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Summary. In this article, the basic properties of the differentiable func-
tions on normed linear spaces are described.
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The notation and terminology used in this paper are introduced in the following
papers: [20], [23], [4], [24], [6], [5], [19], [3], [10], [1], [18], [7], [21], [22], [11], [8],
[9], [25], [13], [15], [16], [17], [12], [14], and [2].
For simplicity, we adopt the following rules: n, k denote natural numbers, z,
X, Z denote sets, g, r denote real numbers, S denotes a real normed space, 1
denotes a sequence of real numbers, s1, sy denote sequences of S, zy denotes a
point of S, and Y denotes a subset of S.
Next we state several propositions:
(1) For every point xg of S and for all neighbourhoods Ny, Ny of z( there
exists a neighbourhood N of xy such that N C Ny and N C No.
(2) Let X be a subset of S. Suppose X is open. Let r be a point of S. If
r € X, then there exists a neighbourhood N of r such that N C X.
(3) Let X be a subset of S. Suppose X is open. Let r be a point of S. If
r € X, then there exists g such that 0 < g and {y;y ranges over points of
S:lly—r] <g}CX.
(4) Let X be a subset of S. Suppose that for every point r of S such that
r € X there exists a neighbourhood N of r such that N C X. Then X is
open.
(5) Let X be a subset of S. Then for every point r of S such that r € X
there exists a neighbourhood N of r such that N C X if and only if X is
open.
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Let S be a zero structure and let f be a sequence of S. We say that f is
non-zero if and only if:

(Def. 1) rng f C (the carrier of S) \ {0s}.

We introduce f is non-zero as a synonym of f is non-zero.
We now state two propositions:

(6) 1 is non-zero iff for every z such that x € N holds s1(z) # Os.
(7) s1 is non-zero iff for every n holds s1(n) # 0g.

Let Ry be a real linear space, let S be a sequence of Ri, and let a be a
sequence of real numbers. The functor a S yields a sequence of R and is defined
as follows:

(Def. 2) For every n holds (a S)(n) = a(n) - S(n).
Let Ry be a real linear space, let z be a point of R1, and let a be a sequence
of real numbers. The functor a - z yields a sequence of R; and is defined by:
(Def. 3) For every n holds (a - z)(n) = a(n) - z.
Next we state a number of propositions:
(8) For all sequences 19, r3 of real numbers holds (r3 4 73) s1 = 72 51+ 73 51.

(9) For every sequence ri of real numbers and for all sequences sg, s3 of S
holds (82 + 83) =171 82 + 11 83.

(10) For every sequence 71 of real numbers holds r - (ry s1) =71 (r - s1).
(11) For all sequences 19, r3 of real numbers holds (rg —r3) 51 = 19 81 — 73 81.

(12) For every sequence rj of real numbers and for all sequences sg, s3 of S
holds 71 (s2 — s3) = 71 82 — 71 S3.

—
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If r1 is convergent and s; is convergent, then ry s1 is convergent.

—_
W

If r1 is convergent and s; is convergent, then lim(r; s1) = limr; - lim s.
(81+82)Tk281Tk+82Tk.
(s1—s2)Thk=s1Tk—s27k.

If s is non-zero, then s; T k is non-zero.
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s1 T k is a subsequence of s;.

—
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If 1 is constant and sg is a subsequence of s1, then sy is constant.
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If s is constant and s9 is a subsequence of s1, then s; = ss.

Let us consider S and let I7 be a sequence of S. We say that I is convergent
to 0 if and only if:

(Def. 4) I is non-zero and convergent and lim I; = Og.
The following propositions are true:

(21) Let X be a real normed space and s; be a sequence of X. Suppose s;
is constant. Then s; is convergent and for every natural number k£ holds
lims; = s1(k).
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(22) For every real number 7 such that 0 < r and for every n holds s1(n) =
1

n—+r

(23) For every real number r such that 0 < r and for every n holds s1(n) =
1

n—+r

(24) Let a be a convergent to 0 sequence of real numbers and z be a point of

- o holds sp is convergent.

- ¢ holds lim s; = Og.

S. If z # 0g, then a - z is convergent to 0.

(25) For every point r of S holds r € Y iff r € the carrier of S iff Y = the
carrier of S.

For simplicity, we adopt the following rules: S, T' denote non trivial real
normed spaces, f, fi, fo denote partial functions from S to T, s4, s1 denote
sequences of S, and xy denotes a point of S.

Let S be a non trivial real normed space. Note that there exists a sequence
of S which is convergent to 0.

Let us consider S. Note that there exists a sequence of S which is constant.

In the sequel A is a convergent to 0 sequence of S and ¢ is a constant sequence
of S.

