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Summary. This article describes definitions of inverse trigonometric func-
tions arctan, arccot and their main properties, as well as several differentiation
formulas of arctan and arccot.
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The articles [17], [1], [2], [18], [3], [13], [19], [7], [15], [5], [9], [12], [16], [4], [6],
[8], [11], [14], and [10] provide the notation and terminology for this paper.

1. FUNCTION ARCTAN AND ARCCOT

For simplicity, we adopt the following convention: x, r, s, h denote real
numbers, n denotes an element of N, Z denotes an open subset of R, and f, fi,
fo denote partial functions from R to R.

The following propositions are true:

(1) ]-%,5[ € dom (the function tan).
(2) ]0,7[ € dom (the function cot).
(

3)i)  The function tan is differentiable on |—7, 5[, and

(ii) for every x such that x € |-7, Z[ holds (the function tan)'(z) = W

(4) The function cot is differentiable on ]0,7[ and for every z such that
x € ]0, 7| holds (the function cot)(x) = —m.

(5) The function tan is continuous on |—7, 7.

T
2
.

(6) The function cot is continuous on |0,
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Let us mention that (the function tan)[]—7%, 5[ is one-to-one and (the func-
tion cot)[]0, 7r[ is one-to-one.
The partial function the function arctan from R to R is defined as follows:
(Def. 1) The function arctan = ((the function tan)[]—%, Z[)~".
The partial function the function arccot from R to R is defined by:
(Def. 2) The function arccot = ((the function cot)[]0, 7[)~*
Let r be a real number. The functor arctanr is defined by:
(Def. 3) arctanr = (the function arctan)(r).
The functor arccot r is defined by:
(Def. 4) arccotr = (the function arccot)(r).

Let r be a real number. Then arctanr is a real number. Then arccotr is a

The function tan is increasing on |—-7, 5.

The function cot is decreasing on |0, 7[.

(The function tan)[]—7, 5[ is one-to-one.

(The function cot)[]0, 7| is one-to-one.

)
)
)
)

— o~ o~ —

(

real number.
We now state two propositions:

us

(11) rng (the function arctan) = |7,
(12) rng (the function arccot) = |0, x].

Let us mention that the function arctan is one-to-one and the function arccot

[

w\:a

is one-to-one.

Let r» be a real number. Then tanr is a real number. Then cotr is a real
number.

Next we state a number of propositions:

(13) For every real number x such that x € |-F, 5[ holds (the function
tan)(z) = tanx.

(14) For every real number z such that = € ]0, 7[ holds (the function cot)(z) =
cot x.

(15) For every real number z such that cos x # 0 holds (the function tan)(z) =
tanx.

(16) For every real number x such that (the function sin)(z) # 0 holds (the
function cot)(x) = cot x.

tan(—%) = —1.

cot(%) =1 and cot(3 - 7) = —1.

For every real number x such that x € [~7, 7] holds tanz € [—1,1].
For every real number z such that z € [Z, 2 - 7] holds cot z € [—1,1].
rng((the function tan)[[-7%, ]) = [-1,1].

rng((the function cot)[[F,2 - 7)) = [-1,1].
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(23) [—1,1] C dom (the function arctan).
(24) [-1,1] C dom (the function arccot).

Let us observe that (the function tan) [[—7,
cot)[[Z, 2 - 7] is one-to-one.

7] is one-to-one and (the function
The following propositions are true:

(25) (The function arctan)[[—1,1] = ((the function tan)[[—Z, T])~ .

(26) (The function arccot)[[—1,1] = ((the function cot)[[%, 2 - «])~1.

(27)  ((The function tan)[[—7, 7] qua function) -((the function arctan)[[-1,1]) =

id[—l,l] .
(28)  ((The function cot)[[Z, 3-7] qua function) -((the function arccot)[[—1,1]) =
id[—l,l] .

(29) ((The function tan)[[—7, %]) - ((the function arctan)[[—1,1]) = idj_y 1.

(30) ((The function cot)[[F,3 - 7]) - ((the function arccot)[[—1,1]) = id[_y ).
(31) (The function arctan qua function) -((the function tan)[]-7,F[) =

(
(
d] 272
(32) (The function arccot) -((the function cot)[]0, 7[) = idjg |-
(33) ( he function arctan qua function) -((the function tan)[]—7,5[) =
i)
(Th

[

function arccot qua function) -((the function cot)[]0, 7[) = idjg x[-

NH
M\=|

w
=~

35) If =5 <r < 7, then arctantanr = r.
36) If 0 <r < m, then arccotcotr = r.
37) arctan(—1) = —7%.

38) arccot(—1) =3 ..

