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Summary. We introduce the arithmetic addition and multiplication in
the set of bounded real sequences and also introduce the norm. This set has the
structure of the Banach space.

MML Identifier: RSSPACE4.

The articles [23], [6], [27], [29], [28], [15], [21], [3], [1], [2], [20], [24], [9], [4], [5],
(7], [26], [22], [16], [17], [14], [11], [12], [10], [25], [13], [8], [19], and [18] provide
the notation and terminology for this paper.

1. THE BANACH SPACE OF BOUNDED REAL SEQUENCES

The subset the set of bounded real sequences of the linear space of real
sequences is defined by the condition (Def. 1).
(Def. 1) Let = be a set. Then x € the set of bounded real sequences if and only
if x € the set of real sequences and idgeq(z) is bounded.
Let us note that the set of bounded real sequences is non empty and the set
of bounded real sequences is linearly closed.
One can prove the following proposition
(1) (the set of bounded real sequences,Zero_(the set of bounded real
sequences, the linear space of real sequences), Add_(the set of bounded
real sequences, the linear space of real sequences), Mult_(the set of boun-
ded real sequences, the linear space of real sequences)) is a subspace of the
linear space of real sequences.
One can verify that (the set of bounded real sequences, Zero_(the set of boun-
ded real sequences, the linear space of real sequences), Add_(the set of bounded
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real sequences, the linear space of real sequences), Mult_(the set of bounded real
sequences, the linear space of real sequences)) is Abelian, add-associative, right
zeroed, right complementable, and real linear space-like.

The function linfty-norm from the set of bounded real sequences into R is
defined by:

(Def. 2) For every set = such that x € the set of bounded real sequences holds
linfty-norm(z) = sup rnglidseq()]|.
The following proposition is true

(2) Let r; be a sequence of real numbers. Then r; is bounded and
suprng|ri| = 0 if and only if for every natural number n holds ri(n) = 0.

Let us mention that (the set of bounded real sequences, Zero_(the set of
bounded real sequences, the linear space of real sequences), Add_(the set of bo-
unded real sequences, the linear space of real sequences), Mult_(the set of boun-
ded real sequences, the linear space of real sequences), linfty-norm) is Abelian,
add-associative, right zeroed, right complementable, and real linear space-like.

The non empty normed structure linfty-Space is defined by the condition
(Def. 3).

(Def. 3) linfty-Space = (the set of bounded real sequences, Zero_(the set of bo-
unded real sequences, the linear space of real sequences), Add_(the set of
bounded real sequences, the linear space of real sequences), Mult_(the set
of bounded real sequences, the linear space of real sequences), linfty-norm).

We now state two propositions:

(3) The carrier of linfty-Space = the set of bounded real sequences and for
every set x holds z is a vector of linfty-Space iff x is a sequence of real
numbers and idgeq(x) is bounded and Oyingty-space = Zeroseq and for every
vector u of linfty-Space holds u = idgeq(u) and for all vectors u, v of
linfty-Space holds u + v = idgeq(u) + idseq(v) and for every real number r
and for every vector u of linfty-Space holds r-u = r idseq(u) and for every
vector u of linfty-Space holds —u = —idgeq(u) and idgeq(—u) = —idseq(u)
and for all vectors u, v of linfty-Space holds u — v = idgseq(t) —idseq(v) and
for every vector v of linfty-Space holds idseq(v) is bounded and for every
vector v of linfty-Space holds ||v|| = sup rnglidseq(v)].

(4) Let z, y be points of linfty-Space and a be a real number. Then ||z|| = 0 iff
= Otintty-space and 0 < [lz]| and [[z+y| < ||lz]|+ |yl and [la-z|| = |a]-||z[.
Let us observe that linfty-Space is real normed space-like, real linear space-
like, Abelian, add-associative, right zeroed, and right complementable.
Next we state the proposition

(5) For every sequence v; of linfty-Space such that vy is Cauchy sequence
by norm holds v; is convergent.
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2. THE BANACH SPACE OF BOUNDED FUNCTIONS

Let X be a non empty set, let Y be a real normed space, and let I; be a
function from X into the carrier of Y. We say that I is bounded if and only if:

(Def. 4) There exists a real number K such that 0 < K and for every element x
of X holds || [;(z)| < K.
The following proposition is true
(6) Let X be anon empty set, Y be a real normed space, and f be a function

from X into the carrier of Y. If for every element x of X holds f(x) = Oy,
then f is bounded.

