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Summary. To evaluate our formal verification method on a real-size cal-
culation circuit, in this article, we continue to formalize the concept of the 4-2
Binary Addition Cell primitives (FTAs) to define the structures of calculation
units for a very fast multiplication algorithm for VLSI implementation [11]. We
define the circuit structure of four-types FTAs, TYPE-0 to TYPE-3, using the
series constructions of the Generalized Full Adder Circuits (GFAs) that genera-
lized adder to have for each positive and negative weights to inputs and outputs
[15]. We then successfully prove its circuit stability of the calculation outputs
after four-steps. The motivation for this research is to establish a technique ba-
sed on formalized mathematics and its applications for calculation circuits with
high reliability.
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The terminology and notation used in this paper are introduced in the following
papers: [8], [10], [14], [3], (13], [1], [7], [9], (6], 5], [4], [2], [12], and [15]. For
simplicity the following abbreviations are introduced

BitGFAiStr — X;
BitGFAiCirc — €;
GFAiAdderOutput — a;
GFAiCarryOutput — ¢;

InnerVertices — 7V
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1. STABILITY OF 4-2 BINARY ADDITION CircUIT CELL (TYPE-0)

Let a1, b1, c1, di, c2 be sets. The functor BitFTAOStr(ay, b1, c1, d1, c2) yiel-
ding an unsplit non void strict non empty many sorted signature with arity held
in gates and Boolean denotation held in gates is defined by:

(Def. 1) BitFTAOStI‘(al, b1, c1, dy, CQ) = Eo(al, b1, 01)+' Eo(a(](al, by, Cl), Co,
dy).

Let ay, b1, c1, di, co be sets. The functor BitFTAOCirc(aq, b1, c1, di, ¢2)
yields a strict Boolean circuit of BitFTAOStr(a1, b, ¢1, d1, ¢2) with denotation
held in gates and is defined as follows:

(Def. 2) BitFTAOCiI‘C(CLl, by, c1, di, CQ) = Q:()(al, b1, Cl)—i-' Q()(Cl()(al, by, Cl), ca,
dy).

One can prove the following propositions:

(1) Let ay, by, c1, di, c2 be sets. Then ZV(BitFTAOStr(aq1, b1, c1, di, ¢2)) =
{((al, bl>, XO0r9 ), ao(al, bl, Cl)} U {<<a1, bl>, andg ), <<b1, Cl>, andg ), (<01,
a1>, andg),co(al, bl, Cl)} U {(<a0(a1, bl, Cl),62>, xorg),ag(ao(al, bl, 61),
Cc9, dl)}U{(<a0(a1, bl, cl), CQ), and2 ), ((CQ, d1>, and2 ), <<d1, ao(al, bl, Cl)>,
and2 ), Co(ao(al, bl, Cl), C2, dl)}

(2) For all sets a1, b1, c1, di, co holds ZV(BitFTAOStr(ay, b1, c1, di, c2)) is
a binary relation.

(3) For all non pair sets aj, by, ¢1, di and for every set cp such that
co # ({d1,a0(a1, b1, 1)), ande) and co ¢ ZV(Xo(a, b1, ¢1)) holds
InputVertices(BitFTAOStr(aq, b1, 1, d1, c2)) = {a1,b1,¢1,d1, e}

(4) Let a1, by, c1, di, ¢ be sets. Then a; € the carrier of BitFTAO0Str(ay,
b1, c1, di, c2) and by € the carrier of BitFTAOStr(a1, b1, c1, di, c2) and
c1 € the carrier of BitFTAOStr(ay, b1, ¢1, d1, c2) and d; € the carrier
of BitFTAOStr(ay, b1, ¢1, d1, c2) and co € the carrier of BitFTAO0Str(ay,
b1, c1, di, c2) and ({(a1,b1), xory ) € the carrier of BitFTAOStr(aq, b1, c1,
dl, 62) and Cl()(al, by, Cl) € the carrier of BitFTAOStl"(al, by, c1, dy, 62)
and ((a1,b1), anda) € the carrier of BitFTAOStr(a1, b1, c1, di, c2) and
((b1,c1), and2 ) € the carrier of BitFTAOStr(a1, b1, c1, d1, c2) and {{c1,
ai), anda ) € the carrier of BitFTAOStr(ay, b1, c1, di, c2) and co(aq, b,
¢1) € the carrier of BitFTAO0Str(as, b1, c1, di, c2) and {(ag(ay, b1, c1),c2),
xorg ) € the carrier of BitFTAOStr(a1, b1, c1, di, c2) and ag(ag(a, b1, 1),
o, dy) € the carrier of BitFTAOStr(ay, b1, ¢1, d1, c2) and {(ap(a1, b1, c1),
c2), andg ) € the carrier of BitFTAOStr(ay, b1, c1, d1, c2) and ({co,d1),
ands ) € the carrier of BitFTAOStr(ay, b1, ¢1, d1, c2) and {{(dy, ap(a1, b1,
c1)), andg ) € the carrier of BitFTAOStr(a1, b1, ¢1, d1, c2) and cg(ap(aq,
by, Cl), co, dl) € the carrier of BitFTAOStl“(al, by, c1, di, 02).