39) arctanl = 7

40) arccotl =7

41) tan0=0.

42) cot(g) =0.

arctan(0 = 0.

N
N

arccot 0 = g

The function arctan is increasing on (the function tan) °]—

=
(=22

(
The function arccot is decreasing on (the function cot) °]0,
(-1

1.

The function arccot is decreasing on [—1 1].

N
-

The function arctan is increasing on

N
0
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For every real number x such that x € [—1, 1] holds arctanz € [—

o
o
Noo Mﬂ

For every real number x such that « € [—1, 1] holds arccotz € [T,
If -1 <r <1, then tanarctanr = r.
If -1 <r <1, then cotarccotr = r.

jus
4>

ot Ot
N =
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53) The function arctan is continuous on [—1, 1].

54) The function arccot is continuous on [—1,1].

55) rng((the function arctan)[[—1,1]) = [-7, T].

56) rng((the function arccot)[[-1,1]) = [F,2 - 7).
57) If =1 <r <1 and arctanr = —7, then r = —1.

(@)
oo

If -1 <r <1 and arccotr = Z 7, then r = —1.
If -1 <r <1 and arctanr = 0, then r = 0.

If -1 <r <1 and arccotr = 7, then r = 0.

If -1 <r<1andarctanr = %, then r = 1.

If -1 <r <1 and arccotr = 7, then r = 1.

If -1 <r <1, then — % < arctanr < ”

If -1 <r <1, then 1 § arccotr < %

If -1 <r <1, then —% <arctanr < 7

If -1 <r <1, then § <arccotr < %-77.

If -1 <r <1, then arctanr = —arctan(—r).
If —1 <r <1, then arccotr = m — arccot(—r).

DD Y DY O O O O Ut
S O W NN =R O O
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69) If —1 <r <1, then cotarctanr = %

70) If -1 <r <1, then tanarccotr = l

71) The function arctan is dlfferentlable on (the function tan) °|—7, 7[.
72) The function arccot is differentiable on (the function cot) °]0, x|.
73) The function arctan is differentiable on |]—1,1[.

74) The function arccot is differentiable on ]—1, 1[.

75) If —1 <r <1, then (the function arctan)’(r) = H%

76) If —1 <r <1, then (the function arccot)’(r) = —H%.

77) The function arctan is continuous on (the function tan) °|—7, 5.
78) The function arccot is continuous on (the function cot) °]0, 7.
79) dom (the function arctan) is open.

80) dom (the function arccot) is open.

2. SEVERAL DIFFERENTIATION FORMULAS OF ARCTAN AND ARCCOT

We now state a number of propositions:

(81) Suppose Z C |—1,1[. Then the function arctan is differentiable on Z and
for every x such that x € Z holds (the function arctan),(z) = H%
(82) Suppose Z C ]—1,1[. Then the function arccot is differentiable on Z and

for every z such that x € Z holds (the function arccot)},(z) = —ﬁ.
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(83) Suppose Z C ]|—1,1[. Then
(i)  rthe function arctan is differentiable on Z, and

(ii)  for every x such that z € Z holds (r the function arctan),(z) = 1753
(84) Suppose Z C ]|—1,1[. Then

(i)  rthe function arccot is differentiable on Z, and

(ii)  for every x such that x € Z holds (r the function arccot)|,(z) = — 1753

(85) Suppose f is differentiable in  and —1 < f(z) < 1. Then (the func-

tion arctan) -f is differentiable in z and ((the function arctan) -f)'(z) =
f'(x)
1+ f(z)2

(86) Suppose f is differentiable in  and —1 < f(z) < 1. Then (the func-

tion arccot) -f is differentiable in x and ((the function arccot) -f)(z) =
f'(x)
IREFIOE

(87) Suppose Z C dom((the function arctan) -f) and for every x such that
x € Z holds f(z) =r-z+sand —1 < f(x) < 1. Then
(i)  (the function arctan) -f is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function arctan) -f)|,(z) =

(88) Suppose Z C dom((the function arccot) -f) and for every x such that
x € Z holds f(z) =r-z+sand —1 < f(x) < 1. Then
(i)  (the function arccot) -f is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function arccot) - f)’rz(x) =
(89) Suppose Z C dom((the function In) -(the function arctan)) and Z C
|—1,1[ and for every z such that € Z holds arctanx > 0. Then
(i)  (the function In) -(the function arctan) is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function In) -(the function

1
arctan))|,(r) = {+z2)-arctanz

(90) Suppose Z C dom((the function In) -(the function arccot)) and Z C
|—1,1[ and for every x such that x € Z holds arccot x > 0. Then
(i)  (the function In) -(the function arccot) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) -(the function

