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Difference and Difference Quotient. Part II

The articles [8], [1], [4], [2], [3], [5], [7), [12], [13], [6], [9], and [10] provide the
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Summary. In this article, we give some important properties of forward
difference, backward difference, central difference and difference quotient and
forward difference, backward difference, central difference and difference quotient

formulas of some special functions [11].
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notation and terminology for this paper.

We follow the rules: h, r, r1, 79, xg, 1, T2, L3, T4, T5, T, a, b, ¢, k denote

real numbers and f, f1, fo denote functions from R into R.

Next we state a number of propositions:

L A[f)(@, x4+ h) = Sl

If h # 0, then A[f](z,2 +h,2+2-h) = M
Alf](x — h,z) = W‘

If h # 0, then A[f](x —2-h,z — h,z) = w
Alr fl(zo, x1, 22) = 1 - A[f](20, 21, 22).

Alf1 + fol(zo, 21, 72) = Alfi](z0, 21, 22) + A[f2] (w0, 71, T2).

!The notation A(f,z,y) has been changed to A[f](z,y). More in Addenda.
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(7)  Alr1 fi + 72 fo](xo, 21, 22) = 11 - Alfi](20, 21, 22) + 12 - Alfo](20, 21, 22).
(8) Alr fl(zo,x1, 2, 23) =7 - Alf](20, 21, T2, X3).
(9)  Alfr + fal(zo, 71, 22, 3) = A[f1](w0, 71, T2, ¥3) + A[f2](T0, 71, 72, 3).
) Al fi + o fol(zos 1, m2,23) = m - Alfil(wo, z1, 22, 23) + 12 -
Alf2l(wo, 21, T2, 73).
Let f be a real-yielding function and let zq, x1, x2, x3, x4 be real numbers.
The functor A[f](zg, z1,x2, x3,24) yielding a real number is defined as follows:

(Def. 1) A[f](z0, 1, 72, 23, 74) = A[f](xo’xl’332@;’3:@”}(“’”’3”3’“).

Next we state three propositions:
(11)  A[r fl(zo, z1, z2, 3, 24) = 7 - A[f](20, X1, T2, T3, T4).
(12)  Alfi+ fo](zo, 1, 22, 23, 14) = Alf1](20, 21, B2, T3, 24) + A[fo] (w0, 1, 22,
x3,24).
(13) Alr1 fi + 72 fol(zo, 21, 22, 23, 24) = 11 - Alfi](W0, 21, 22, T3, 24) + T2
Alfo](zo, 1, 22, 23, T4).
Let f be areal-yielding function and let xq, 1, x2, 3, 4, x5 be real numbers.
The functor A[f](xo,z1, %2, x3,24,25) yields a real number and is defined as
follows:

(Def. 2)  Alfl(zo, 21, 22, 3, T4, T5) = Am(xo’xl’xQ’xB’xﬁgii[f](“’xz’“’“’“).

We now state a number of propositions:
(14)  Alr fl(zo,x1, 2, T3, x4, 25) = 1 - A[f](20, 21, T2, T3, X4, T5).
(15)  A[fi+ fo](zo, 21, 22, 3, w4, ¥5) = A[f1](20, 1, w2, 3, T4, T5) + Al f2] (w0,
X1,X2, X3, T4, T5).
(16) Alry fi + 12 fol(zo, 21, 22, 23, 24, 75) = 711 - A[f1](0, 21, T2, T3, T4, T5) +
7o - Alfo] (20, %1, T2, T3, T4, T5).

