

(39) If for every x holds f(z) = /z and 2 > 0 and = + h > 0, then
(A1) = Vi +h— V.

(40) If for every x holds f(z) = /x and z > 0 and z — h > 0, then
(ValfD(z) = Vo — vz —h.

(41) If for every = holds f(x) = v/z and x + % > 0 and z — % > 0, then
GulMN@) = Jo+ b —Jo -1

(42) If for every = holds f(x) = 22 and z¢ # z1, then A[f](wo, 1) = 20 + 21.

(43) If for every x holds f(z) = 22 and zg, 1, T2 are mutually different, then
A[f](wo, w1, 72) = 1.

(44) If for every z holds f(x

2 and z, 1, 2, x3 are mutually different,

D||

(
then A[f](xo,x1,x2,23) =
(45) If for every x holds f(z) = 2, then (Ap[f])(z) =2-x-h+ h2.
(46) If for every x holds f(x) = 22, then (V,[f])(z) = (2 x —h).
(47) 1If for every z holds f(x) = 2, then (6[f])(x) =2 -h-x.
(48)

If for every = holds f(z) = 2 and xg # x1 and xg # 0 and 21 # 0, then
k 1.4
A[f]('r()?xl) - 10-1‘1 ' (3370 xl)'
(49) Suppose for every z holds f(xz) = I% and zg # 0 and z; # 0 and

zo # 0 and a:o, x1, :cg are mutually different. Then A[f](zg,z1,22) =
e (a2 + )

T0-T1-T2

(50) If for every x holds f( )= x% and z # 0 and z+h # 0, then (Ay[f])(z) =
(—=k)-h-(2-z+h)
(z2+4h-x)?

(51) If for every x holds f(z) = x% and z # 0 and z—h # 0, then (V[f])(z) =
(—k)-h-(2-2—h)
(z2—z-h)2

(52) If for every z }llloklds f(z) = m% and x + 2 #£ 0 and 2 — & # 0, then
Gnl/N(@) = Z2iiyas-
(=2—-(3)?)
(53) A[(the function sin) (the function sin) (the function sin)|(zg,z1) =

x T TO—T 3-(x x 3-(xg—=
( o-g L) 01 _cos( ( 02+ 1)) ( 0 1)))

+

%~(3~cos -sin( -sin(

To—T1
(54) (Ap[(the function sin) (the function sin) (the function sin)])(z) =
(2R . gin(L) — cos(EELHN ) i (3h)).

1.
2
(3 cos

99



60 XIQUAN LIANG AND LING TANG

(55) (Vp[(the function sin) (the function sin) (the function sin)])(z) = 3
(3 - cos(25) - sin(4) - COS(M) sin(31)).
(56)  (6p[(the function sin) (the function sin) (the function sin)])(z) = 3 - (3"

cos - sin(%) — cos(3 - z) - sin(32)).

(57) A[(the function cos) (the function cos) (the function cos)|(xg,x1) =
L (3sin(T0EEL) sin (P05 ) sin (2EOEETL ) gin (2202201 )
ro—T1 :

(58) (Ap[(the function cos) (the function cos) (the function cos)])(z) =

h
—1.(3-sin(2&H) - sin(4 )—I—sm(w) sin(3)).
(59) (Vp[(the function cos) (the function cos) (the function cos)])(z) =
—1 - (3-sin(257) - sin(4) + sin(2E5M) - sin(3)).
(60) (dn[(the function cos) (the function cos) (the function cos)])(z) =

—1-(3-sinz- sm( ) +sin(3-z) - s1n(32h)).
(61) If for every x holds f(z) = and sinxzg # 0 and sinz; # 0, then

sin x
2-(sinzq —sin zq)

A[f] (l“o, xl) - _ cos(x0+x1)7cos(a:077;1)

To—T1

(62) If for every x holds f(z) = sz

2-(sin z—sin(z+h
(Anlf])(x) = —%

(63) If for every z holds f(x) = =1 and sinz # 0 and sin(x — h) # 0, then

sin x

(Valf]) () = C2dgne ) -sinz)