(5) Let ay, b1, 1, d1, c2 be sets. Then ((a1, b)), xore ) € ZV(BitFTA0Str(as,
b1, c1, di, c2)) and ag(ay, b1, ¢1) € ZV(BitFTAOStr(a1, b1, c1, di, ¢2)) and
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((a1,b1), ands ), ((b1,c1), ands ), ({(c1,a1), ands) € ZV(BitFTAO0Str(a;,
bl, C1, dl, 02)) and Co(al, bl, 01) S IV(BitFTAOStI"(al, bl, C1, dl, CQ))
and (<a0(a1, bl, 01),CQ>, XOI"Q), ao(ao(al, bl, Cl), Co, dl), (<Clo(a1, bl, Cl>,
CQ>, andg), (<Cg,d1>, andg), ((dl,ao(al, bl, 01)>, andg), Co(ao(al, bl, 01),
co, d1) € IV(BitFTAOStI‘(al, by, c1, di, 62)).

(6) Let ai, b1, c1, di be non pair sets and ¢y be a set. Suppose ca # {(d1,
ao(al, bl, Cl)>, andg) and (&) §é IV(E()(CLl, bl, 01)). Then ai, bl, C1, dl,
¢ € InputVertices(BitFTAOStr(a1, b1, c1, di, ¢2)).

Let ay, b1, c1, di, c2 be sets. The functor BitFTAOCarryOutput(ay, b1, c1,
dy, c2) yields an element of ZV(BitFTAOStr(a1, b1, c1, di, ¢2)) and is defined as
follows:

(Def. 3) BitFTA0CarryOutput(ay, b1, c1, di, c2) = ¢o(a, b1, c1).
The functor BitFTAOAdderOutputl(ai, by, c1, di, c2) yields an element of
IV (BitFTAOStr(a1, by, c1, di, ¢2)) and is defined as follows:

(Def. 4) BitFTAOAdderOutputl(ay, by, c1, d1, c2) = ap(ay, b1, c1).

The functor BitFTAOAdderOutputP(ay, b1, c1, di, c2) yielding an element of
IV (BitFTAOStr(a1, b1, c1, di, c2)) is defined by:

(Def. 5) BitFTAOAdderOutputP(al, by, c1, di, 02) = C()(Clo(al, b1, Cl), co, dl).
The functor BitFTAOAdderOutputQ(as, b1, c1, d1, c2) yields an element of
IV (BitFTAOStr(ay, b1, c1, di, c2)) and is defined by:

(Def. 6) BitFTAOAdderOutpth(al, bl, Cc1, dl, 02) = Cl()(a(](al, bl, Cl), Co, dl).

The following propositions are true:

(7) Let ai, by, ¢1 be non pair sets, dj, co be sets, s be a sta-
te of BitFTAOCirc(aq, b1, c1, di, c2), and ag, ag, as be elements of
Boolean. Suppose a2 = s(a;) and ag = s(b1) and a4 = s(c1). Then
(Following(s, 2))(BitFTAOCarryOutput(ay, b1, ¢1, d1, c2)) = agAazVazA
as V ay A ag and (Following(s,2))(BitFTAOAdderOutputl(ay, b1, ¢1, dy,
CQ)) =as D az D ay.

(8) Let ai, b1, ¢1, di be non pair sets and ¢y be a set. Suppose ¢y # {(d1,
ag(a1, b1, c1)), ande ) and co ¢ ZV(Xo(a1, b1, ¢1)). Let s be a state of
BitFTAO0Circ(aq, by, c1, di, ¢2) and ag, as, a4, as, ag be elements of
Boolean. Suppose as = s(a1) and az = s(b1) and a4 = s(c;) and
as = s(d1) and ag = s(c2). Then (Following(s,2))(ag(a1, b1, c1)) =
az ® az @ ag and (Following(s,2))(a1) = ag and (Following(s,2))(b1) =
a3 and (Following(s,2))(c1) = a4 and (Following(s,2))(d;) = as and
(Following(s, 2))(c2) = ag.