Let us consider S, T" and let I; be a partial function from S to T. We say
that Iy is rest-like if and only if:

(Def. 5) I is total and for every h holds ||h||~! (f; - h) is convergent and
lim(||A]| =" (11 - b)) = Or-

Let us consider S, T. Observe that there exists a partial function from S to
T which is rest-like.

Let us consider S, T. A rest of S, T is a rest-like partial function from S to
T.

We now state two propositions:

(26) Let R be a partial function from S to T. Suppose R is total. Then R
is rest-like if and only if for every real number r such that r > 0 there
exists a real number d such that d > 0 and for every point z of S such
that z # 0g and ||z|| < d holds ||z||7% - | R.|| < .

(27) For every rest R of S, T and for every convergent to 0 sequence s of S
holds R - s is convergent and lim(R - s) = Or.

In the sequel R, Ro, Rs are rests of S, T and L is a point of
RNormSpaceOfBoundedLinearOperators(S, T').

Next we state several propositions:

(28) rng(s; 1n) C mgsy.

(29) For every partial function h from S to T" and for every sequence s; of S
such that rng s; C domh holds (h-s1) Tn="h-(s1 ] n).

(30) Let hy, ho be partial functions from S to T" and s; be a sequence of S.
If hy is total and ho is total, then (hy + ha) - s1 = hy - s1 + ha - s1 and
(hl—hg)-slzhl'sl—hg-sl.
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(31) Let h be a partial function from S to T', s; be a sequence of S, and r be
a real number. If & is total, then (rh)-sy =r-(h-s1).
(32) f is continuous in x¢ if and only if the following conditions are satisfied:
(i) o € dom f, and
(ii)  for every sequence s4 of S such that rng s4 C dom f and sy is convergent
and lim sy = ¢ and for every n holds s4(n) # xo holds f - s4 is convergent
and fy, = lim(f - s4).
(33) For all Ry, R3 holds Ry + R3 is a rest of S, T and Ry — R3 is a rest of
S, T.
(34) For all r, R holds r R is a rest of S, T.

Let us consider S, T', let f be a partial function from S to T', and let ¢ be
a point of S. We say that f is differentiable in x( if and only if the condition
(Def. 6) is satisfied.

(Def. 6) There exists a neighbourhood N of zy such that N C dom f and there
exist L, R such that for every point x of S such that z € N holds f, — f., =
L(z — x0) + Ry—z,-

Let us consider S, T, let f be a partial function from S to T', and let ¢ be
a point of S. Let us assume that f is differentiable in xy. The functor f'(zo)
yielding a point of RNormSpaceOfBoundedLinearOperators(S, T') is defined by
the condition (Def. 7).

(Def. 7)  There exists a neighbourhood N of xy such that N C dom f and there
exists R such that for every point x of § such that € N holds f, — fo, =
f'(@o)(z — x0) + Ry—sp-

Let us consider X, let us consider S, T', and let f be a partial function from
S to T. We say that f is differentiable on X if and only if:

(Def. 8) X C dom f and for every point z of S such that z € X holds f[X is
differentiable in z.

Next we state three propositions:

(35) Let f be a partial function from S to T'. If f is differentiable on X, then
X is a subset of the carrier of S.

(36) Let f be a partial function from S to T and Z be a subset of S. Suppose Z
is open. Then f is differentiable on Z if and only if the following conditions
are satisfied:

(i) Z Cdom f, and
(ii)  for every point = of S such that € Z holds f is differentiable in x.

(37) Let f be a partial function from S to T" and Y be a subset of S. If f is
differentiable on Y, then Y is open.

Let us consider S, T, let f be a partial function from S to T, and let X
be a set. Let us assume that f is differentiable on X. The functor ff y Yielding
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a partial function from S to RNormSpaceOfBoundedLinearOperators(S,T) is
defined by:

(Def. 9) dom(fjx) = X and for every point  of S such that z € X holds (f{y), =
f'(@).
One can prove the following proposition

(38) Let f be a partial function from S to 7" and Z be a subset of S. Suppose
Z is open and Z C dom f and there exists a point r of T such that
rng f = {r}. Then f is differentiable on Z and for every point x of S such
that « € Z holds (fFZ)I = ORNormSpaceOfBoundedLinearOperators(S,T)'

Let us consider S and let us consider h, n. Observe that h T n is convergent
to 0.

Let us consider S and let us consider ¢, n. Observe that ¢ T n is constant.

The following propositions are true:

(39) Let x be a point of S and N be a neighbourhood of zy. Suppose f is
differentiable in x¢g and N C dom f. Let h be a convergent to 0 sequence
of S and given c. If rngc = {zo} and rng(h+¢) C N, then f-(h+c)—f-c
is convergent and lim(f - (h+c¢) — f - ¢) = Op.