(64) If for every x hold; £(2) = gz and sin(a + ) # 0 and sin(@ — §) # 0,
then (5h[f])(x) _ .(s1n(x75)7sm(gc+§)).

cos(2-x)—cosh

(65) If for every x holds f(z) = —i— and xg # z; and coszg # 0 and

cosx
2-(cos w1 —cos z()

COS X1 # O, then A[f] ($0)$1) — cos(zo+z1)+005(zo—zl)

To—T1
(66) If for every x holds f(z) = and cosx # 0 and cos(z + h) # 0, then
(Ah[f])($) = w.

cos(2-z+h)+cosh
(67) If for every z holds f(z) = —=— and cosz # 0 and cos(xz — h) # 0, then

(Valf (@) = Zesipirens).
(68) If for every x holds f(z) = —— and cos(z + %) # 0 and cos(z — %) # 0,

cosxT

2-(cos(z— L) —cos(z+L
then (6,[f]) () = ZLeoteflenlerd))

and sinz # 0 and sin(z + h) # 0, then

CcCos T

(69) Suppose for every x holds f(z) = (Sln1$)2 and g # 1 and sinzy # 0 and

16-cos( 1JrQEO) sm(ag1 £0). c«as(gE1 o). s1n(m1+m0)

sinzy # 0. Then A[f](xg,21) = (cost@oTa1)= Cos(xo xl))z To—z1)
(70) If for every z holds f(z) = smx)2 and sinz # 0 and sin(x + h) # 0, then

16-cos( 2 x+h) -sin( ) cos( 2h) -sin(2zth x+h)

2

(Ah[.ﬂ)(m) = (cos(2-z+h)—cos h)2
(71) If for every x holds f(z) = (sm%)z and sinx # 0 and sin(x — h) # 0, then
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16-cos(ZZ=1Y.sin(=2)-cos( =L )-sin( 2z=L
(ValI) @) = 2 g R e

(72) If for every z holds f(z) = = Gmnz and sin(z+2%) # 0 and sin(z — ) # 0,

(sm;r
—h
then (6h[f])(33) _ 16-cos x-sin( =" hy.cos(S2 5 )smac.

(cos(2-x)—cos h)?
(73) Suppose for every z holds f(x) = W and zg # x1 and cos xg # 0 and
(—16)-sin(Z1F20) sin(FL770).cos(PLEL0 ) cos (L1 20,
cosxy # 0. Then A[f](zg,x1) = (onCag oy ontrg = )

xo—x1 :
(74) If for every x holds f(z) = —~~ and cosz # 0 and cos(z + h) # 0,
then (A [7])(z) — (10 in( R eon (2520 con()

(cos z)
2
(cos(2-z+h)~+cos h)?
(75) If for every x holds f(z) = —~— and cosx # 0 and cos(z — h) # 0,
(716).sin(2'x h).sin( Qh)-cos(%h)-cos(%)'

(cosx)
then (Vh[f])(.fﬂ) = (cos(2-x—h)+cos h)2
(76) If for every x holds f(z) = cosl:p)z and cos(z+%) # 0 and cos(z —2) # 0,

16)-sin x-sin cos z-cos( =L
then (5h[f])(x) = (10 (005(2-(96)2+ztosh)2 = )

(77) Suppose zy € dom (the function tan) and z; € dom (the func-
tion tan). Then A[(the function tan) (the function sin)|(zg,z1) =

1
(CDSIO cos o CDSZI)Jrcosml

To—T1
(78) Suppose that
(i) for every z holds f(x) = ((the function tan) (the function sin))(x),
(ii) x € dom (the function tan), and
(iii) x4+ h € dom (the function tan).
Then (Ap[f])(z) = (m —cos(z+h) — L) + cosz.
(79) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function sin))(z),
(ii) 2 € dom (the function tan), and
(ili) « — h € dom (the function tan).
Then (Vi [f])(z) = (45 — cosz — m) + cos(x — h).
(80) Suppose that
(i) for every x holds f(z) = ((the function tan) (the function sin))(z),

(i) 2+ % € dom (the function tan), and
(i) z-— 5 € dom (the functlon tan).
Then (0,[f])(x) = ( —cos(z + %) — —L ) +cos(z — ).