(9) Let ai, b1, c1, di be non pair sets and ¢y be a set. Suppose co # {(d1,
ap(ai, b1, c1)), anda ) and ca ¢ IV(So(a1, b1, ¢1)). Let s be a state of
BitFTAOCirc(a1, by, c1, di, c2) and ag, as, a4, as, ag be elements of
Boolean. Suppose az = s(ay) and a3 = s(by) and a4 = s(c1) and as = s(dy)
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and ag = s(c2). Then (Following(s,4))(BitFTAOAdderOutputP(aq, b1,
c1,di, c2)) = (a2 ®az @ ag) Nag Vag AasVas A (a2 ® az ® ag) and
(Following(s, 4))(BitFTAOAdderOutputQ(as, by, c1, di, ¢2)) = a2 ® a3 P
aq D as D ag.

(10) Let aq, b1, ¢1, di be non pair sets and cg be a set. If co # ((d1, ap(ay, b1,
1)), andsg ), then for every state s of BitFTAOCirc(ay, b1, ¢1, d1, c2) holds
Following(s, 4) is stable.

2. STABILITY OF 4-2 BINARY ADDITION CIrcuIT CELL (TYPE-1)

Let a1, ba, ¢1, d2, c2 be sets. The functor BitFTA1Str(aq, ba, 1, do, c2) yiel-
ding an unsplit non void strict non empty many sorted signature with arity held
in gates and Boolean denotation held in gates is defined by:

(Def. 7) BitFTAlStI"(al, ba, c1, do, CQ) = 21(&1, ba, 01)—|-' Zg(al(al, ba, Cl), co,
ds).

Let ai, by, c1, da, co be sets. The functor BitFTA1Circ(a1, ba, ¢1, da, ¢2)
yields a strict Boolean circuit of BitFTA1Str(a1, be, ¢1, da, ¢2) with denotation
held in gates and is defined by:

(Def. 8)  BitFTA1Circ(ay, by, 1, d2, ¢2) = €1(ar, bz, ¢1)+ €2(ai (a1, bz, ¢1), c2,
dy).

Next we state several propositions:

(11) Let a1, ba, c¢1, ds, co be sets. Then IV(BitFTAlStI“(CLl, bs, c1, do,
CQ)) = {(<6L1,b2>7 XOI‘2C),Cl1(CL1, bg, Cl)} U {(<6L1,b2>, and2c), <<b2761>,
andga ), <<Cl, a1>, andg ), cl(al, bz, cl)}U{(<a1(a1, b2, Cl), CQ>, XOI'QC), Clg(al
(al, bQ, Cl), Co, d2)}U{(<a1(a1, b2, Cl),02>, andga), (<C2,d2>, andQC), <<d2,
al(al, bg, Cl)>, andgb),C2(a1(a1, b2, 01), Co, dg)}

(12) For all sets a1, be, c1, da2, co holds ZV(BitFTA1Str(ay, be, c1, da, ¢2)) is
a binary relation.

(13) For all non pair sets a1, by, c¢1, d2 and for every set ca such that
co # <<d2,a1(a1, ba, Cl)>, andgb) and co ¢ IV(Zl(al, bo, Cl)) holds
InputVertices(BitFTA1Str(ay, by, c1, d2, c2)) = {a1, b2, c1,dz, c2}.

(14) Let ay, ba, c1, da, co be sets. Then a; € the carrier of BitFTA1Str(aq,
ba, c1, do, c2) and by € the carrier of BitFTA1Str(a1, be, c1, da2, c2) and
c1 € the carrier of BitFTA1Str(a1, be, c1, d2, ¢2) and do € the carrier of
BitFTA1Str(ay, be, c1, d2, ¢2) and c2 € the carrier of BitFTA1Str(aq, be,
c1, da, c2) and ({a1,b2), xor2c) € the carrier of BitFTA1Str(ay, ba, c1,
ds, C2) and al(al, ba, Cl) € the carrier of BitFTAlStI‘(CLl, ba, c1, ds, 02)
and ((a1,b2), and2c) € the carrier of BitFTA1Str(ay, be, c1, dg, c2) and
((b2,c1), anda, ) € the carrier of BitFTA1Str(ay, be, c1, da, c2) and ({(c1,
ay), andg ) € the carrier of BitFTA1Str(ay, ba, ¢1, d2, c2) and ¢q(ay, b,
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c1) € the carrier of BitFTA1Str(a1, b, c1, da2, c2) and {(ai(a1, ba, 1), c2),
xor2c) € the carrier of BitFTA1Str(ay, be, c1, da, c2) and as(ay(ai, ba,
1), c2, d2) € the carrier of BitFTA1Str(a1, ba, 1, d2, c2) and ({(a;(aq,
ba, c1),¢2), andg, ) € the carrier of BitFTA1Str(ay, ba, ¢1, d2, c2) and
((c2,d2), and2c) € the carrier of BitFTA1Str(a1, ba, c1, d2, c2) and ((ds,
ai(ay, be, c1)), andgy ) € the carrier of BitFTA1Str(ay, b, ¢1, da, c2) and
c2(a1(a1, b2, Cl), Co, dg) € the carrier of BitFTAlStr(al, bg, c1, d2, CQ).