(17) If x9, =1, w2 are mutually different, then A[f](xo,z1,22) =
f(zo) f(z1) f(z2)

(zo—z1)-(zo—z2) ' (z1—20) (T1—22) ' (T2—0) (T2—T1)"
(18) If xo, x1, 2, x3 are mutually different, then A[f](zo,x1,22,23) =
A[f(z1, 22, 23, 0) and A[f](wo, 1, T2, 23) = A[f](73, T2, 71, Z0)-
(19) If zg, x1, w2, x3 are mutually different, then A[f](xo,z1,22,23) =
Alf|(z1, zo, x2, x3) and A[f](zo, 21,22, x3) = A[f](21, 2, 20, X3).
If f is constant, then A[f](xo,x1,z2) = 0.
If xg # 1, then AlaO+b](zo, 1) = a.
If 29, 21, zo are mutually different, then Alad+b](xg, z1,22) = 0.
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If 2o, 21, x2, x3 are mutually different, then AlaO+b](zo, 1, 2, 23) = 0.
For every x holds (Ap[ad+b])(z) = a - h.
For every x holds (Vj[aO+b])(x) = a - h.
For every z holds (d,[ald+b])(x) = a- h.
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(27) If for every = holds f(z) = a-22+b-x+c and x¢ # x1, then A[f](z0, 1) =
a-(xo+x1) +0b.

(28) If for every z holds f(x) = a-22 +b-z + c and zg, 71, T9 are mutually
different, then A[f](zo,x1,22) = a

(29) If for every x holds f(x) = a-2% +b-z+c and x¢, 71, T2, v3 are mutually
different, then A[f](zo,x1,x2,23) = 0.

(30) If for every x holds f(z) = a-22 +b-z + c and xq, 71, T2, T3, T4 are
mutually different, then A[f](zo,x1, z2,z3,24) = 0.

(31) If for every x holds f(z) = a-22 + bz + ¢, then for every z holds
(Aulf)() =2 a-h-z+a K2 +b-h.

(32) If for every = holds f(z) = a- 2%+ b-x + ¢, then for every x holds
(ValfDx)=2-a-h-x—a-h?)+b-h.

(33) If for every = holds f(z) = a- 2%+ b-x + ¢, then for every x holds
On[f(x)=2-a-h-xz+b-h.

(34) If for every z holds f(x) = % and xo # 1 and g # 0 and 7 # 0, then
Alf)(wo, 1) = £

(35) 1If for every x holds f(x) = g and g # 0 and 27 # 0 and z2 # 0 and xg,

x1, To are mutually different, then A[f](xo,z1,22) = xo_fl_m.

(36) Suppose for every x holds f(x) = § and z9p # 0 and 1 # 0 and
xo # 0 and z3 # 0 and xg, x1, T2, x3 are mutually different. Then

Alfl(wo, o1, 22, 73) = —szwﬁ
(37) Suppose for every x holds f(z) = % and g # 0 and 1 # 0 and 22 # 0

and x3 # 0 and x4 # 0 and xg, x1, T2, T3, T4 are mutually different. Then

Alf)(o, 1, w2, w3, 14) = st

(38) If for every x holds f(x) = % and x # 0 and x + h # 0, then for every x

holds (Au[f))(z) = o53%-

(39) 1If for every z holds f(z) = % and x # 0 and x — h # 0, then for every x
holds (Va[f))(z) = 535
(40) If for every z holds f(z) = £ and z + % #0and x — & 7é 0, then for

__ Zkn
every x holds (0p[f])(z) = Dt D)

: 2-cos( zotey )-sin(Z0-21)
(41)  Al[the function sin|(xg,z1) = on o 3
(42) For every x holds (Ap[the function sin])(z) =2 - (cos( ) (%))
(43) For every z holds (Vp[the function sin])(z) = 2 - (cos(%Z ) (%))
(44) For every x holds (dp[the function sin])(z) =2 - (cosx - sm(%))

o+ . T T

(45) Althe function cos|(zg, 1) = 72~Sln(OTx;z-;lln(%)
(46) For every = holds (Ap[the function cos])(z) = —2 - (sin(2'$2+h) ) sin(%)),
(47) For every x holds (Vj,[the function cos])(z) = —2- (Sjn(Q'fL;h) ) Sin(%)),
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(48) For every x holds (dy[the function cos])(z) = —2 - (sinx - sin(%)).