(40) Let given fi, fa, xo. Suppose fi is differentiable in zp and fo is diffe-
rentiable in zp. Then fi + fo is differentiable in x¢ and (f1 + f2)'(z0) =
fi'(@o) + f2' (o).

(41) Let given fi, fa, zo. Suppose fi is differentiable in z¢ and fo is diffe-
rentiable in zg. Then f1 — fy is differentiable in x¢ and (f1 — f2)'(zo) =
' (@o) = fo (o).

(42) For all r, f, zg such that f is differentiable in x¢ holds r f is differentiable
in zg and (r f) (zg) =7 - f'(x0).

(43) Let f be a partial function from S to S and Z be a subset of S. Suppose
Z is open and Z C dom f and f[Z = idz. Then f is differentiable on Z
and for every point = of S such that x € Z holds ( ffz)x = idihe carrier of S-

(44) Let Z be a subset of S. Suppose Z is open. Let given fi, fa. Suppose
Z C dom(f1 + f2) and f is differentiable on Z and fs is differentiable on
Z. Then f1 + fs is differentiable on Z and for every point z of S such that
z € Z holds ((f1 + f2)i2)e = fi'(2) + f2'(2).

(45) Let Z be a subset of S. Suppose Z is open. Let given fi, fa. Suppose
Z Cdom(f1 — f2) and f is differentiable on Z and f> is differentiable on
Z. Then f1 — fs is differentiable on Z and for every point z of S such that
x € Z holds ((f1 — fg)lrz)x = fi'(z) — fo/ ().

(46) Let Z be a subset of S. Suppose Z is open. Let given r, f. Suppose
Z Cdom(r f) and f is differentiable on Z. Then r f is differentiable on Z
and for every point x of S such that z € Z holds ((r f)|z)s =7 f'(2).

(47) Let Z be a subset of S. Suppose Z is open. Suppose Z C dom f and f
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is a constant on Z. Then f is differentiable on Z and for every point x of
S such that = € Z holds (fFZ)m = ORNormSpaceOfBoundedLinearOperators(S,T)'

(48) Let f be a partial function from S to S, r be a real number, p be a point
of S, and Z be a subset of S. Suppose Z is open. Suppose Z C dom f
and for every point x of S such that x € Z holds f, = -2 + p. Then f
is differentiable on Z and for every point x of S such that x € Z holds
(fiz)e =7 - FancUnit(S).

(49) For every point zg of S such that f is differentiable in g holds f is
continuous in xg.

(50) If f is differentiable on X, then f is continuous on X.

(51) For every subset Z of S such that Z is open holds if f is differentiable
on X and Z C X, then f is differentiable on Z.

(52) Suppose f is differentiable in xg. Then there exists a neighbourhood N
of ¢y such that
(i) N Cdom f, and
(ii)  there exists R such that Ry, = O7 and R is continuous in Og and for
every point z of S such that z € N holds f, — fo, = f(20)(x—20) + Ro—uz, -

REFERENCES
[1] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.
[2] Jozef Biatas. Group and field definitions. Formalized Mathematics, 1(3):433-439, 1990.

]

]
[3] Czestaw Bylinski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.

] Czestaw Byliriski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.
[5] Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
[6] Czestaw Bylinski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

[7] Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.
[8] Jarostaw Kotowicz. Convergent sequences and the limit of sequences. Formalized Mathe-
matics, 1(2):273-275, 1990.
[9] Jarostaw Kotowicz. Monotone real sequences. Subsequences. Formalized Mathematics,
1(8):471-475, 1990.
[10] Jarostaw Kotowicz. Partial functions from a domain to a domain. Formalized Mathema-
tics, 1(4):697-702, 1990.
[11] Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathema-
tics, 1(2):269-272, 1990.
[12] Takaya Nishiyama, Keiji Ohkubo, and Yasunari Shidama. The continuous functions on
normed linear spaces. Formalized Mathematics, 12(3):269-275, 2004.
[13] Jan Popiolek. Real normed space. Formalized Mathematics, 2(1):111-115, 1991.
[14] Konrad Raczkowski and Pawel Sadowski. Real function differentiability. Formalized
Mathematics, 1(4):797-801, 1990.
[15] Yasunari Shidama. Banach space of bounded linear operators. Formalized Mathematics,
12(1):39-48, 2003.
[16] Yasunari Shidama. The Banach algebra of bounded linear operators. Formalized Mathe-
matics, 12(2):103-108, 2004.
[17] Yasunari Shidama. The series on Banach algebra. Formalized Mathematics, 12(2):131—
138, 2004.
[18] Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.



THE DIFFERENTIABLE FUNCTIONS ON NORMED . ..

Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329-334, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291-296,
1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Hiroshi Yamazaki and Yasunari Shidama. Algebra of vector functions. Formalized Ma-
thematics, 3(2):171-175, 1992.

Received May 24, 2004

327