Let X be a non empty set and let Y be a real normed space. Note that there
exists a function from X into the carrier of Y which is bounded.

Let X be a non empty set and let Y be a real normed space. The functor
BdFuncs(X,Y) yields a subset of RealVectSpace(X,Y") and is defined by:

(Def. 5) For every set x holds x € BdFuncs(X,Y) iff z is a bounded function
from X into the carrier of Y.

Let X be a non empty set and let Y be a real normed space. Observe that
BdFuncs(X,Y) is non empty.
The following propositions are true:

(7) For every non empty set X and for every real normed space Y holds
BdFuncs(X,Y) is linearly closed.

(8) For every non empty set X and for every real normed space Y holds
(BdFuncs(X,Y'), Zero_(BdFuncs(X,Y), RealVectSpace(X,Y)),
Add_(BdFuncs(X,Y), RealVectSpace(X, Y')), Mult_(BdFuncs(X,Y),
RealVectSpace(X,Y))) is a subspace of RealVectSpace(X,Y).

Let X be a non empty set and let Y be a real normed space. One can verify
that (BdFuncs(X,Y'), Zero_(BdFuncs(X,Y), RealVectSpace(X,Y)),
Add_(BdFuncs(X,Y'), RealVectSpace(X, Y)), Mult_(BdFuncs(X, Y),
RealVectSpace(X,Y))) is Abelian, add-associative, right zeroed, right com-
plementable, and real linear space-like.
One can prove the following proposition
(9) For every non empty set X and for every real normed space Y holds
(BdFuncs(X,Y'), Zero_(BdFuncs(X,Y), RealVectSpace(X,Y)),
Add_(BdFuncs(X,Y), RealVectSpace(X, Y)), Mult_(BdFuncs(X,Y),
RealVectSpace(X,Y))) is a real linear space.

Let X be a non empty set and let Y be a real normed space. The set of
bounded real sequences from X into Y yields a real linear space and is defined
as follows:

(Def. 6) The set of bounded real sequences from X into Y = (BdFuncs(X,Y),
Zero_(BdFuncs(X,Y'), RealVectSpace(X,Y")), Add_(BdFuncs(X,Y),
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RealVectSpace(X,Y')), Mult_(BdFuncs(X,Y'), RealVectSpace(X,Y))).

Let X be a non empty set and let Y be a real normed space. Observe that
the set of bounded real sequences from X into Y is strict.

One can prove the following three propositions:

(10) Let X be anon empty set, Y be a real normed space, f, g, h be vectors of
the set of bounded real sequences from X into Y, and f’, ¢/, A’ be bounded
functions from X into the carrier of Y. Suppose f' = f and ¢’ = g and
W' = h. Then h = f + g if and only if for every element x of X holds
W(z) = f'(z) +g'(x).

(11) Let X be a non empty set, Y be a real normed space, f, h be vectors of
the set of bounded real sequences from X into Y, and f’, A’ be bounded
functions from X into the carrier of Y. Suppose f' = f and h/ = h. Let a
be a real number. Then h = a - f if and only if for every element x of X
holds 1/(x) = a - f'(z).

(12) Let X be a non empty set and Y be a real normed space. Then
0the set of bounded real sequences from X into Y — X — Oy.

Let X be a non empty set, let Y be a real normed space, and let f be a set.
Let us assume that f € BdFuncs(X,Y"). The functor modetrans(f, X,Y") yields
a bounded function from X into the carrier of Y and is defined as follows:

(Def. 7) modetrans(f, X,Y) = f.