1
aI‘CCOt)),rz(x) = _m

(91) Suppose Z C dom((J") - the function arctan) and Z C ]—1,1[. Then
(i)  (O") - the function arctan is differentiable on Z, and
(ii) for every z such that z € Z holds ((") - the function arctan)},(x) =

n-(arctan )" !
1+22

(92) Suppose Z C dom((1") - the function arccot) and Z C |—1,1[. Then
(i) (") - the function arccot is differentiable on Z, and

151
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(ii)  for every x such that x € Z holds ((O") - the function arccot)|,(z) =

_ n-(arccot z)" 1
1422

(93) Suppose Z C dom(3 ((O%) - the function arctan)) and Z C ]—1,1[. Then
(i) 2 ((0?)- the function arctan) is differentiable on Z, and
(ii) for every x such that « € Z holds (5 ((0?)-the function arctan))’,(z) =

arctan o
1422 -

(94) Suppose Z C dom( ((3?%) - the function arccot)) and Z C ]—1,1[. Then
(i) 3 ((O?%) - the function arccot) is differentiable on Z, and
(ii)  for every z such that = € Z holds (3 ((0%)-the function arccot))’ (z) =

__arccotx
1422 -

(95) Suppose Z C |—1,1[. Then
(i)  idy the function arctan is differentiable on Z, and
(ii)  for every x such that € Z holds (idz the function arctan)},(z) =
arctanz + 17%3.
(96) Suppose Z C |—1,1[. Then
(i) idgz the function arccot is differentiable on Z, and
(ii)  for every x such that x € Z holds (idz the function arccot)|,(z) =
arccot T — 77
(97) Suppose Z C dom( f the function arctan) and Z C |—1,1[ and for every
x such that z € Z holds f(z) =r -2z + s. Then
(i)  fthe function arctan is differentiable on Z, and
(ii)  for every x such that z € Z holds (fthe function arctan)},(z) =
r-arctanx + qf;fzs
(98) Suppose Z C dom(f the function arccot) and Z C |—1,1[ and for every
x such that z € Z holds f(z) =r -2z + s. Then
(i)  fthe function arccot is differentiable on Z, and
(ii)  for every z such that x € Z holds (fthe function arccot),(z) =

. _ rzts
7 - arccot x Tra? -

(99) Suppose Z C dom(3 ((the function arctan) -f)) and for every z such
that x € Z holds f(z) =2-x and —1 < f(z) < 1. Then
(i) % ((the function arctan) -f) is differentiable on Z, and

(ii)  for every x such that = € Z holds (5 ((the function arctan) iz(@) =

1
[ENGRAER

(100) Suppose Z C dom(3 ((the function arccot) - f)) and for every z such that
x € Z holds f(x) =2-x and —1 < f(x) < 1. Then
(i) % ((the function arccot) -f) is differentiable on Z, and

(i)  for every z such that = € Z holds (3 ((the function arccot) iz(@) =

__ 1
T2

(101) Suppose Z C dom(fi + f2) and for every = such that x € Z holds
fi(x) =1 and fo = 02 Then f; + f is differentiable on Z and for every
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x such that z € Z holds (f1 + fa)}z(z) =2 2.
102) Suppose Z C dom L ((the function In) - fi+ f2))) and fo = 0% and for
( 2
every x such that z € Z holds fi(z) = 1. Then
(i) 1 ((the function In) -(f1 + f2)) is differentiable on Z, and
(i) for every x such that * € Z holds (% ((the function In) -(f; +
f2)))iz(x) = 5=
(103) Suppose that

(i)  Z C dom(idz the function arctan—3 ((the function In) -(f1 + f2))),
i) ZcC]-1,1],
(iii)  fo =2, and
(iv) for every x such that = € Z holds fi(z) = 1.
Then
(v) idy the function arctan—3 ((the function In) -(fi + f2)) is differentiable
on Z, and

(vi)  for every x such that z € Z holds (idz the function arctan—2i ((the
function In) -(f1 + f2)))}z(x) = arctanz.

(104) Suppose that

(i) Z C dom(idz the function arccot+3 ((the function In) -(fi + f2))),
i) ZcC]-1,1],
(iii)  fo =2, and
(iv) for every z such that x € Z holds fi(z) = 1.
Then
(v) idy the function arccot+3 ((the function In) -(fi + f2)) is differentiable
on Z, and

(vi)  for every z such that € Z holds (idz the function arccot+31 ((the
function In) -(f1 + f2)))}(x) = arccot z.

