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The papers [7], [4], [9], [8], [5], [6], [1], [10], [2], [11], and [3] provide the termi-
nology and notation for this paper.

In this paper a, b, ¢, d, e, z, A, B, C, D, E are sets.

Let x be a set. Let us assume that there exist sets x1, x2, x3 such that
x = (x1, x2, x3). The functor x1 3 is defined as follows:

(Def. 1) For all sets y1, y2, y3 such that = (y1, y2, y3) holds z13 = yi.
The functor x3 3 is defined by:
(Def. 2) For all sets y1, y2, y3 such that x = (y1, y2, y3) holds z23 = y».
The functor x3 3 is defined by:
(Def. 3) For all sets y1, y2, y3 such that x = (y1, y2, y3) holds z33 = ys.
The following propositions are true:
(1) If there exist a, b, ¢ such that z = (a, b, ¢), then z = (213, 223, 23.3).
(2) IfzelA, B,C/{, then 213 € A and z23 € B and 233 € C.
(3) IfzelA, B, Cl, then z = (213, 22,3, 233)-
Let x be a set. Let us assume that there exist sets x1, xa, x3, x4 such that
x = (x1, T2, x3,x4). The functor 1 4 is defined by:
(Def. 4) For all sets y1, Y2, y3, ya such that z = (y1, y2,y3, ya) holds x1,4 = y1.
The functor x4 is defined by:
(Def. 5)  For all sets y1, y2, y3, ya such that z = (y1, y2,y3, ya) holds x4 = yo.
The functor x3 4 is defined as follows:
(Def. 6) For all sets y1, y2, y3, ya such that z = (y1, y2,y3, ya) holds x34 = ys.

The functor x4 4 is defined as follows:
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(Def. 7)  For all sets y1, y2, y3, ya4 such that z = (y1, y2,y3, ya) holds x4 4 = ya.

Next we state three propositions:

(4) If there exist a, b, ¢, d such that z = (a,b,c,d), then z =
(21,4, 22,4, 23,4, 24,4) -

(5) If z € [A B,C,DJ, then 214 € A and 224 € B and 234 € C and
244 € D.

(6) IfzelA, B,C, D], then z = (21,4, 224,234,244).

Let x be a set. Let us assume that there exist sets z1, zs, 3, 24, 5 such
that z = (z1, 2, x3, 24, x5). The functor z1 5 is defined by:

(Def. 8) For all sets y1, y2, Y3, Y4, ys such that x = (y1, y2, Y3, Y4, y5) holds z1 5 =
Y1-
The functor x5 is defined by:
(Def. 9) For all sets y1, y2, ¥3, Y4, ys such that x = (y1,y2, Y3, Y4, y5) holds z2 5 =
Y2-
The functor x3 5 is defined as follows:
(Def. 10) For all sets y1, y2, Y3, Y4, ys such that x = (y1,y2, Y3, y4,ys5) holds zg 5 =
Y3-
The functor x4 5 is defined as follows:
(Def. 11)  For all sets y1, y2, Y3, Y4, y5 such that x = (y1,y2, Y3, y4,ys) holds z4 5 =
Y4.
The functor x5 5 is defined by:
(Def. 12) For all sets y1, y2, y3, ¥4, ys such that z = (y1,y2, y3, y4,ys) holds z5 5 =
Ys-

The following propositions are true:

(7) If there exist a, b, ¢, d, e such that z = (a,b,c,d,e), then z =
(21,5, 22,5, 23,5, 24,5, 25,5) -

(8) IfzelA B,C,D, E], then z15 € A and 225 € B and 235 € C and
245 € D and 255 € FE.

(9) Ifzel A, B,C, D, EY, then z = (215,225,235, 245, 25.5)-

In this article we present several logical schemes. The scheme ExFunc3Cond
deals with a set A, three unary functors F, G, and H yielding sets, and three
unary predicates P, @, R, and states that:

There exists a function f such that dom f = A and for every set
¢ such that ¢ € A holds if P[c], then f(c) = F(c) and if Q]¢], then
f(c) = G(c) and if R[c], then f(c) = H(c)
provided the parameters meet the following conditions:
e For every set ¢ such that ¢ € A holds if P[c], then not Qlc| and if
Plc], then not R]c] and if Q[c], then not R[], and
e For every set ¢ such that ¢ € A holds Plc] or Q[c] or Rlc].



RECURSIVE DEFINITIONS. PART II 169

The scheme FExFuncjCond deals with a set A, four unary functors F, G, H,
and 7 yielding sets, and four unary predicates P, Q, R, S, and states that:
There exists a function f such that
(i) domf = A, and
(ii) for every set ¢ such that ¢ € A holds if P[c], then f(c) =
F(c) and if Qlc], then f(c) = G(c) and if R]c], then f(c) = H(c
and if S[c], then f(c) = Z(c)
provided the following conditions are satisfied:
e Let ¢ be a set such that ¢ € A. Then
(i)  if PJc]|, then not Qlc],
if P[c], then not R[],
if P[], then not S[¢],
[c], then not R[],
if Qlc], then not Sic|, and
[