Let X be a non empty set, let Y be a real normed space, and let v be a
function from X into the carrier of Y. The functor PreNorms(u) yielding a non
empty subset of R is defined as follows:

(Def. 8) PreNorms(u) = {||u(t)| : t ranges over elements of X }.

Next we state three propositions:

(13) Let X be anon empty set, Y be a real normed space, and g be a bounded
function from X into the carrier of Y. Then PreNorms(g) is non empty
and upper bounded.

(14) Let X be a non empty set, Y be a real normed space, and g be a function
from X into the carrier of Y. Then g is bounded if and only if PreNorms(g)
is upper bounded.

(15) Let X be a non empty set and Y be a real normed space. Then there
exists a function Ny from BdFuncs(X,Y) into R such that for every set f
if f € BdFuncs(X,Y), then Ni(f) = sup PreNorms(modetrans(f, X,Y)).

Let X be a non empty set and let Y be a real normed space. The functor
BdFuncsNorm(X,Y') yielding a function from BdFuncs(X,Y) into R is defined
by:

(Def. 9) For every set x such that z € BdFuncs(X,Y") holds
BdFuncsNorm(X, Y)(x) = sup PreNorms(modetrans(z, X,Y")).

One can prove the following two propositions:
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(16) Let X be anon empty set, Y be a real normed space, and f be a bounded
function from X into the carrier of Y. Then modetrans(f, X,Y) = f.

(17) Let X be a non empty set, Y be a real normed space, and f be a bounded
function from X into the carrier of Y. Then BdFuncsNorm(X,Y)(f) =
sup PreNorms(f).

Let X be a non empty set and let Y be a real normed space. The real
normed space of bounded functions from X into Y yielding a non empty normed
structure is defined as follows:

(Def. 10) The real normed space of bounded functions from X into ¥ =
(BdFuncs(X,Y), Zero_(BdFuncs(X,Y), RealVectSpace(X,Y)),
Add_(BdFuncs(X,Y), RealVectSpace(X,Y)), Mult_(BdFuncs(X,Y),
RealVectSpace(X,Y")), BdFuncsNorm(X, Y)).

We now state several propositions:
(18) Let X be a non empty set and Y be a real normed space. Then X ——
Oy = Othe real normed space of bounded functions from X into Y-
(19) Let X be a non empty set, Y be a real normed space, f be a point of
the real normed space of bounded functions from X into Y, and g be a

bounded function from X into the carrier of Y. If ¢ = f, then for every
element ¢ of X holds ||g(¢)|| < || fl-

(20) Let X be a non empty set, Y be a real normed space, and f be a point of
the real normed space of bounded functions from X into Y. Then 0 < || f]|.

(21) Let X be a non empty set, ¥ be a real normed space, and f be a point
of the real normed space of bounded functions from X into Y. Suppose
f = Othe real normed space of bounded functions from X into Y - Then 0 = Hf”

(22) Let X be a non empty set, Y be a real normed space, f, g, h be points
of the real normed space of bounded functions from X into Y, and f/, ¢/,
I/ be bounded functions from X into the carrier of Y. Suppose f' = f and
¢ =g and h' = h. Then h = f + g if and only if for every element z of X
holds 1/ (x) = f'(x) + ¢'(x).

(23) Let X be a non empty set, Y be a real normed space, f, h be points
of the real normed space of bounded functions from X into Y, and f/, b’
be bounded functions from X into the carrier of Y. Suppose f' = f and
I = h. Let a be a real number. Then h = a - f if and only if for every
element z of X holds h/(z) = a- f'(z).

(24) Let X be a non empty set, Y be a real normed space, f, g be points of
the real normed space of bounded functions from X into Y, and a be a
real number. Then

(1) Hf” =0 iff f = Othe real normed space of bounded functions from X into Y
(i) fla- fll = lal-[If]l, and
(i) [ +gll < 1A+ llgll-
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(25) Let X be a non empty set and Y be a real normed space. Then the
real normed space of bounded functions from X into Y is real normed
space-like.

(26) Let X be a non empty set and Y be a real normed space. Then the real
normed space of bounded functions from X into Y is a real normed space.