(15) Let aq, ba, c1, da, ca be sets. Then ((ay, bs), xor2c) € ZV(BitFTA1Str(ay,
by, c1, dg, c2)) and aj(ay, by, ¢1) € IV(BitFTA1Str(a1, be, c1, dz2, ¢2)) and
((a1,b2), and2c), ({ba, c1), anda, ), {{c1,a1), andy ) € TV (BitFTA1Str(a;,
b, c1, da, 62)) and cl(al, ba, Cl) S IV(BitFTAlStI“(CLl, b, c1, da, CQ)) and
<<Cl1(a1, bQ, Cl),62>, XOTQC), ag(al(al, b2, 61), C2, dg), (<a1(a1, b2, 61),CQ>,
andag ), ((c2,dz), and2c), ((da,a1(a1, b2, c1)), anday ), c2(a1(az, ba, c1),
co, dg) € IV(BitFTAlStI‘(al, ba, c1, do, Cg)).

(16) Let ai, b, ¢1, do be non pair sets and ¢y be a set. Suppose ¢y # ((da,
al(al, b2, Cl)>, andgb) and C2 §é IV(El((M, bg, Cl)). Then ai, bg, Cq, dg,
¢ € InputVertices(BitFTA1Str(aq, be, c1, da, ¢2)).

Let aq, be, c1, da2, co be sets. The functor BitFTA1CarryOutput(ay, ba, c1,
da, c2) yielding an element of ZV(BitFTA1Str(a1, be, c1, da, c2)) is defined as
follows:

(Def. 9) BitFTA1CarryOutput(ay, ba, c1, d2, c2) = ¢1(ay, ba, c1).
The functor BitFTA1AdderOutputl(a, be, c1, do2, c2) yields an element of
IV (BitFTA1Str(ay, ba, c1, da2, c2)) and is defined by:

(Def. 10) BitFTA1AdderOutputl(ay, be, ¢1, da, c2) = ai(a1, be, ¢1).

The functor BitFTA1AdderOutputP(aq, be, c1, d2, c2) yields an element of
IV (BitFTA1Str(a1, be, c1, da, ¢2)) and is defined as follows:

(Def. 11) BitFTAlAdderOutputP(al, b, c1, da, C2) = Cg(al (al, ba, Cl), ca, dg)
The functor BitFTA1AdderOutputQ(ai, ba, c1, d2, c2) yielding an element of
IV (BitFTA1Str(ay, be, c1, da, ¢2)) is defined as follows:

(Def 12) BitFTAlAdderOutpth(al, bQ, Cc1, dg, 62) = ag(al(al, bg, Cl), Co, dg)

The following four propositions are true:

(17) Let aji, ba, ¢1 be non pair sets, ds, ca be sets, s be a sta-
te of BitFTA1Circ(a1, ba, 1, da, c2), and aa, as, as be elements of
Boolean. Suppose az = s(a;) and az = s(b2) and as = s(c1). Then
(Following(s, 2))(BitFTA1CarryOutput(a, b2, c1, d2, c2)) = a2 A —ag V
—as AaygVag Aaz and (Following(s, 2))(BitFTA1AdderOutputl(ay, b, c1,
da, ¢2)) = —(ag ® —a3 & aq).

(18) Let ay, be, c1, d2 be non pair sets and ¢y be a set. Suppose co # ((da,
al(al, ba, 01)>, ande) and ¢y ¢ IV(Zl(al, ba, 61)). Let s be a state
of BitFTA1Circ(ay, ba, ¢1, da, c2) and ag, as, a4, as, ag be elements of
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Boolean. Suppose az = s(a1) and az = s(b2) and ay = s(c¢1) and
as = $(da) and ag = s(c2). Then (Following(s,2))(ai(a1, b, c1)) =
—(ag®—-a3Day) and (Following(s,2))(a1) = ag and (Following(s, 2))(b2) =
as and (Following(s,2))(c1) = a4 and (Following(s,2))(d2) = as and
(Following(s, 2))(c2) = ag.

(19) Let ai, b, ¢1, da be non pair sets and ¢y be a set. Suppose co # {(da,
ai(a, be, c1)), andgy ) and co ¢ ZV(Z1(aq, b2, ¢1)). Let s be a state
of BitFTA1Circ(ay, ba, ¢1, da, c2) and a9, as, a4, as, ag be elements of
Boolean. Suppose as = s(aq) and a3 = s(b2) and a4 = s(c1) and a5 = s(d2)
and ag = s(c2). Then (Following(s,4))(BitFTA1AdderOutputP(aq, be,
1, da, ¢2)) = (a2 ® —ag @ ag) NagV ag A—asV —az A (as ® —ag B ayg)) and
(Following(s, 4))(BitFTA1AdderOutputQ(aq, be, c1, d2, ¢2)) = as®—azd
ayq D —as D ag.

