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Summary. In this article, we give several differentiation and integrability
formulas of special and composite functions including the trigonometric function,
the hyperbolic function and the polynomial function [3].
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The articles [10], [23], [19], [21], [22], [1], [8], [15], [9], [2], [4], [17], [5], [13], [16],
[14], [18], [7], [12], [20], [6], and [11] provide the terminology and notation for
this paper.

1. DIFFERENTIATION FORMULAS

For simplicity, we adopt the following rules: r, x, a, b denote real numbers, n,
m denote elements of N, A denotes a closed-interval subset of R, and Z denotes
an open subset of R.
One can prove the following propositions:
(1)) (30+40) — % ((the function sin) -(2004-0)) is differentiable on R, and
(ii)  for every z holds ((30+0) — I ((the function sin) (20+40)) (g (2) =

(sinx)?2.
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(2)i)  (3040) + 7 ((the function sin) -(20+0)) is differentiable on R, and

(ii)  for every z holds ((30+0) + I ((the function sin) (20+40)) (g (x) =
(cos x)2.

(3) L= ((O™*1) - (the function sin)) is differentiable on R and for every z

n+1
holds (72 (the function sin)™™)|g () = (sinz)™ - cos z.

(4)(i) (—n%rl) ((O™*+1) . (the function cos)) is differentiable on R, and
1

(ii)  for every z holds ((—n—Jrl
(5) Suppose m +n # 0 and m —n # 0. Then
(i) m ((the function sin) -((m+n)040)) 4+ 2.(77%7%) ((the function sin)
-((m —n)d40)) is differentiable on R, and
m ((the function sin) -((m + n)d40)) +
m ((the function sin) -((m — n)D—FO)))’rR(m) = cos(m - x) - cos(n - ).
(6) Suppose m +n # 0 and m —n # 0. Then
(i) 2(T1_n) ((the function sin) -((m —n)040))
-((m 4 n)040)) is differentiable on R, and
(ii)  for every z holds (ﬁ ((the function sin) -((m — n)040)) —
m ((the function sin) -((m + n)0+0)))\g () = sin(m - x) - sin(n - x).
(7) Suppose m +n # 0 and m —n # 0. Then
(i) —m ((the function cos) - ((m + n)0+0)) — m ((the function
cos) -((m —n)0+0)) is differentiable on R, and
(ii)  for every x holds (—m ((the function cos) - ((m + n)d+0)) —
m ((the function cos) -((m — n)00+0)))|g(z) = sin(m - z) - cos(n - z).
(8) Suppose n # 0. Then
(i) % ((the function sin) -(n0+0)) — (10+0) ((the function cos) -(nC+0))
is differentiable on R, and
(ii)  for every z holds (-5 ((the function sin) -(n0+0)) — (1 0+0) ((the func-
tion cos) -(n0+0)))|g(z) = z - sin(n - x).
(9) Suppose n # 0. Then
(i) % ((the function cos) -(n0+0)) 4+ (10+0) ((the function sin) -(nO+0))
is differentiable on R, and
(ii)  for every z holds (- ((the function cos) -(n0+0))+ (1 0+0) ((the func-
tion sin) -(nC0+0)))|g(z) = z - cos(n - x).
(10)(1)  (104-0) (the function cosh)—the function sinh is differentiable on R,
and
(i)  for every z holds ((1040) (the function cosh)—the function
sinh)ig(z) = z - sinhz.
(11)(i)  (1040) (the function sinh)—the function cosh is differentiable on R,
and

) (the function cos)™*!)\g (x) = (cos )" -sin .

(i)  for every x holds (

- m ((the function sin)



SEVERAL INTEGRABILITY FORMULAS OF SPECIAL ... 25

(ii) for every x holds ((10+0) (the function sinh)—the function
cosh)jg(z) =z - coshz.
(12) Ifa-(n+1)# 0, then ﬁ (aO+b)"*! is differentiable on R and for

every = holds (ﬁ (aD—i—b)”H)’rR(a:) =(a-z+0b)".

2. INTEGRABILITY FORMULAS

Next we state a number of propositions:

1 1 1
(13) /(the function sin)2(x)d:c =5 sup A — 2 -sin(2-sup A) — (5 -inf A —
A

i -sin(2 - inf A)).

