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Summary. In this article, Holder’s inequality and Minkowski’s inequality
are proved. These equalities are basic ones of functional analysis.

MML Identifier: HOLDER_1.

The papers [12], [13], [14], [3], [, [11], [4], [2], [7], [5], [6], [10], [&], and [9]
provide the notation and terminology for this paper.

1. HOLDER'S INEQUALITY

In this paper a, b, p, ¢ are real numbers.
Let x be a real number. One can verify that [z, +oo[ is non empty.
Next we state several propositions:

(1) For all real numbers p, ¢ such that 0 < p and 0 < ¢ and for every real
number a such that 0 < g holds a? - ¢ = aP™9.

(2) For all real numbers p, ¢ such that 0 < p and 0 < ¢ and for every real
number a such that 0 < a holds (a?)? = a?1.

(3) For every real number p such that 0 < p and for all real numbers a, b
such that 0 < a and a < b holds a?P < bP.
p q
(4) Ifl<pand%+%:land0<aand0<b,thena-b§%R—&—%Rand
a-b="% 4% iff af = 12,
(5) If1<pand;1]+%:1and0§aand0§b,thena-b§%—F%and
a-b=2 + U iff aP = b9
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2. MINKOWSKI’S INEQUALITY

Next we state several propositions:

(6) Let p, g be real numbers. Suppose 1 < p and %—i—% =1. Let a, b, ay, by,
as be sequences of real numbers. Suppose that for every natural number n
holds a1(n) = |a(n)[P and by (n) = |b(n)|? and az(n) = |a(n)-b(n)|. Let n be

1
a natural number. Thlen (O oe_pla2)(@)ken(n) < (Ooh_o(a1)(@))wen(n)? -

(2a=o(b1)(@))ren(n)a.

(7) Let p be a real number. Suppose 1 < p. Let a, b, ay, ba, as be sequences
of real numbers. Suppose that for every natural number n holds a;(n) =
la(n)[P and ba(n) = |b(n)|P and az(n) = \clt(n) + b(n)P. Let n be a nat-

ural number. Then (12220(@2)(04))%1\1@)5 < (Zgzoml)(a))mej\r(n)% n
(>aeo(b2)(@))wen(n)?.

(8) Let a, b be sequences of real numbers. Suppose for every natural number
n holds a(n) < b(n) and b is convergent and a is non-decreasing. Then a
is convergent and lima < lim b.

(9) Let a, b, ¢ be sequences of real numbers. Suppose for every natural
number n holds a(n) < b(n)+c¢(n) and b is convergent and ¢ is convergent
and a is non-decreasing. Then a is convergent and lima < lim b + lim c.

(10) Let p be a real number. Suppose 0 < p. Let a, a; be sequences of real
numbers. Suppose a is convergent and for every natural number n holds
0 < a(n) and for every natural number n holds a;(n) = a(n)P. Then a; is
convergent and lima; = (lima)?.

(11) Let p be a real number. Suppose 0 < p. Let a, a; be sequences
of real numbers. Suppose a is summable and for every natural num-
ber n holds 0 < a(n) and for every natural number n holds aj(n) =
(>0 _pa(a))ken(n)P. Then a; is convergent and lima; = (3 a)? and a; is
non-decreasing and for every natural number n holds a;(n) < (3 a)P.

(12) Let p, ¢ be real numbers. Suppose 1 < p and ]l) + % = 1. Let a, b, a1,
b1, as be sequences of real numbers. Suppose for every natural number
n holds a1(n) = |a(n)|P and by (n) = |b(n)|? and az(n) = |a(n) - b(n)| and

ay is summable and by is summable. Then ag is summable and > ay <
1

(Ca)r - (b,
(13) Let p be a real number. Suppose 1 < p. Let a, b, ai, b2, az be sequences
of real numbers. Suppose that
(i)  for every natural number n holds a;(n) = |a(n)|P and ba(n) = |b(n)P
and az(n) = |a(n) + b(n)P,
(ii)  ap is summable, and
(iii) by is summable.

3=
3=

< (S an)r + (S ha)r.

Then ay is summable and (> as)
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