(20) Let ai, b, 1, do be non pair sets and ¢y be a set. If co # ((da, a1(aq,
ba, 1)), andgy ), then for every state s of BitFTA1Circ(ay, be, c1, da, ¢2)
holds Following(s,4) is stable.

3. STABILITY OF 4-2 BINARY ADDITION CIrRcuUIT CELL (TYPE-2)

Let a7, by, c3, d1, ca be sets. The functor BitFTA2Str(ay, b1, c3, di, c2) yiel-
ding an unsplit non void strict non empty many sorted signature with arity held
in gates and Boolean denotation held in gates is defined by:

(Def. 13) BitFTAQStI"(CL'z, b1, cs, di, CQ) = 22(a7, b1, Cg)—l-' Zl(ag(a7, b1, 63), co,
dy).

Let a7, by, cs, di, c2 be sets. The functor BitFTA2Circ(az, by, cs, d1, c2) yiel-
ding a strict Boolean circuit of BitFTA2Str(az, b1, c3, d1, c2) with denotation
held in gates is defined by:

(Def. 14) BitFTAQCiI‘C(CW, by, cs, di, 62) = €2((17, b1, Cg)—i-' Cl(ag(cw, by, 03), c2,
dy).

Next we state several propositions:

(21) Let a7, b1, c3, di, co be sets. Then IV(BitFTA2StI“(CL7, by, c3, di,
CQ)) = {(<a7, bl>, XOI‘QC), Cl2((L7, bl, Cg)} U {(<6L7, b1>, andga ), <<b1, 03>,
and2c), ((c3,a7), andsy ), c2(ay, b1, c3)} U {{{az(az, b1, c3), c2), xor2c ), ay
(aQ(a7, bl, 63), Co, dl)} U {((ag(a7, bl, Cg),CQ}, and2c), <<02,d1>, andga),
(<d1,02(a7, bl, Cg)), andQ),Cl(CLQ(CW, bl, 03), Co, dl)}

(22) For all sets a7, by, cs, di, co holds ZV(BitFTA2Str(az, by, c3, di, c2)) is
a binary relation.

(23) For all non pair sets ay, by, c3, di and for every set ca such that
co F# (<d1,a2(a7, 61,03)>,and2) and ¢y ¢ IV(EQ(CL?, by, 03)) holds
InputVertices(BitFTA2Str(az, b1, c3, d1, c2)) = {ar, b1, c3,d1, e}
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(24) Let az, b1, c3, di, co be sets. Then a7 € the carrier of BitFTA2Str(az,
b1, c3, di, c2) and by € the carrier of BitFTA2Str(az, b1, c3, d1, c2) and
c3 € the carrier of BitFTA2Str(az, by, c3, d1, c2) and d; € the carrier of
BitFTA2Str(az, b1, c3, di, c2) and co € the carrier of BitFTA2Str(ar, by,
3, dy, c2) and ({(a7,b1), xor2c) € the carrier of BitFTA2Str(ay, b1, c3,
dy, c2) and as(az, by, c3) € the carrier of BitFTA2Str(ay, b1, cs, di, c2)
and ((ar,b1), andg, ) € the carrier of BitFTA2Str(ay, b1, cs3, di, c2) and
((b1,c3), and2c) € the carrier of BitFTA2Str(ar, b1, cs, di, c2) and ({cs,
ay), andgp ) € the carrier of BitFTA2Str(a7, by, c3, d1, ¢2) and ¢(a7, by,
c3) € the carrier of BitFTA2Str(az, b1, cs3, di, c2) and {(az(az, b1, c3),c2),
xor2c) € the carrier of BitFTA2Str(az, b1, c3, d1, c2) and aj(az(az, by,
c3), c2, di) € the carrier of BitFTA2Str(ay, b1, c3, d1, c2) and ((az(ay,
b1, c3),¢2), and2c) € the carrier of BitFTA2Str(ay, b1, c3, d1, c2) and
((c2,d1), anda, ) € the carrier of BitFTA2Str(a7, b1, c3, di, ¢c2) and ((di,
as(az, by, c3)), andy ) € the carrier of BitFTA2Str(ay, b1, c3, di, c2) and
cl(aQ(a7, bl, Cg), Co, d1> € the carrier of BitFTA2Str(6L7, bl, c3, dl, CQ).