(14) / (the function sin)?(z)dz = g
(0,7]

(15) / (the function sin)?(z)dz = .
[0,2-7]

1 1
(16) / (the function cos)?(x)dz = (% -sup A+ 1 -sin(2-sup 4)) — (5 -inf A+
A
1. .
1 sin(2 - inf A)).
(17) / (the function cos)?(z)dz = g
(0,7]

(18) / (the function cos)?(x)dz = .

[0,2-7]
1
(19) /((the function sin)" (the function cos))(z)dx = 1 (sinsup A)" 1~
n
§!
- (sininf )"+,
n+1
(20) / ((the function sin)" (the function cos))(z)dz = 0.
(0,7]
(21) / ((the function sin)" (the function cos))(z)dz = 0.
[0,2-7]
1
(22) /((the function cos)” (the function sin))(z)dz = (— n 1)-(008 sup A)"H—
n
4 1
( ) - (cosinf A)" T,

n+1
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(23) / ((the function cos)” (the function sin))(z)dz = 0.
[0,2-7]
(24) / ((the function cos)” (the function sin))(z)dz = 0.
-2.3
(25) Suppose m+n # 0 and m —n # 0. Then
((the function cos) - (m[d+40)) ((the function cos) - (nJ40)))(x)dz =

D>\

G/

(2-(m+ n) 2-(m—n)
(26) Suppose m +n # 0 and m —n # 0. Then
/(((the function sin) - (mJ+40)) ((the function sin) - (nO+0)))(x)dx =

-sin((m + n) - sup A) + -sin((m —n) - sup 4)) —

-~
-sin((m —n) -inf A)).

2. (m +n)
-sin((m +n) -inf A) +

A
1 . 1 '

Wl_n) -sin((m — n) - sup A) — W ~sin((m + n) - sup A) —

Gy S (m =) infA) = gy sinllm ) -t A))

(27) Suppose m +n # 0 and m —n # 0. Then
/(((the function sin) - (m+0)) ((the function cos) - (nJ+0)))(z)dz

A
1
_W ~cos((m+n)-sup A) — m -cos((m —n) - sup A) —
(_m -cos((m +n) -inf A) — m -cos((m —n) -inf A)).
(28) If n # 0, then /((1D+O) ((the function sin) - (n[J40)))(x)dx = % .

A
1 1 1
sin(n -sup A) — o sup A - cos(n - sup A) — (ﬁ -sin(n - inf A) — o inf A -
cos(n - inf A)).
1

(29) If n # 0, then /((ID—i—O) ((the function cos) - (nO+0)))(x)dx = (ﬁ .
A

1 1 1
cos(n-sup A) + - -sup A -sin(n -sup 4)) — (E -cos(n -inf A) + - -inf A -
sin(n - inf A)).

(30) /((1D+0) (the function sinh))(x)dx = sup A - coshsup A — sinhsup A —

A
(inf A - coshinf A — sinhinf A).

(31) /((1D+0) (the function cosh))(x)dx = sup A - sinh sup A — coshsup A —

A
(inf A - sinhinf A — coshinf A).
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(32) Ifa-(n+1) # 0, then Z(aD—l—b)"(w)d:v = M ~(a-sup A+b)" T —
1 . n
I@ﬁiywﬂﬁA+w+P

3. ADDENDA

In the sequel f, fi, fo, f3, g are partial functions from R to R.
The following propositions are true:
(33) If Z C dom(3 f) and f = O then 3 f is differentiable on Z and for
every z such that z € Z holds (3 Hiz(@) ==

(34) If AC Z = dom(} (0?)), then / idy (2)de =
A

(35) Suppose A C Z and for every z such that z € Z holds g(z) = = and
g(z) # 0 and f(z) = —x% and Z = domg and dom f = Z and f]A is

continuous. Then /f(x)dw = (sup A)~! — (inf 4)~L.
A

- (sup A)? — % - (inf A)%.

DN | =

(36) Suppose that

iy ACZ,
(i) f=07
(iii) for every x such that x € Z holds fa(z) = 1 and z # 0 and f(z) =
2.z
T+22)2>
(iv) dom(bﬁfl) =7,

(v) Z =dom f, and
(vi)  flA is continuous.