e For every set ¢ such that ¢ € A holds Plc| or Qlc] or R]c] or S|c].
The scheme DoubleChoiceRec deals with non empty sets A, BB, an element
C of A, an element D of B, and a 5-ary predicate P, and states that:
There exists a function f from N into 4 and there exists a function
g from N into B such that f(0) = C and ¢(0) = D and for every
element n of N holds P[n, f(n),g(n), f(n+1),g(n + 1)]
provided the parameters satisfy the following condition:
e Let n be an element of N, x be an element of A, and y be an
element of B. Then there exists an element z1 of A and there
exists an element y; of B such that P[n, z,y, z1, y1].
The scheme LambdaRec2Ex deals with sets A, B and a ternary functor F
yielding a set, and states that:
There exists a function f such that dom f = N and f(0) = A
and f(1) = B and for every natural number n holds f(n 4 2) =
Fln, f(n), f(n+1)
for all values of the parameters.
The scheme LambdaRec2FExD deals with a non empty set A, elements B, C
of A, and a ternary functor F yielding an element of A, and states that:
There exists a function f from N into A such that f(0) = B
and f(1) = C and for every natural number n holds f(n +2) =
Fln, f(n), fn+1))
for all values of the parameters.
The scheme LambdaRec2Un deals with sets A, B, functions C, D, and a
ternary functor C yielding a set, and states that:
cC=7DD
provided the parameters meet the following requirements:
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domC =N,

C(0)=Aand C(1) = B,

For every natural number n holds C(n+2) = C(n,C(n),C(n+1)),
domD = N,

D(0) = A and D(1) = B, and

For every natural number n holds D(n+2) = C(n, D(n), D(n+1)).

The scheme LambdaRec2UnD deals with a non empty set A, elements B, C
of A, functions D, £ from N into A, and a ternary functor D yielding an element
of A, and states that:

D=¢
provided the following requirements are met:
e D(0) =B and D(1) =C,
e For every natural number n holds D(n+2) = D(n, D(n), D(n+1)),
e £(0) =B and £(1) =C, and
e For every natural number n holds £(n+2) = D(n,E(n),E(n+1)).
The scheme LambdaRec3Ex deals with sets A, B, C and a 4-ary functor F
yielding a set, and states that:
There exists a function f such that dom f = N and f(0) = A and
f(1) = B and f(2) = C and for every natural number n holds
F(n+3) = Fln, f(n), f(n+1), f(n +2))

for all values of the parameters.

The scheme LambdaRec3FExD deals with a non empty set A, elements B, C,

D of A, and a 4-ary functor F yielding an element of A, and states that:
There exists a function f from N into A such that f(0) = B and
f(1) = C and f(2) = D and for every natural number n holds
f(n+3) = Fn, f(n), f(n+1), f(n +2))

for all values of the parameters.

The scheme LambdaRec3Un deals with sets A, B, C, functions D, £, and a
4-ary functor D yielding a set, and states that:

D=¢E
provided the parameters meet the following requirements:
e domD =N,

e D(0) =Aand D(1) =B and D(2) =C,
e For every natural number n holds D(n + 3) = D(n,D(n), D(n +
1),D(n +2)),
e dom€& =N,
o £(0)=Aand £(1) =B and £(2) =C, and
e For every natural number n holds £(n + 3) = D(n,E(n),E(n +
1),E(n+2)).
The scheme LambdaRec3UnD deals with a non empty set A, elements 5, C,
D of A, functions £, F from N into A, and a 4-ary functor £ yielding an element
of A, and states that:
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E=F
provided the parameters meet the following requirements:
o £(0)=Band £(1) =C and £(2) =D,
e For every natural number n holds £(n + 3) = £(n,E(n),E(n +
1),(n+2)),
e F(0) =B and F(1) =C and F(2) =D, and
e For every natural number n holds F(n + 3) = £(n, F(n), F(n +
1), F(n+2)).
The scheme LambdaRec4FEx deals with sets A, B, C, D and a 5-ary functor
F yielding a set, and states that:
There exists a function f such that dom f = N and f(0) = A
and f(1) = B and f(2) = C and f(3) = D and for every natural
number n holds f(n+4) = F(n, f(n), f(n+1), f(n+2), f(n+3))
for all values of the parameters.
The scheme LambdaRec4FxD deals with a non empty set A, elements B, C,
D, € of A, and a 5-ary functor F yielding an element of A, and states that:
There exists a function f from N into A such that f(0) = B and
f(1) = C and f(2) = D and f(3) = £ and for every natural
number n holds f(n+4) = F(n, f(n), f(n+1), f(n+2), f(n+3))
for all values of the parameters.
The scheme LambdaRec4 Un deals with sets A, B, C, D, functions &£, F, and
a 5-ary functor £ yielding a set, and states that:

E=F
provided the parameters satisfy the following conditions:
e dom& =N,

D,

o £(0)=Aand £(1) =B and £(2) =C and £(3) =
=&, E(n),E(n +

e For every natural number n holds £(n + 4)
1),E(n+2),E(n+3)),
e domF =N,
o F(0)=Aand F(1) =B and F(2) =C and F(3) = D, and
e For every natural number n holds F(n +4) = E(n, F(n), F(n +
1), F(n+2),F(n+3)).
The scheme LambdaRec/UnD deals with a non empty set A, elements B, C,
D, £ of A, functions F, G from N into A, and a 5-ary functor F yielding an
element of A, and states that:
F=g
provided the parameters meet the following requirements:
o F(0) =B and F(1) =C and F(2) =D and F(3) =€,
e For every natural number n holds F(n + 4) = F(n, F(n), F(n +
1), F(n+2),F(n+3)),
e G(0)=Band G(1) =C and G(2) =D and G(3) = &, and
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e For every natural number n holds G(n +4) = F(n,G(n),G(n +
1),G(n+2),G(n+3)).
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