cos(er cos(x— )

(81) Suppose for every x holds f(x) = ((the function tan) (the function
cos))(z) and xy € dom (the function tan) and z; € dom (the function
tan). Then A[f](zo,zq1) = =205

(82) Suppose that

(i)  for every z holds f(x) = ((the function tan) (the function cos))(x),

(ii) x € dom (the function tan), and
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(ili) =+ h € dom (the function tan).
Then (Ap[f])(x) =sin(z + h) —sinz.
(83) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function cos))(z),
(ii) x € dom (the function tan), and
(ili) « — h € dom (the function tan).
Then (V,[f])(x) = sinz — sin(z — h).
(84) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function cos))(z),
(i) 2+ % € dom (the function tan), and
(i) x-— % € dom (the function tan).
Then (05[f])(z) = sin(z + %) —sin(z — £).

(85) Suppose for every z holds f(z) = ((the function cot) (the function
cos))(x) and x¢ € dom (tlahe function1 cot) and 1 € dom (the function cot).
Then A[f](xo,21) = 2% ey AT

(86) Suppose that

(i)  for every x holds f(x) = ((the function cot) (the function cos))(z),
(ii) x € dom (the function cot), and
(ili) x4+ h € dom (the function cot).
Then (Ap[f])(x) = (m —sin(z +h) — ) +sinz.
(87) Suppose that
(i)  for every x holds f(x) = ((the function cot) (the function cos))(z),
(ii) x € dom (the function cot), and
(iii) « — h € dom (the function cot).
Then (Vi[f])(z) = (51 —sinz — Wl—h)) + sin(x — h).
(88) Suppose that
(i)  for every x holds f(x) = ((the function cot) (the function cos))(z),

—sinxzg—

To—T1

(i) =« + % € dom (the function cot), and
(i) 2 — % € dom (the function cot).
Then (6,[f])(x) = ( 1 — sin(x + %) — 1 ) + sin(x — %)

sin(x—l—%) sin(m—%)

(89) Suppose for every = holds f(z) = ((the function cot) (the function
sin))(x) and zp € dom (the function cot) and z; € dom (the function cot).
Then A[f](zo, 1) = <=0

(90) Suppose that

(i)  for every z holds f(x) = ((the function cot) (the function sin))(z),
(ii) x € dom (the function cot), and
(ili) x4 h € dom (the function cot).
Then (Ap[f])(x) = cos(z + h) — cos x.
(91) Suppose that
(i)  for every x holds f(x) = ((the function cot) (the function sin))(z),
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(ii) x € dom (the function cot), and
(ili) « — h € dom (the function cot).
Then (V[f])(z) = cosz — cos(x — h).
(92) Suppose that
(i) for every x holds f(z) = ((the function cot) (the function sin))(z),
(i) =+ % € dom (the function cot), and
(i) 2 — % € dom (the function cot).
Then (6,,[f])(z) = cos(z + £) — cos(z — &).
(93) Suppose for every z holds f(x) = ((the function tan) (the function
tan))(z) and zyp € dom (the function tan) and x; € dom (the function
tan). Then A[f](zg,a1) = \co321)*=(cosz0)?

(coszo-cosx1)2-(zo—21) "
(94) Suppose that
(i) for every z holds f(x) = ((the function tan) (the function tan))(x),
(ii) x € dom (the function tan), and
(iii) x4+ h € dom (the function tan).
1 N 5
Then (A4[f]) () = 2 G
(95) Suppose that
(i)  for every x holds f(x) = ((the function tan) (the function tan))(x),
(ii) « € dom (the function tan), and
(ili) « — h € dom (the function tan).
Then (VA[f])(r) = ~ XG0 00
(96) Suppose that
(i) for every x holds f(x) = ((the function tan) (the function tan))(x),
(i) 2+ % € dom (the function tan), and
(iil)) = — % € dom (the function tan).

1.(cos(h+2-z)—cos(h—2-z))
— _2
Then (6h [f])(x) - (cos(gch%)-cos(zf%))z
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