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Summary. In this article, we give several differentiation formulas of spe-
cial and composite functions including trigonometric function, inverse trigono-
metric function, polynomial function and logarithmic function.
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The articles [13], [15], [16], [1], [4], [10], [11], [17], [5], [14], [12], [2], [6], [9], [7],
[8], and [3] provide the terminology and notation for this paper.

For simplicity, we follow the rules: xz, r, a, b denote real numbers, n denotes
a natural number, Z denotes an open subset of R, and f, f1, fo, f3 denote
partial functions from R to R.

One can prove the following propositions:

1) a2 =22

N

2) Ifx >0, then z

) _ /&
3) Ifz >0, then vp2 = -
)

SIS

(
(
( 3
(4) Suppose Z C |—1,1] and Z C dom(r (the function arcsin)). Then

(i) 7 (the function arcsin) is differentiable on Z, and

(ii)  for every z such that z € Z holds (r (the function arcsin))j,(z) =

r
1—x2°
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(5) Suppose Z C |—1,1] and Z C dom(r (the function arccos)). Then
(i)  r(the function arccos) is differentiable on Z, and

(ii)  for every x such that € Z holds (r (the function arccos))i,(z) =
T

Va2’
(6) Suppose f is differentiable in x and f(x) > —1 and f(z) < 1. Then
(the function arcsin) -f is differentiable in z and ((the function arcsin)

1o — _ (=)

f) (@) = N=ioEk

(7) Suppose f is differentiable in x and f(xz) > —1 and f(z) < 1. Then
(the function arccos) -f is differentiable in = and ((the function arccos)
f)(@) = -

(8) Suppose Z C dom(log_(e) - (the function arcsin)) and Z C |—1,1[ and
for every x such that x € Z holds (the function arcsin)(x) > 0. Then

(i) log-(e) - (the function arcsin) is differentiable on Z, and

(ii)  for every x such that x € Z holds (log-(e)- (the function arcsin))}, () =
1
V/1—x2-(the function arcsin)(z) "

(9) Suppose Z C dom(log_(e) - (the function arccos)) and Z C |—1,1[ and
for every x such that x € Z holds (the function arccos)(x) > 0. Then
(i) log-(e) - (the function arccos) is differentiable on Z, and

(ii)  for every x such that x € Z holds (log-(e)-(the function arccos))| ,(z) =
1
B V/1—z2-(the function arccos)(z) "

(10) Suppose Z C dom((%) - (the function arcsin)) and Z C |—1,1[. Then
(i)  (3) - (the function arcsin) is differentiable on Z, and
(i) for every x such that x € Z holds ((3) - (the function arcsin))|,(z) =

n-(the function art:sin)(z)’zk1

V1—z2
(11) Suppose Z C dom((7) - (the function arccos)) and Z C ]—1,1[. Then
(i) (%) - (the function arccos) is differentiable on Z, and

(i)  for every x such that € Z holds ((7) - (the function arccos))|,(z) =

n-(the function arccos)(z)g_1

V1—22
(12) Suppose Z C dom(3 ((2) - (the function arcsin))) and Z C |—1,1[. Then

(i) () (the function arcsin)) is differentiable on Z, and

(ii)  for every x such that z € Z holds (3 ((3) (the function arcsin)))} () =
(the function arcsin)(z)
V1—22 :

(13) Suppose Z C dom(2 ((2) - (the function arccos))) and Z C |—1,1[. Then

(i) 1 (%) (the function arccos)) is differentiable on Z, and

(i)  for every @ such that x € Z holds (3 ((3)- (the function arccos)))} () =

(the function arccos)(x)

V1—22
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(14) Suppose Z C dom((the function arcsin) -f) and for every x such that
x € Z holds f(z) =a-xz+band f(z) > —1and f(z) < 1. Then
(i)  (the function arcsin) -f is differentiable on Z, and
(i)  for every x such that z € Z holds ((the function arcsin) -f)},(z) =

(15) Suppose Z C dom((the function arccos) -f) and for every z such that
x € Z holds f(z) =a-xz+0band f(z) > —1and f(z) < 1. Then
(i)  (the function arccos) -f is differentiable on Z, and
(ii)  for every x such that € Z holds ((the function arccos) -f)}(z) =

a

V1—(az+)2
(16) Suppose Z C dom(idz (the function arcsin)) and Z C |—1, 1[. Then
(i) idz (the function arcsin) is differentiable on Z, and

(i)  for every = such that € Z holds (idz (the function arcsin))},(z) =
1-z

(17) Suppose Z C dom(idyz (the function arccos)) and Z C |—1, 1[. Then
(i)  idz (the function arccos) is differentiable on Z, and

(the function arcsin)(z) + =.