(25) Let ay, b1, c3, d1, ca be sets. Then ((az, b1), xor2c) € ZV(BitFTA2Str(ay,
b1, cs, di, 02)) and Cl2<a7, b1, c3) € IV(BitFTAQStI"(a7, by, cs, di, CQ)) and
((az,b1), anda, ), {{b1, c3), and2c ), {{c3, ar), andg, ) € ZV(BitFTA2Str(az,
b1, c3, di, c2)) and ca(ay, by, c3) € ZV(BitFTA2Str(az, b1, c3, d1, c2)) and
<<a2(a7, bl, Cg),CQ), XOI"QC), al(ag(a7, bl, 03), C2, dl), (<a2(a7, bl, 63)762>,
and2c), <<02,d1>, andga ), (<d1, Cl2((L7, bl, 03)>, and2 ), C1(Cl2(CL7, bl, 03),
ca, dl) S IV(BitFTAQStI‘(CW, b1, c3, d1, 62)).

(26) Let a7, b1, c3, di be non pair sets and ¢y be a set. Suppose ca # ((d1,
02(a7, bl, Cg)), andg) and (6] §7_f IV(EQ(CL?, bl, Cg)). Then ay, bl, Cc3, dl,
¢o € InputVertices(BitFTA2Str(ay, by, c3, di, ¢2)).

Let a7, by, c3, di, ca be sets. The functor BitFTA2CarryOutput(az, b1, cs,
dy, cg) yields an element of ZV(BitFTA2Str(a7, b1, cs, di, ¢2)) and is defined as
follows:

(Def. 15) BitFTA2CarryOutput(ay, b1, c3, d1, c2) = ca(ay, b1, c3).

The functor BitFTA2AdderOutputl(ay, b1, c3, di, c2) yields an element of
IV (BitFTA2Str(az, by, c3, d1, ¢2)) and is defined as follows:

(Def. 16) BitFTA2AdderOutputl(az, b1, c3, d1, c2) = as(az, by, c3).

The functor BitFTA2AdderOutputP (a7, b1, c3, di, c2) yields an element of
IV(BitFTA2Str(ay, b1, c3, di, c2)) and is defined by:

(Def 17) BitFTAQAdderOutputP(a7, bl, Cc3, dl, 02) = Cl(ag(a7, bl, 03)7 Cc9, dl)

The functor BitFTA2AdderOutputQ(az, b1, c3, d1, c2) yielding an element of
IV (BitFTA2Str(az, b1, c3, di, c2)) is defined as follows:

(Def. 18) BitFTA2AdderOutputQ(az, b1, c3, di, c2) = aj(az(az, b1, c3), c2, d1).

One can prove the following propositions:
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(27) Let a7, b1, c3 be mnon pair sets, dj, co be sets, s be a sta-
te of BitFTA2Circ(ay, b1, c3, d1, c2), and aa, asg, as be elements of
Boolean. Suppose az = s(a7) and ag = s(by) and a4 = s(c3). Then
(Following(s, 2))(BitFTA2CarryOutput (a7, b1, c3, di, c2)) = =(—az AasgV
as A—aygV -ag A—ag) and (Following(s, 2))(BitFTA2AdderOutputI(ar, b,
cs, dy, 62)) = naz ® az D —ay.

(28) Let az, b1, c3, di be non pair sets and ¢y be a set. Suppose ca # ((d1,
az(az, b1, ¢3)), anda ) and co ¢ ZV(Xa(ar, b1, ¢3)). Let s be a state of
BitFTA2Circ(ay, by, c3, d1, c2) and ag, as, a4, as, ag be elements of
Boolean. Suppose az = s(ay) and az = s(b1) and a4 = s(c3) and
as = s(d1) and ag = s(cz2). Then (Following(s,2))(az(a7, b1, c3)) =
—ag @ az ® —ay and (Following(s, 2))(a7) = ag and (Following(s, 2))(b1) =
as and (Following(s,2))(c3) = a4 and (Following(s,2))(d1) = as and
(Following(s, 2))(c2) = ag.

(29) Let az, b1, c3, di be non pair sets and ¢y be a set. Suppose ¢y # {(d1,
as(az, by, c3)), ande ) and co ¢ ZV(Xo(a7, b1, c3)). Let s be a state of
BitFTA2Circ(a7, by, c3, d1, ¢2) and ag, as, a4, as, ag be elements of
Boolean. Suppose as = s(ay) and a3 = s(b1) and a4 = s(c3) and a5 = s(dy)
and ag = s(c2). Then (Following(s,4))(BitFTA2AdderOutputP (a7, by,
3, di, €2)) = (mag2 @ as® —ag) A—agV —ag AasVas A (—ag S ag ® —ayq) and
(Following(s, 4))(BitFTA2AdderOutputQ(az, b1, c3, di, ¢2)) = —(—az @
az P ayg P as P —\ag).