(105) Suppose Z C dom(idyz ((the function arctan) -f)) and for every x such
that z € Z holds f(z) = £ and —1 < f(z) < 1. Then

(i)  idz ((the function arctan) - f) is differentiable on Z, and

(i)  for every z such that z € Z holds (idz ((the function arctan)
f))/rZ(ﬂj) = arctan(%) + MW
(106) Suppose Z C dom(idy ((the function arccot) -f)) and for every x such
that x € Z holds f(z) = £ and —1 < f(z) < 1. Then

(i)  idz ((the function arccot) - f) is differentiable on Z, and
(ii) ~ for every z such that z € Z holds (idz ((the function arccot) - f)) z(z) =

arccot (%) — W

(107) Suppose Z C dom(f1 + f2) and for every z such that x € Z holds
fi(z) = 1 and fo = (O%) - f and for every = such that * € Z holds
f(x) = £. Then f1 + f2 is differentiable on Z and for every x such that
x € Z holds (f1 + f2)}(x) = 2.
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(108) Suppose that
) Z C dom(g ((the function In) -(f1 + f2))),
) for every x such that x € Z holds fi(x) =1,
(iii) 70,
) fo=(0%-f, and
) for every x such that x € Z holds f(z) = 7.
Then
(vi) 5 ((the function In) -(f1 + f2)) is differentiable on Z, and
(vii)  for every x such that 2 € Z holds (3 ((the function In) -(f1 +
f2))jz(2) = ST ER)
(109) Suppose that

(i) Z C dom(idz ((the function arctan) - f)—5 ((the function In) -(fi1+f2))),
G) 40,
(iii) ~ for every x such that x € Z holds f(z) = £ and —1 < f(z) <1,
(iv)  for every x such that x € Z holds fi(x) =1,
(v) fo=(0%)-f and
(vi)  for every x such that x € Z holds f(z) = .

Then
(vii)  idgz ((the function arctan) -f) — & ((the function In) -(f1 + f2)) is diffe-
rentiable on Z, and
(viii)  for every x such that x € Z holds (idz ((the function arctan) -f) —
5 ((the function In) -(f1 + f2)))} () = arctan(¥).
(110) Suppose that
(i)  Z C dom(idz ((the function arccot) - f)+% ((the function In) -(f1+f2))),
) r#0,
(i)  for every z such that € Z holds f(z) = £ and —1 < f(z) <1,
) for every x such that x € Z holds fi(z) =1,
) fo=(0%)f, and
) for every x such that 2 € Z holds f(z) = .
Then
(vii)  idgz ((the function arccot) - f) + % ((the function In) -(f1 + f2)) is diffe-
rentiable on Z, and
(viii)  for every x such that 2 € Z holds (idz ((the function arccot) - f)+5 ((the
function In) (f1 + f2)))}z(z) = arccot(7).
(111) Suppose Z C dom((the function arctan) -%) and for every x such that
x € Z holds f(z) =z and —1 < (%)(1‘) < 1. Then
(i)  (the function arctan) % is differentiable on Z, and

S

(ii)  for every x such that z € Z holds ((the function arctan) -%)'rz(x) =

__1
1422
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(112) Suppose Z C dom((the function arccot) %) and for every z such that

x € Z holds f(z) =z and —1 < (%)(m) < 1. Then
1

(i)  (the function arccot) -4 is differentiable on Z, and

(ii)  for every x such that z € Z holds ((the function arccot) '%)/rz(x) =

_1
14+22°

(113) Suppose that
(i)  Z C dom((the function arctan) -f),

(i) f=fit+hfs

(iii)  for every x such that z € Z holds —1 < f(z) < 1,
)
)

—

(iv) for every x such that z € Z holds fi(z) =7+ s-x, and
(V f2 = |:|2.
Then
(vi)  (the function arctan) -(f1 + h fo) is differentiable on Z, and
(vii)  for every x such that x € Z holds ((the function arctan) -(f1 +
h12))iz(%) =
(114) Suppose that
(i)  Z C dom((the function arccot) - f),
(i) f=f+hfy
(iii)  for every z such that z € Z holds —1 < f(z) < 1,
)
)