Let X be a non empty set and let Y be a real normed space. Observe
that the real normed space of bounded functions from X into Y is real normed
space-like, real linear space-like, Abelian, add-associative, right zeroed, and right
complementable.

We now state three propositions:

(27) Let X be a non empty set, Y be a real normed space, f, g, h be points
of the real normed space of bounded functions from X into Y, and f’, ¢/,
I/ be bounded functions from X into the carrier of Y. Suppose f’ = f and
¢ =gand h' = h. Then h = f — g if and only if for every element x of X
holds W' (x) = f'(x) — ¢'(x).

(28) Let X be a non empty set and Y be a real normed space. Suppose Y
is complete. Let s; be a sequence of the real normed space of bounded
functions from X into Y. If s; is Cauchy sequence by norm, then s; is
convergent.

(29) Let X be a non empty set and Y be a real Banach space. Then the real
normed space of bounded functions from X into Y is a real Banach space.

Let X be a non empty set and let Y be a real Banach space. One can verify
that the real normed space of bounded functions from X into Y is complete.
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Summary. In the article, solving complex roots of polynomial equation of
degree 2 and 3 with real coefficients and complex roots of polynomial equation
of degree 2 and 3 with complex coefficients is discussed.

MML Identifier: POLYEQ_3.

The terminology and notation used here are introduced in the following articles:

[20], [15], [2], [5], [3], [8], [17], [16], [14], [10], [12], [7], [18], [1], [13], [21], [9], [19],
[11], 6], and [4].

1. SoLvingG COMPLEX R0o0OTS OF POLYNOMIAL EQUATION OF DEGREE 2
AND 3 WITH REAL COEFFICIENTS

We follow the rules: a, b, ¢, d, o', V/, ¢, d', x, y, 1, u, v are real numbers
and s, t, h, z, 21, 22, 23, 24, S1, S2, S3, P, q are elements of C.

Let a be a real number and let us consider z. Then a - 2z is an element of C
and it can be characterized by the condition:

(Def. 1) a-z=(a+0i)-z.
Then a + z is an element of C and it can be characterized by the condition:
(Def. 2) a+2z=2z+ (a+ 0i).

Let us consider z. Then 22 is an element of C and it can be characterized
by the condition:

(Def. 3) 22 = (R(2)2 — 3(2)2) + (2- (R(2) - 3(2)))s.

Let us consider a, b, ¢, z. Then Poly2(a, b, ¢, z) is an element of C.
The following propositions are true:

@ 2004 University of Bialystok
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(1) (a+ci)-(b+di)=(a-b—c-d)+ (a-d+b-c)i.
(2) If 2 = x + yi, then 22 = (22 — y?) + (2- 2 - y)i.
(3) For all a, b holds (a + 0:¢) - (b+ 0i) = a - b+ 0i.
—b++/A(a,b,c)
(4) Ifa # 0and A(a,b,c) > 0and Poly2(a, b, c,z) = 0, then z = ——5——""=
—b—+/A(a,b,c) b
or z=—Y—"""0r z=—5-.
(5) If a # 0 and A(a,b,c) < 0 and Poly2(a,b,c,z) = Oc, then z = —% +
Yoo _g_f’b’c)i or z = —% +(—¥Y—= _ﬁ.gl’b’c))z'.

(6) If b# 0 and for every z holds Poly2(0,b,¢, z) = Oc, then z = —{.
(7) Let a, b, ¢ be real numbers and z, z1, 2o be elements of C. Suppose
a # 0. Suppose that for every element z of C holds Poly2(a,b,c,z) =
Quard(a, 21, 22, z). Then 2 + 0i = —(21 + 22) and £ + 0i = 21 - 2.
Let z be an element of C. The functor 22 yielding an element of C is defined
by:
(Def. 4) 23 =222
Let a, b, ¢, d be real numbers and let z be an element of C. The functor
Poly;(a, b, c,d, z) yielding an element of C is defined as follows:

(Def. 5) Polys(a,b,e,d,2) =a-23+b-22+c-z+d.