(30) Let az, b1, c3, di be non pair sets and cg be a set. If co # ((d1, az(az, b1,
c3)), ands ), then for every state s of BitFTA2Circ(ay, b1, c3, d1, ¢2) holds
Following(s,4) is stable.

4. STABILITY OF 4-2 BINARY ADDITION CIRCUIT CELL (TYPE-3)

Let a7, ba, c3, da, ¢ be sets. The functor BitFTA3Str(az, be, cs, da, c2) yields
an unsplit non void strict non empty many sorted signature with arity held in
gates and Boolean denotation held in gates and is defined by:

(Def. 19) BitFTABStr(a7, bg, Cc3, d2, CQ) = 23(0,7, b2, 63)+' Eg(ag(a7, bQ, 03), Cc9,
ds).

Let a7, ba, cs, da, co be sets. The functor BitFTA3Circ(az, be, c3, da, ¢2) yiel-
ding a strict Boolean circuit of BitFTA3Str(az, ba, c3, da2, c2) with denotation
held in gates is defined by:

(Def. 20) BitFTA3Circ(az, ba, c3, d2, c2) = €3(ay, be, c3)+- €3(as(az, be, c3), c2,
ds).

We now state several propositions:
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(31) Let az, by, c3, da, ¢ be sets. Then IV (BitFTA3Str(ay, be, cs, d2, ¢2)) =
{((a7, bQ>, XO0rg ), Cl3((l7, bQ, 03)} U {(<a7, b2>, andgb ), ((bQ, 03>, andgb ), (<03,
a7), andgb), C3<a7, bz, 03)} U {(<a3(a7, bg, 03)762>, X019 ), ag(ag(a7, bQ, 03),
C9, d2)}U{<<a3(a7, bg, C3),C2>, ande), (<027d2>, andgb), (<d2, 03(a7, bg, Cg)),
andgb), C3(a3(a7, bQ, Cg), C2, dz)}

(32) For all sets a7, ba, c3, da, co holds ZV(BitFTA3Str(az, be, c3, da, ¢2)) is
a binary relation.

(33) For all non pair sets ay, by, c3, do and for every set ce such that
co # ({da,a3(az, be, c3)), andgy ) and co ¢ ZIV(Xs(ar, ba, c3)) holds
InputVertices(BitFTA3Str(az, by, c3, do, c2)) = {ar, ba, c3,dz2, c2}.

(34) Let az, ba, c3, da, co be sets. Then a7 € the carrier of BitFTA3Str(az,
ba, c3, da, c2) and by € the carrier of BitFTA3Str(az, be, 3, da, c2) and
c3 € the carrier of BitFTA3Str(az, be, c3, da, c2) and da € the carrier
of BitFTA3Str(az, ba, c3, da, c2) and ca € the carrier of BitFTA3Str(ar,
ba, c3, do, CQ) and (<a7, bg>, XOI‘Q) € the carrier of BitFTA3Str(a7, by, c3,
ds, 02) and ag(a7, ba, 63) € the carrier of BitFTA3Str(a7, ba, c3, dsa, 62)
and ((ar,ba), andgy ) € the carrier of BitFTA3Str(ay, be, cs, d2, c2) and
((ba,c3), andgy ) € the carrier of BitFTA3Str(ay, be, c3, d2, c2) and {{cs,
ay), andgy ) € the carrier of BitFTA3Str(az, be, c3, da, ¢2) and ¢3(ay, b,
c3) € the carrier of BitFTA3Str(az, be, c3, da2, c2) and ((ag(az, ba, c3),c2),
XOI‘Q) € the carrier of BitFTABStr((m, by, c3, do, C2) and ag(ag(a7, ba, 03),
2, dg) € the carrier of BitFTA3Str(az, be, c3, da, c2) and ({(as(ay, ba, c3),
c2), andgy ) € the carrier of BitFTA3Str(az, ba, c3, da, c2) and ((c2,d2),
andgb) € the carrier of BitFTASStI‘(a7, bo, c3, ds, 62) and (<d2, ag(a7, bs,
c3)), andgp ) € the carrier of BitFTA3Str(ay, be, c3, d2, c2) and c3(ag(ay,
ba, c3), c2, d2) € the carrier of BitFTA3Str(ay, be, c3, d2, ¢2).