Then /f(x)dm = (L)(sup A)—( 2
A

inf A).
ot hi RS
(37) Suppose Z C dom((the function tan)-+(the function sec)) and for every

x such that x € Z holds 1 +sinz # 0 and 1 — sinz # 0. Then
(i)  (the function tan)+(the function sec) is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function tan)+(the function
sec))’rz(x) = ﬁ
(38) Suppose that
i)y ACZ,
(ii)  for every x such that z € Z holds 1 +sinz # 0 and 1 — sinx # 0 and
_ 1
f(@) = =7
(iii)  dom((the function tan)+(the function sec)) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.
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Then /f(a:)dm = (tansup A + secsup A) — (taninf A + secinf A).
A

(39) Suppose Z C dom((the function tan)—(the function sec)) and for every
x such that x € Z holds 1 +sinz # 0 and 1 — sinz # 0. Then
(i)  (the function tan)—(the function sec) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function tan)—(the function
sec))’rz(x) = mﬁ
(40) Suppose that
i) ACZ,
(ii)  for every x such that x € Z holds 1 4+ sinz # 0 and 1 — sinz # 0 and
F@) = e
(iii)  dom((the function tan)—(the function sec)) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:v)da: = tansup A — secsup A — (taninf A — secinf A).

A
(41) Suppose Z C dom(—the function cot + the function cosec) and for every

x such that x € Z holds 1 4+ cosz # 0 and 1 — cosz # 0. Then

(i) —the function cot + the function cosec is differentiable on Z, and
(ii)  for every z such that z € Z holds (—the function cot + the function
cosec)},(z) = mﬁ
(42) Suppose that
(i) ACZ,

(ii)  for every z such that z € Z holds 1 + cosz # 0 and 1 — cosz # 0 and

f(x) = 1+closac’
(iii) dom(—the function cot + the function cosec) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(:c)dw = (—cot sup A + cosecsup A) — (—cot inf A + cosecinf A).
A

(43) Suppose Z C dom(—the function cot — the function cosec) and for every
x such that x € Z holds 1 4+ cosz # 0 and 1 — cosz # 0. Then

(i) —the function cot — the function cosec is differentiable on Z, and
(ii)  for every x such that x € Z holds (—the function cot — the function
cosec)} () = =5z
(44) Suppose that
(i) ACZ,

(ii)  for every x such that x € Z holds 1 + cosz # 0 and 1 — cosz # 0 and

f(l‘) = 1—010590’
(ili)) dom(—the function cot — the function cosec) = Z,

(iv) Z =dom f, and
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(v)  flA is continuous.
Then /f(:c)d:r = —cot sup A — cosecsup A — (—cot inf A — cosecinf A).
A

(45) Suppose that
(i) Acz,

—

)
(i) Zc]-L1]
: __1
) for every x such that x € Z holds f(z) = 1752,
(iv)  dom (the function arctan) = Z,
) Z =dom f, and
)

fTA is continuous.

Then /f(a:)dw = arctansup A — arctaninf A.
A
(46) Suppose that
( ACZ,

—

)
(i) Z<C|-1,1],

) for every x such that x € Z holds f(z) = 1753,
(iv)  dom(r the function arctan) = Z,

) Z =dom f, and

) flA is continuous.

Then /f(x)d:v =r-arctansup A — r - arctan inf A.

A
(47) Suppose that
i)y ACZ,
i) ZcC]-1,1],
(iii)  for every z such that € Z holds f(x) = —ﬁ,
(iv)  dom (the function arccot) = Z,
(v) Z =dom f, and
(vi)  flA is continuous.
Then / f(x)dx = arccot sup A — arccot inf A.
A
(48) Suppose that
i)y ACZ,
i) Zc]-1,1],
(iii) ~ for every z such that € Z holds f(z) = — 7,

(iv)  dom(r the function arccot) = Z,
(v) Z =dom f, and
(vi)  flA is continuous.

Then /f(x)dm = r - arccotsup A — r - arccot inf A.
A

(49) Suppose Z C dom((idz + the function cot)—the function cosec) and for
every z such that z € Z holds 1 4+ cosx # 0 and 1 — cosz # 0. Then
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(i)  (idz + the function cot)—the function cosec is differentiable on Z, and
(ii)  for every x such that z € Z holds ((idz +the function cot)—the function

cosec)|z(7) = (ot
(50) Suppose that
i) ACZ,

(ii)  for every x such that x € Z holds 1 + cosz # 0 and 1 — cosz # 0 and
F(@) = sz

(iii) dom((idz + the function cot)—the function cosec) = Z,

(iv) Z =dom f, and

(v)  flA is continuous.