—

(iv

(v

for every x such that z € Z holds fi(z) =7+ s -, and
fo =12
Then
(vi)  (the function arccot) -(f1 + h f2) is differentiable on Z, and
(viil)  for every x such that z € Z holds ((the function arccot) -(f1 +
hF2)iz(2) = — G i i
(115) Suppose Z C dom((the function arctan) -(the function exp)) and for
every x such that x € Z holds expx < 1. Then
(i)  (the function arctan) -(the function exp) is differentiable on Z, and
(ii) for every x such that x € Z holds ((the function arctan) -(the function
exp))iz(z) = %~
(116) Suppose Z C dom((the function arccot) -(the function exp)) and for
every x such that x € Z holds expx < 1. Then
(i)  (the function arccot) -(the function exp) is differentiable on Z, and
(ii)  for every x such that = € Z holds ((the function arccot) -(the function
eXp)),rz(x) = _%-
(117) Suppose that
(i)  Z C dom((the function arctan) -(the function In)), and
(ii)  for every x such that z € Z holds —1 < (the function In)(x) and (the
function In)(z) < 1.
Then
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(ili)  (the function arctan) -(the function In) is differentiable on Z, and
(iv)  for every x such that € Z holds ((the function arctan) -(the function

ln))/{Z(x) = z-(1+(the funlction In)(z)2)"
(118) Suppose that
(i)  Z C dom((the function arccot) -(the function In)), and

(ii)  for every z such that x € Z holds —1 < (the function In)(z) and (the
function In)(x) < 1.
Then

(iii)  (the function arccot) -(the function In) is differentiable on Z, and

(iv)  for every x such that z € Z holds ((the function arccot) -(the function

n))iz(z) = T Z(1+(the funlction n)(2)2) "
(119) Suppose Z C dom((the function exp) -(the function arctan)) and Z C
|—1,1[. Then
(i)  (the function exp) -(the function arctan) is differentiable on Z, and
(ii)  for every x such that € Z holds ((the function exp) -(the function

arctan))'rz(x) = 76)‘1’1?‘323“:”
(120) Suppose Z C dom((the function exp) -(the function arccot)) and Z C
|—1,1[. Then

(i)  (the function exp) -(the function arccot) is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function exp) -(the function

arccot) )| () = _%%tz

(121) Suppose Z C dom((the function arctan)—idz) and Z C |—1,1[. Then
(i)  (the function arctan)—idy is differentiable on Z, and
(ii) ~ for every z such that € Z holds ((the function arctan)—idz)},(z) =

22

T 1422
(122) Suppose Z C dom(—the function arccot —idz) and Z C |—1, 1[. Then
(i)  —the function arccot — idy is differentiable on Z, and

(ii) ~ for every = such that x € Z holds (—the function arccot —idz)',(z) =
372
T 1422
(123) Suppose Z C |—1,1[. Then
(i)  (the function exp) (the function arctan) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function exp) (the function
exp T
142"

arctan)),(z) = expx - arctan x +
(124) Suppose Z C |—1,1[. Then
(i)  (the function exp) (the function arccot) is differentiable on Z, and
(ii)  for every z such that z € Z holds ((the function exp) (the function

exp T
1422
(125) Suppose Z C dom(2 ((the function arctan) -f) —idz) and for every z
such that z € Z holds f(x) =r-z and r # 0 and —1 < f(x) < 1. Then
(i) 1 ((the function arctan) -f) —idy is differentiable on Z, and

arccot)),(z) = expz - arccot ¥ —
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(i)  for every x such that z € Z holds (2 ((the function arctan) -f) —
. r-x)?
idz))7(2) = (e

(126) Suppose Z C dom((—1) ((the function arccot) -f) —idz) and for every
x such that x € Z holds f(z) =r -z and r # 0 and —1 < f(z) < 1. Then
(i) (—=1) ((the function arccot) -f) —idy is differentiable on Z, and

T

(ii) for every x such that z € Z holds ((—2) ((the function arccot) -f) —

. rz)2 "
idz)i(2) = — 7525,

(127) Suppose Z C dom((the function In) (the function arctan)) and Z C
]—1,1[. Then
(i)  (the function In) (the function arctan) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function In) (the function

arctan))’rz(x) _ arctxanx + (the fu?‘iii;zn In)(x) )
(128) Suppose Z C dom((the function In) (the function arccot)) and Z C
|—1,1[. Then

(i)  (the function In) (the function arccot) is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function In) (the function

arccotz __ (the function In)(x)
x 142

(129) Suppose Z C dom(% the function arctan) and Z C ]—1, 1[ and for every
x such that z € Z holds f(x) = x. Then
(i) %the function arctan is differentiable on Z, and

arccot)),(z) =

(i)  for every z such that x € Z holds (%the function arctan)|,(z) =

__arctanx

1
x2 + z-(1+z2)"
(130) Suppose Z C dom(% the function arccot) and Z C |—1,1[ and for every
x such that z € Z holds f(x) = x. Then
(1) %the function arccot is differentiable on Z, and

(i)  for every = such that z € Z holds (% the function arccot)|,(z) =

__arccotx 1
x2 z-(1+z2)"
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