(35) Let az, by, c3, da, co be sets. Then ({(a7,bs), xory ) € ZV(BitFTA3Str(az,
ba, c3, do, c2)) and as(az, ba, c3) € IV(BitFTA3Str(ay, be, cs, dz2, ¢2)) and
((a7, b2>, andgb ), (<b2, C3>, andgb ), (<Cg, a7>, andgb) S IV(BitFTA3StI"(a7,
ba, c3, do, 02)) and C3(a7, ba, 03) € IV(BitFTASStr(a7, bo, c3, ds, CQ))
and (<a3(a7, b2, 03)762>, XOI‘Q), a3(a3(a7, bg, Cg), C2, dg), (<C13(a7, bg, Cg),
C2>, andgb), (<Cg,d2>, andgb), (<d2,a3(a7, bg, C3)>, andgb), C3(Cl3(6l7, bg,
63), Co, dg) S IV(BitFTA3Str(a7, ba, c3, do, CQ)).

(36) Let az, b, c3, do be non pair sets and cy be a set. Suppose ¢y # {(da,
Cl3(6L7, b2, 03)>, andgb) and C9 ¢ IV(Z:),(CW, b2, 03))‘ Then ar, bQ, Cc3, dg,
¢y € InputVertices(BitFTA3Str(ay, be, cs3, d2, ¢2)).

Let a7, ba, c3, da2, ca be sets. The functor BitFTA3CarryOutput(az, ba, cs,
da, c2) yields an element of ZV(BitFTA3Str(az, by, c3, d2, c2)) and is defined
by:

(Def. 21) BitFTA3CarryOutput(ay, be, cs, d2, c2) = ¢3(az, ba, c3).
The functor BitFTA3AdderOutputl(ay, ba, c3, d2, c2) yields an element of
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IV (BitFTA3Str(az, be, c3, da, ¢2)) and is defined by:
(Def. 22) BitFTA3AdderOutputl(az, be, c3, da, c2) = as(az, ba, c3).

The functor BitFTA3AdderOutputP (a7, ba, c3, d2, c2) yields an element of
IV (BitFTA3Str(az, ba, c3, d2, c2)) and is defined by:

(Def. 23) BitFTA3AdderOutputP (a7, ba, c3, da, c2) = c3(ag(ay, b, c3), ca, d2).

The functor BitFTA3AdderOutputQ(az, ba, c3, d2, c2) yielding an element of
IV (BitFTA3Str(az, be, c3, da, ¢2)) is defined by:

(Def. 24) BitFTA3AdderOutputQ(az, ba, c3, do, c2) = as(as(az, be, c3), ca, d2).
One can prove the following propositions:

(37) Let a7, by, c3 be non pair sets, d2, ca be sets, s be a
state of BitFTA3Circ(az, by, c3, d2, c2), and a2, a3, as be ele-
ments of Boolean. Suppose az = s(ay) and a3 = s(b2)
and a4 = S(c3). Then (Following(s,2))(BitFTA3CarryOutput(ayz,
ba, c3, do, c2)) = —(—ag A —az V —az A —ag V —ag A —ag) and
(Following(s, 2))(BitFTA3AdderOutputl(az, bs, c3, da, ¢2)) = —(-ag &
a3 D ﬁ614).

(38) Let az, ba, c3, da be non pair sets and ¢y be a set. Suppose co # ((d2,
ag(arz, ba, ¢3)), andgy ) and ca ¢ ZV(Z3(ar, be, c3)). Let s be a state
of BitFTA3Circ(az, by, c3, da, c2) and ag, as, a4, as, ag be elements of
Boolean. Suppose as = s(ay) and ag = s(b) and aq4 = s(c3) and a5 =
s(d2) and ag = s(c2). Then (Following(s,2))(as(ar, b2, c3)) = —(—as &
—az @ —aq) and (Following(s,2))(ay) = ag and (Following(s,2))(b2) =
as and (Following(s,2))(c3) = a4 and (Following(s,2))(d2) = as and
(Following(s, 2))(c2) = ag.

(39) Let az, ba, c3, da be non pair sets and ¢y be a set. Suppose co # ((d2,
ag(az, ba, ¢3)), andgy ) and co ¢ ZV(Z3(ar, be, ¢3)). Let s be a state
of BitFTA3Circ(az, by, c3, da, c2) and ag, as, a4, as, ag be elements of
Boolean. Suppose az = s(ay) and ag = s(b2) and a4 = s(c3) and as = s(d2)
and ag = s(c2). Then (Following(s,4))(BitFTA3AdderOutputP(ay, ba,
cs3, do, 62)) = —|((—|a2 D —az D —|a4) N —ag V —ag N\ —as V —as A (—|CLQ D
a3 @ —ay)) and (Following(s, 4))(BitFTA3AdderOutputQ(az, be, c3, da,
c2)) = —(—ag @ —az & —as B —as D —ag).

(40) Let az, ba, c3, da be non pair sets and ¢y be a set. If co # ((d2, a3(az,
ba, c3)), andgy ), then for every state s of BitFTA3Circ(ay, be, cs, da, ¢2)
holds Following(s,4) is stable.
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