Then / f(x)dx = (sup A+ cot sup A) — cosecsup A — ((inf A+ cotinf A) —
A

cosecinf A).
(51) Suppose Z C dom(idz + the function cot+the function cosec) and for
every x such that € Z holds 1 4 cosx # 0 and 1 — cosx # 0. Then
(i)  idz + the function cot+the function cosec is differentiable on Z, and
(ii)  for every z such that z € Z holds (idz + the function cot+the function
cosec)|z(7) = o2ty
(52) Suppose that
(i) Acz
(ii)  for every x such that x € Z holds 1 + cosz # 0 and 1 — cosz # 0 and
f2) = ezt
(ili) dom(idz + the function cot+the function cosec) = Z,
(iv) Z =dom f, and
(v)  flA is continuous.

Then /f(x)da: = (sup A + cotsup A + cosecsup A) — (inf A + cotinf A +
A

cosecinf A).
(53) Suppose Z C dom((idz — the function tan)-+the function sec) and for
every x such that z € Z holds 1 4+ sinx # 0 and 1 — sinx # 0. Then
(i)  (idz — the function tan)+the function sec is differentiable on Z, and
(ii)  for every x such that x € Z holds ((idz —the function tan)+the function
sec)iz (%) = gnatt
(54) Suppose that
i) ACZ,
(ii)  for every x such that z € Z holds 1 +sinz # 0 and 1 —sinz # 0 and
f (.73) = 1$;§ g
(ili) Z C dom((idz — the function tan)+the function sec),
(iv) Z =dom f, and
(v)  flA is continuous.
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Then / f(z)dz = ((sup A —tansup A) +secsup A) — ((inf A —taninf A) +
A

secinf A).
(55) Suppose Z C dom(idz —the function tan—the function sec) and for every
x such that x € Z holds 1 +sinz # 0 and 1 — sinx # 0. Then
(i) idz — the function tan—the function sec is differentiable on Z, and
(ii) for every x such that x € Z holds (idz — the function tan—the function
sec)jz(x) = ST
(56) Suppose that
(i) AczZ
(ii)  for every x such that x € Z holds 1 +sinz # 0 and 1 —sinz # 0 and
f(z) = Sifll?gfla
(ili) Z C dom(idz — the function tan—the function sec),
(iv) Z =dom f, and
(v)  flAis continuous.

Then /f(x)dm = sup A — tansup A — secsup A — (inf A — taninf A —
A

secinf A).

(57) Suppose Z C dom((the function tan)—idz). Then (the function
tan)—idyz is differentiable on Z and for every x such that x € Z holds
((the function tan)—idz)|,(z) = (tan x)2.

(58) Suppose that

(i) ACZ,
(ii)  for every x such that z € Z holds (the function cos)(z) > 0 and
f(z) = (tanx)?,
(iii) Z C dom((the function tan)—idy),
(iv) Z =dom f, and
(v)  flA is continuous.
Then /f(x)d:): = tansup A —sup A — (taninf A —inf A).
A

(59) Suppose Z C dom(—the function cot —idz). Then —the function cot —
idgz is differentiable on Z and for every x such that x € Z holds
(—the function cot —idz) () = (cot r)2.

(60) Suppose that

i)y ACZ,
(i)  for every x such that z € Z holds (the function sin)(z) > 0 and
f(z) = (cot ),
(iii) Z C dom(—the function cot — idy),
(iv) Z =dom f, and
(v)  flA is continuous.
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Then /f(a:)dm = —cotsup A — sup A — (—cotinf A — inf A).
A

61) Suppose A C Z and for every x such that x € Z holds f(z) = —L1 __ and
(61) Supp y

(cos )2
cos z # 0 and dom (the function tan) = Z = dom f and f[A is continuous.

Then /f(:v)da: = tansup A — taninf A.
A

(62) Suppose A C Z and for every x such that x € Z holds f(z) = — =3

and sinz # 0 and dom (the function cot) = Z = dom f and f[A is ((S:glrft)i—
nuous. Then /f(x)da: = cot sup A — cot inf A.
A
(63) Suppose A C Z and for every x such that z € Z holds f(z) = %

and Z C dom((the function sec)—idz) and Z = dom f and f[A is conti-
nuous. Then /f(:c)d:v =secsup A —sup A — (secinf A — inf A).