(ii)  for every z such that » € Z holds (idz (the function arccos))},(z) =

v laias2 )
(18) Suppose Z C dom(f (the function arcsin)) and Z C |—1, 1] and for every
x such that z € Z holds f(x) = a -z + b. Then

(i)  f (the function arcsin) is differentiable on Z, and

(i) for every x such that z € Z holds (f (the function arcsin))}, () = a-(the

a-x+b

V1—z2’

(19) Suppose Z C dom(f (the function arccos)) and Z C |—1, 1] and for every
x such that z € Z holds f(x) = a-x +b. Then

(i)  f (the function arccos) is differentiable on Z, and

(the function arccos)(z) —

function arcsin)(z) +

(i)  for every x such that » € Z holds (f (the function arccos))’,(z) =

a-x+b
V1i—z2’

(20) Suppose Z C dom(3 ((the function arcsin) - f)) and for every x such that
x € Z holds f(z) =2 -z and f(z) > —1 and f(z) < 1. Then
(i) 3 ((the function arcsin) - f) is differentiable on Z, and

(i)  for every z such that z € Z holds (3 ((the function arcsin) - f ))iz(z) =
1

V1-(2:z)2°
(21) Suppose Z C dom(3 ((the function arccos) - f)) and for every x such that
x € Z holds f(z) =2 -z and f(z) > —1 and f(z) < 1. Then
(i) % ((the function arccos) -f) is differentiable on Z, and

(i)  for every x such that z € Z holds (1 ((the function arccos) iz(@) =
1

a - (the function arccos)(z) —

39
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1
(22) Suppose Z C dom((2)-f) and f = fi—f> and fo = % and for every z such
1
that € Z holds fi(x) =1 and f(x) > 0. Then (3) - f is differentiable on
1

1 _1
Z and for every x such that x € Z holds ((g) - f)|(z) = —z - (1 - 2R 2.
(23) Suppose that

(i) Z C dom(idy (the function arcsin)%—(ﬂi) - f),
i) ZC]-1,1],
(i)  f=/f1—f2
(iv) fo=2, and
(v)  for every z such that x € Z holds fi(z) =1 and f(z) > 0 and x # 0.
Then

1

(vi)  idgz (the function arcsin)+(Z) - f is differentiable on Z, and

1
(vii)  for every x such that x € Z holds (idz (the function arcsin)+(g) -
f )Irz (x) = (the function arcsin)(z).
(24) Suppose that

(i) Z C dom(idyz (the function arccos)—(]%) -f),
i) ZC]-1,1],
(ii) f=/fi—f2,
(iv) fo=2, and
(v)  for every x such that x € Z holds fi(z) =1 and f(z) > 0 and x # 0.
Then

1
(vi)  idz (the function arccos)—(g) - f is differentiable on Z, and

1
(vii)  for every x such that x € Z holds (idz (the function arccos)—(g) -
f)}z(z) = (the function arccos)(x).
(25) Suppose Z C dom(idz ((the function arcsin) -f)) and for every x such
that € Z holds f(z) = £ and f(z) > —1 and f(z) < 1. Then
(i)  idz ((the function arcsin) - f) is differentiable on Z, and
(ii)  for every z such that x € Z holds (idz ((the function arcsin) - f))},(z) =
(the function arcsin)(%) + a\/#?
(26) Suppose Z C dom(idz ((the function arccos) -f)) and for every x such
that € Z holds f(z) = £ and f(x) > —1 and f(z) < 1. Then
(i)  idz ((the function arccos) -f) is differentiable on Z, and
(ii)  for every  such that € Z holds (idz ((the function arccos) - f))}(z) =
(the function arccos)(%) — a\/#?
1
(27) Suppose Z C dom((g)-f) and f = fi—foand fo = 2 and for every z such
that « € Z holds fi(x) = a® and f(x) > 0. Then (2)- f is differentiable on
1

