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Summary. In this paper, we proved some basic properties of higher diffe-
rentiation, and higher differentiation formulas of special functions [4].
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The notation and terminology used in this paper are introduced in the following
articles: [16], [13], [2], [3], [5], (1], [7], [9], [12], [10], [8], [18], [14], [11], [6], [15],
and [17].

For simplicity, we use the following convention: x, r, a, xg, p are real numbers,
n, i, m are elements of N, Z is an open subset of R, and f, fi, fo are partial
functions from R to R.

Next we state a number of propositions:

(1) For every function f from R into R holds dom(f[Z) = Z.
(2) (=f)-fo=hH Lo

(3) Ifn>1, then dom(:) = R\ {0} and (O")~'({0}) = {0}.
4 () m=rp):

(5) For all elements n, m of R holds n f +m f = (n+m) f.
(6) If f1Z is differentiable on Z, then f is differentiable on Z.
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(7) If n>1 and f is differentiable n times on Z, then f is differentiable on
Z.

(8) [ is differentiable on R.
(9) If x € Z, then (the function sin)(Z)(2)(z) = —sinz.
(10) If x € Z, then (the function sin)(Z)(3)(z) = —cos .
(11) If z € Z, then (the function sin)'(Z)(n)(x) = sin(z 4 %57).
(12) If x € Z, then (the function cos) (Z)(2)(z) = —cosz.
(13) If x € Z, then (the function cos) (Z)(3)(x) = sinz.
(14) If z € Z, then (the function cos)'(Z)(n)(x) = cos(z + %5).
(15) is differentiable n times on Z,

If f1 is differentiable n times on Z and f5 i

then (fi + f2)'(Z)(n) = £'(Z2)(n) + £2'(Z)(n).

(16) If f; is differentiable n times on Z and f> is differentiable n times on Z,
then (fi — f2)'(Z)(n) = £'(Z)(n) — £'(Z)(n).

(17) 1If f; is differentiable n times on Z and f3 is differentiable n times on Z
and i < n, then (fi + fo)(2)(i) = £'(Z)(0) + f2/(Z)(i).

(18) If f; is differentiable n times on Z and f, is differentiable n times on Z
and i < n, then (f1 — f2)(Z)(i) = A'(Z)(i) - f2'(2)(i).

(19) 1If f; is differentiable n times on Z and fs is differentiable n times on Z,

then f; + f is differentiable n times on Z.

(20) If f; is differentiable n times on Z and f5 is differentiable n times on Z,
then f; — fo is differentiable n times on Z.

(21) If f is differentiable n times on Z, then (r ) (Z)(n) = r f'(Z)(n).
(22) 1If f is differentiable n times on Z, then r f is differentiable n times on
Z.

If f is differentiable on Z, then f'(Z)(1) = f{.

If n > 1 and f is differentiable n times on Z, then f'(Z)(1) = f{5.

If x € Z, then (r (the function sin))'(Z)(n)(z) = r - sin(z + &F).

If x € Z, then (r (the function cos))'(Z)(n)(z) = r - cos(x + ).

If z € Z, then (r (the function exp))’ (Z)(n)(z) = r - exp x.

@)z = @@ ")z

If z # 0, then Dln is differentiable in z and (Dln ) (z) = —%.

If n > 1, then (O0")(2)(2) = ((n- (n — 1)) (O 2))|Z.

If n > 2, then (0")(2)(3) = ((n- (n—1)- (n—2)) (O"3))]Z.

£ n > m, then (TY(Z)(m) = (%) -ml) (O™ 12

If f is differentiable n times on Z, then (—f) (Z)(n ) = —f(Z)(n) and
—f is differentiable n times on Z.
(34) If xp € Z, then (Taylor(the function sin, Z, xg, x))(n) =
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sin(zo+ 27 )-(z—z0)"
n!

cos(xo+ 5" )-(z—x0)"
n! :

and (Taylor(the function cos, Z, xg,x))(n) =

(35) If r > 0, then (Maclaurin(the function sin,|—r,r[,z))(n) =
cos( ") -x"™
n!

and (Maclaurin(the function cos, |—r,r[,z))(n) =

(36) Ifn>m and x € Z, then (O")(Z)(m)(x) = () - m!- 2"~

(37) If z € Z, then (O™)(Z)(m)(z) = ml.

(38) [ is differentiable n times on Z.