1 .(Cos(2~zl ) —COS(2’$0))

(49) A[(the function sin) (the function sin)](zg,x1) = 2

To—Z1

=

(50) For every x holds (Ap[(the function sin) (the function sin)])(x) =
(cos(2-x) —cos(2- (z+ h))).

(51) For every z holds (Vj[(the function sin) (the function sin)])(z) = 3
(cos(2- (z — h)) —cos(2-x)).

(52) For every x holds (J;[(the function sin) (the function sin)])(z) = 3 -

(cos(2-x —h) —cos(2-x+ h)).

(53) A|[(the function sin) (the function cos)](zo,z1) = 3 (sin(2-w0)sin(2-21))

xo—T1 .
(54) For every z holds (Ay[(the function sin) (the function cos)])(z) = 3
(sin(2- (z + h)) —sin(2 - z)).
(55) For every z holds (Vj[(the function sin) (the function cos)])(z) = 3
(sin(2-z) —sin(2 - (x — h))).
(56) For every z holds (J;[(the function sin) (the function cos)])(z) = 3 -

(sin(2-z+ h) —sin(2 -z — h)).

1
(57) A[(the function cos) (the function cos)](zg,x1) = z(c0s(270) —cos(271))

To—T1 .
(58) For every x holds (Ap[(the function cos) (the function cos)])(z) = 1 -
(cos(2- (z+ h)) —cos(2-x)).
(59) For every x holds (Vj[(the function cos) (the function cos)])(z) = 1 -
(cos(2-z) —cos(2- (z — h))).
(60) For every z holds (0,[(the function cos) (the function cos)])(z) = 1 -

(cos(2-x + h) —cos(2-x — h)).
(61) A[(the function sin) (the function sin) (the function cos)](zg,z1) =
(sin( 3'(9312+930) )-sin( 3‘(1‘12—300) )+sin( 900‘2F901 )-sin( JCogﬂcl )
r0—I1 :
(62) Let given x. Then (Ap[(the function sin) (the function sin) (the function
cos)))(z) = % - (sin(E=E3h) - sin(3L) — sin(25HE) - sin(2)).
(63) Let given x. Then (V},[(the function sin) (the function sin) (the function
cos)|)(x) = % . (sin(iﬁ'”’gg'h) . sin(%)) — % . (sin(Lx{h) -sin(%)).
(64) For every x holds (dp[(the function sin) (the function sin) (the function
cos)])(z) = —% - (sinz - sin(%)) + 3 (sin(3-z) - sin(%)).
(65) A[(the function sin) (the function cos) (the function cos)|(zo,z1) =
%'(COS(%}QH(@)—&-COS(3'(10;11) )~sin(3'(102711)))
ro—T1 .
(66) Let given z. Then (Ay[(the function sin) (the function cos) (the function
cos)])(z) = 5 - (COS(W) . sin(%) + COS(W) -sin(%)).
(67) Let given . Then (Vj[(the function sin) (the function cos) (the function
cos)])(z) = 3 - (cos(2%5L) - sin(%) + cos(8Z53%) - sin(3)).
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(68) For every x holds (d5[(the function sin) (the function cos) (the function
cos)])(z) = 5 - (cosz - sin(%) +cos(3-x) - sin(%)).

(69) If zp € dom (the function tan) and z; € dom (the function tan), then
sin(xo—x1)

cos w0~cosgl~(;o—m1) .

Al[the function tan|(zg,x1) =
(70) If zp € dom (the function cot) and x; € dom (the function cot), then

sin(xg—x1)
sinzo-sinzi-(zo—x1) "
(71) Suppose xo € dom (the function cosec) and z; € dom (the function co-
2-cos( Il;zo )-sin(FL520)
sinzy-sinzo-(ro—z1)

Althe function cot)(xg,x1) = —

sec). Then Alfthe function cosec|(zg, z1) =

(72) Suppose zy € dom (the function sec) and x; € dom (the function sec).

x4z e
_2-sm(”2m)-sm(%)
cosz1-cos xg-(To—x1)

Then Althe function sec|(xg,z1) =
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