1 _1
Z and for every z such that x € Z holds ((g)- f)jz(z) = —= - (a® —22)g 2.
(28) Suppose that
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(i)  Z C dom(idgz ((the function arcsin) -f3) + (11%&) - f),
(ii) Zg]—l,l[,
(iil) f=f1— fo,
(iv) fo= %, and
(v) for every z such that z € Z holds fi(z) = a? and f(z) > 0 and

f3(x) = £ and f3(x) > —1 and f3(z) <1 and 2 # 0 and a > 0.
Then .
(vi) idz ((the function arcsin) -f3) + (§) - f is differentiable on Z, and
(vii)  for every x such that z € Z holds (idz ((the function arcsin) - f3) + (11%&) .
f)}z(z) = (the function arcsin)(7).
(29) Suppose that

(i) Z C dom(idz ((the function arccos) - f3) — (é&) - f),
(i) ZC|-1,1],
(i) f=f1— fo,
(iv) fo= %, and
(v) for every x such that z € Z holds fi(x) = a? and f(z) > 0 and

f3(x) = £ and f3(x) > —1 and f3(x) <1 and  # 0 and a > 0.
Then )
(vi)  idz ((the function arccos) - f3) — (&) - f is differentiable on Z, and
(i

1
(vii)  for every x such that x € Z holds (idz ((the function arccos) - f3) — (3)-
F)}z(z) = (the function arccos)(%).

(30) Suppose Z C dom((—1) ((%) - 5=r=1—-—)) and n > 0 and for every =

n " the function sin

such that z € Z holds (the function sin)(z) # 0. Then

1) (=3 ((}) " gefoamr—s) is differentiable on Z, and
(ii) ~ for every @ such that z € Z holds ((—21) ((3) - m))’rz(a@) =

(the function cos)(z)
(the function sin)(:l:)%LJrl ’

(31) Suppose Z C dom(L ((B) * g=gi——)) and n > 0 and for every z

the function cos

such that z € Z holds (the function cos)(z) # 0. Then

(1) % ((%) . m) is differentiable on Z7 and
(ii)  for every z such that z € Z holds ( ((}) - m))’rz(a@) =

(the function sin)(z)
(the function cos)(z)p ™'

(32) Suppose Z C dom((the function sin) -log_(e)) and for every x such that
x € Z holds > 0. Then
(i)  (the function sin) -log_(e) is differentiable on Z, and

(ii) ~ for every x such that x € Z holds ((the function sin) -log-(e))},(z) =

(the function cos)((log_(e))(x))

(33) Suppose Z C dom((the function cos) -log_(e)) and for every z such that
x € Z holds = > 0. Then
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(i)  (the function cos) -log_(e) is differentiable on Z, and

(i)  for every x such that x € Z holds ((the function cos) -log_(e))}(z) =

(the function sin)((log_(e))(x)) )

(34) Suppose Z C dom((the function sin) -(the function exp)). Then
(i)  (the function sin) -(the function exp) is differentiable on Z, and
(ii)  for every = such that z € Z holds ((the function sin) -(the func-
tion exp))’rz(x) = (the function exp)(z) - (the function cos)((the function
exp)(z)).
(35) Suppose Z C dom((the function cos) -(the function exp)). Then
(i)  (the function cos) -(the function exp) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function cos) -(the function
exp))z(2) =
—(the function exp)(x) - (the function sin)((the function exp)(x)).
(36) Suppose Z C dom((the function exp) -(the function cos)). Then
(i)  (the function exp) -(the function cos) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function exp) -(the function
c08)) () =
—(the function exp)((the function cos)(x)) - (the function sin)(x).
(37) Suppose Z C dom((the function exp) -(the function sin)). Then
(i)  (the function exp) -(the function sin) is differentiable on Z, and
(ii))  for every x such that € Z holds ((the function exp) -(the func-
tion sin))|,(z) = (the function exp)((the function sin)(x)) - (the function
cos)(z).
(38) Suppose Z C dom((the function sin)+(the function cos)). Then
(i)  (the function sin)+(the function cos) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function sin)+(the function
cos))}(z) = (the function cos)(z) — (the function sin)(z).
(39) Suppose Z C dom((the function sin)—(the function cos)). Then
(i)  (the function sin)—(the function cos) is differentiable on Z, and
(ii)  for every z such that € Z holds ((the function sin)—(the function
cos))}(z) = (the function cos)(z) + (the function sin)(z).
(40) Suppose Z C dom((the function exp) ((the function sin)—(the function
cos))). Then
(i)  (the function exp) ((the function sin)—(the function cos)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function exp) ((the function
sin)—(the function cos)))|,(z) = 2 - (the function exp)(z) - (the function
sin)(z).
(41) Suppose Z C dom((the function exp) ((the function sin)+(the function
cos))). Then