A
(64) Suppose that
i) ACZ
for every x such that z € Z holds f(z) = W,

—
c o~
o e
-y

Z C dom(—the function cosec — idy),
Z = dom f, and
fTA is continuous.

Then /f(a?)da; = —cosecsup A — sup A — (—cosecinf A — inf A).
A

=

—~ =
< =

— .
~— — — ~— ~—

The following propositions are true:
(65) Suppose that
i) ACZ,
(ii) for every x such that x € Z holds sinz > 0,
(ili) Z C dom((the function In) -(the function sin)),
) Z = dom (the function cot), and
)

(the function cot)[A is continuous.

(iv
(v
Then / (the function cot)(x)dz = Insinsup A — Insininf A.
A
(66) Suppose that
(i) Acz
) Z < ]_17 1[7
) for every x such that x € Z holds f(z) = %,
(iv)  Z C dom(3 (the function arcsin)?),
)
)

©

Z = dom f, and
fTA is continuous.
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Then /f(x)dw = % - (arcsinsup A)% — % - (arcsin inf A)2.
A
(67) Suppose that
i)y ACZ,
Z C-1,1],

for every x such that x € Z holds f(x) = — 252

Vi-z2’
Z C dom(3 (the function arccos)?),
Z =dom f, and
fTA is continuous.

1 1
Then /f(x)da: =5 (arccossup A)? — 3 (arccos inf A)?.
A

-
<

—~
<

—~
S

—~
—
=
. juiy .
— — — N

(68) AC ZC|-1,1]and f = f1 — f> and fo = (% and for every x such that
x € Z holds fi(z) =1 and f(x) > 0 and = # 0 and dom (the function
arcsin) = Z C dom(idz (the function arcsin)—kf%).

(69) Suppose that A € Z C ]—1,1[ and f = fi — f2 and fo = 0% and for
every x such that # € Z holds fi(z) = a? and f(z) > 0 and f3(z) = £ and
—1 < f3(x) < land x # 0 and @ > 0 and dom((the function arcsin) - f3) =
Z C dom(idyz ((the function arcsin) -f3) + (D%) - f) and ((the function
arcsin) -f3)[A is continuous. Then [ ((the function arcsin) - f3)(x)dx =

A .

)+ f(sup A)2) — (inf A - arcsin(miA) + f(inf A)?).

(70) Suppose that A € Z C ]—1,1[ and f = fi — f2 and fo = 0% and for
every z such that z € Z holds fi(x) = 1 and f(z) > 0 and = # 0 and
dom (the function arccos) = Z C dom(idy (the function arccos)—(D%) - f).

sup A

(sup A - arcsin(

Then /(the function arccos)(z)dx = sup A - arccossup A — f(sup A)% -
A
(inf A - arccosinf A — f(inf A)%)
(71) Suppose that A € Z C ]—1,1[ and f = f; — f2 and fo = 0% and for
every x such that € Z holds fi(z) = a® and f(z) > 0 and f3(z) = £ and
—1 < f3(x) < land z # 0 and a > 0 and dom((the function arccos) - f3) =
Z = dom(idz ((the function arccos) -f3) — (D%) - f) and ((the function

arccos) -f3)[A is continuous. Then [ ((the function arccos) - f3)(z)dx =
A

) — f(sup A)% — (inf A - arccos(

sup A inf A

sup A - arccos( ) — f(inf A)%)
(72) Suppose that

(i) ACZ

(i) Zc]-1,1],

(i) fo =02

33
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(iv)  for every x such that x € Z holds fi(x) =1,
(v) Z = dom (the function arctan), and
(vi)  Z = dom(idy the function arctan—2 ((the function In) -(f1 + f2))).

Then /(the function arctan)(z)dx = sup A - arctansup A — % ~In(1 4+
A
(sup A)?) — (inf A - arctaninf A — % -In(1 4+ (inf A)?)).
(73) Suppose that
i) ACZ,
) Z < ]_17 1[7
) fo=0F,
(iv)  for every x such that x € Z holds fi(x) =1,
) dom (the function arccot) = Z, and
)

(vi)  Z = dom(idy the function arccot+3 ((the function In) -(f; +1f2))).
Then /(the function arccot)(x)dx = (sup A - arccot sup A + 3 In(1 +
4 1
(sup A)?)) — (inf A - arccot inf A + 3 In(1 + (inf A)?)).
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