(39) Ifz € Z and n > m, then (a (O0"))(Z)(m)(z) =a- () -m!- 2"

(40) If x € Z, then (a (O"))(Z)(n)(xz) = a-n!.

(41) If z9 € Z and n > m, then (Taylor(O", Z,zg,x))(m) = ()}) - xo" ™ -

(z — x0)™ and (Taylor(O", Z, xg,z))(n) = (x — xo)".

(42) Let n, m be elements of N and r, z be real numbers. If
n > m and r > 0, then (Maclaurin(O",]—r,r[,z))(m) = 0 and
(Maclaurin(O", |—r,r[,z))(n) = ™.

(43) g is differentiable on ]0, r|.

(44) If o € ]O,T[, then (ﬁ),ﬂo,T[(mO) = —W

(45) If z # 0, then gy is differentiable in z and (&r)'(z) = —@%)2.

(46) 1£10,r{ C dom(y), then (Yo, = ((=1) )10, 7]

(47) If 2 # 0, then gy is differentiable in 2 and (&)’ (z) = — (296'2””)12

(48) 1610,{ € dom(dy), then (Yo, = ((=2) )10, 7]

(49) If n > 1, then (ﬁ)’”oﬂ = ((—=n) )10, 7.

(50) Suppose fi is differentiable 2 times on Z and f, is differentiable 2 times

on Z. Then (f1 f2)'(2)(2) = f'(2)(2) fa+2((f1)}7 (f2)}2) + [ £2'(Z)(2).
(51) If Z C dom (the function In) and Z C dom(gr), then (the function
ln)’rZ = ﬁ IZ.
(52) Ifn>1and g €]0,r[, then (J=)'(J0,7[)(2)(z0) = n-(n+1)- (mrz) (20)-
(53) ((The function sin) (the function sin))'(Z)(2) = 2 (((the function cos)
(the function cos))[Z) + (—2) (((the function sin) (the function sin))[Z).
(54) ((The function cos) (the function cos))'(Z)(2) = 2 (((the function sin)
(the function sin))[Z) + (—2) (((the function cos) (the function cos))[Z).
(55) ((The function sin) (the function cos))’(Z)(2) =
4 (((—the function sin) (the function cos))[Z).

(56) Suppose Z C dom (the function tan). Then the function tan is differen-
tiable on Z and (the function tan)|, = ( 1 1 1NZ.

the function cos the function cos
(57) Suppose Z C dom (the function tan). Then
on Z and (

1 . g .
the function cos is differentiable
L (the function tan))[Z.

the function cos) 1z — (the function cos
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(58) Suppose Z C dom (the function tan). Then (the function tan) (Z)(2) =
2 (((the function tan) L 1 1"Z).

the function cos the function cos
(59) Suppose Z C dom (the function cot). Then
(i)  the function cot is differentiable on Z, and
(ii)  (the function cot)}, = ((=1) ( L L NIZ.

the function sin the function sin

(60) Suppose Z C dom (the function cot). Then

(i) e fraio is differentiable on Z, and
.. 1 . 1 .
(11) (the function sin)/[Z - (_the function sin (the function COt)) fZ

(61) Suppose Z C dom (the function cot). Then (the function cot)’(Z)(2) =
2 (((the function COt) the funition sin the funition sin) rZ)

(62) ((The function exp) (the function sin))'(Z)(2) = 2 (((the function exp)
(the function cos))[Z).

(63) ((The function exp) (the function cos))’(Z)(2) = 2 (((the function exp)

—the function sin)[Z).

(64) Suppose f; is differentiable 3 times on Z and fs is differentiable 3 ti-
mes on Z. Then (f1 f2)(2)(3) = f'(Z)(3) f2 + 3 (£ (2)(2) (f2)}2) +
3((f1z £(2)2) + £ 1 (2)(3).

(65) ((The function sin) (the function sin))'(Z)(3) = (—8) (((the function
cos) (the function sin))[Z).

(66) If f is differentiable 2 times on Z, then (f f)(Z)(2) = 2(f f'(Z2)(2)) +
2(fiz fz)-

(67) Suppose f is differentiable 2 times on Z and for every zy such that
20 € Z holds f(x0) # 0. Then (})/(2)(2) = 2zlz-TIAAT

(68) ((The function exp) (the function sin))'(Z)(3) = (2 ((the function exp)
(—the function sin + the function cos)))[Z.
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