SEVERAL DIFFERENTIATION FORMULAS ... 43

(i)  (the function exp) ((the function sin)+(the function cos)) is differen-
tiable on Z, and
(ii)  for every = such that x € Z holds ((the function exp) ((the function
sin)+(the function cos)))j;(z) = 2 - (the function exp)(z) - (the function
cos)(z).
(42) Suppose Z C dom( (the function sin)+4(the function cos) ) Then

the function exp
(1) (the function sin)+(the function cos)

the function exp

(ii)  for every x such that € Z holds ( (

2-(the function sin)(x)
(the function exp)(z)
(the function sin)—(the function cos)
(43) Suppose Z C dom( the Tunction oxp ). Then
() (the function sin)—(the function cos)
1 the function exp

is differentiable on Z, and

the function sin)4-(the function cos) )/ ( ) _
the function exp 1Z T)=

is differentiable on Z, and

(the function sin)—(the function cos) )/ ( )
the function exp T

(ii)  for every x such that € Z holds (

2-(the function cos)(z)
(the function exp)(z) *

(44) Suppose Z C dom((the function exp) (the function sin)). Then
(i)  (the function exp) (the function sin) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function exp) (the function
sin))|z(z) = (the function exp)(z) - ((the function sin)(z) + (the function
cos)(z)).

(45) Suppose Z C dom((the function exp) (the function cos)). Then

(i)  (the function exp) (the function cos) is differentiable on Z, and

(ii)  for every z such that z € Z holds ((the function exp) (the function
cos))}z () = (the function exp)(x) - ((the function cos)(z) — (the function
sin)(z)).

(46) Suppose (the function cos)(x) # 0. Then

(i)  the function sin 4o jifferentiable in z, and
the function cos )

- the function si — 1
(11) (ths ftl;rrigtilgrrll SE)I;),( ) " (the function cos)(z)?"

(47) Suppose (the function sin)(x) # 0. Then

(1)  the function cos iq qjfferentiable in z, and
the function sin )

.o he fi i
(i) (f5e fumction o) (%) =

1
" (the function sin)(z)2 "

(48) Suppose Z C dom((%) - the function siny g for every o such that « € Z

" the function cos
holds (the function cos)(z) # 0. Then

: 2 . the function sin : : :
(1) (2) - et is differentiable on Z, and

(ii)  for every z such that z € Z holds ((2) - m%)'rz(x) =
2-(the function sin)(z)
(the function cos)(z)3

(49) Suppose Z C dom((2) - the function cos) 5,4 for every x such that = € Z

the function sin
holds (the function sin)(z) # 0. Then

: he functi
() (Z) - o Tanction sin

is differentiable on Z, and
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. 2 the functi / —
(i)  for every z such that z € Z holds ((7) - ficfmcion i) z(T) =
2-(the function cos)(x)
(the function sin)(z)3

(50) Suppose that
(i) 7 C dom(the function sin | f), and

the function cos

(ii)  for every z such that x € Z holds f(z) = % and (the function

cos) (f(x)) # 0. i
Then

(iif) ~ the function sin . ¢ jg differentiable on Z, and
the function cos ?

(iv)  for every x such that z € Z holds (ihefunctionsin Diz() =

the function cos
1

1+ (the function cos)(z) "
(51) Suppose that
(i) 7 C dom(the function cos | f), and

the function sin
(ii) for every x such that x € Z holds f(z) = F and (the function
sin) (f(z)) # 0,
Then
(iif) ~ the function cos . ¢ ¢ differentiable on Z, and

the function sin

(iv)  for every x such that z € Z holds (thefunction cos Piz(x) =

the function sin
1

" T—(the function cos)(z)"
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