We now state a number of propositions:

(8) (0c)® = 0c.

(9) (1c)® =1c.
(10) (—1¢)3 = —1¢.
(11) R(=3) =R(2)? -3 - R(2) - I(2)? and F(23) = —S(2) + 3 - R(2)2 - S(2).
(12) 1If for every z holds Polys(a, b, c,d, z) = Polys(a’, ¥/, ,d', 2), then a = d

and b=0 and c=c and d =d'.

(13) (z+h)3=23+3-h-22+3-h%2.2+h3

(14) (z-h)3 =23 h3.

(15) If b # 0 and Polys3(0,b,¢,d,2) = Oc and A(b,c,d) > 0, then z =
—ety/Abed) —c—+/A(b,c,d) or »— €

(16) If bz;z 0 and Poly;(0, b, i,bd, z) = Oc and 2Ab(b7 c,d) <0, then z = —55 +
7_3_(;’0’[1)1' or z = —55 + (—7_2_(5’0’@)1'.

(17) If a # 0 and Polys(a,0,¢,0,2) =0 and 4-a- ¢ < 0, then z = ‘/T or
z= _\/F or z = 0.

(18) If @ # 0 and Polys(a,b,c,0,2) = 0 and A(a,b,c) > 0, then z =
“biyvalabe) Worz:_b_gfi(a’b’c)orz:—% or z =0.

(19) If a # 0 and Poly;(a,b,c,0,z) = 0c and A(a,b,c) <0, then z = _Tba +

\/mi or z = _L + (_ V 7A(a>b7c))
2.a 2-a 2-a

1 or z=0c.
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(20) If a >0 and y? = a, then y = v/a or y = —/a.
(21) Suppose a # 0 and Polys(a,0, ¢, d, z) = 0c and I(z) = 0. Let given u, v.
Suppose f(z) =u+v and 3-v-u+ £ =0. Then

(22) Suppose a # 0 and Polys(a,0,¢,d, z) = 0c and I(z) # 0. Let given u, v.
£ > 0. Then

(23) Suppose a # 0 and Polys(a, b, c,d, z) = Oc and I(z) = 0. Let given u, v,
x1. Suppose r1 = §R(z)+3% and R(z) = (u—i—v)—&% and 3-u-v+% =0.
Then
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3<a»d7b»c)2

M = = d (- ()t — Bahe) 1 JOLP T peinya
i’/—(g.ba)3 — dadobe \/(2'(3’1‘)“)3:%)2 + (B )3y — L) 404, or
(i) = = <<§’/ R L

VP«ﬁP—3%§“y+%m“m”fﬁ;”2+ﬁggwﬁ>—gg+oam
(iii) z = ((i/_(?fa):a _ 3-aéfia—2b-c B \/(2-(&)323'“;3”)2 " (3%;,,2)3 .

3 .a-d—b-c (2(55)°+24057)2 e ,
\/_(3.1)(1)3_3 Gi2b _\/ 3 . 3.2 +(3 9.a2b2)3)_%)+02'
(24) If 21 # 0 and Polyl(21, 22,2) = 0, then z = —22.
(25) If 29 # 0, then it is not true that there exists z such that Poly1(0, 22, 2) =
0.

2. CoMPLEX ROOTS OF POLYNOMIAL EQUATION OF DEGREE 2 AND 3 WITH
CoMPLEX COEFFICIENTS

Let us consider zi, 22, z3, 2. The functor CPoly2(z1, 22, 23, z) yields an ele-
ment of C and is defined by:
(Def. 6) CPoly2(z1, 22, 23,2) = 21 - 22 + 22+ 2 + 23.

We now state a number of propositions:

(26) If for every z holds CPoly2(z1, 22, 23, z) = CPoly2(s1, s2, s3, ), then z; =

s1 and z9 = $9 and z3 = s3.
(27) =atVAZib? 5 () anq VeI 5 ()
(28) If 22 = s and S(s) > 0, then 2 =

\/§R(s)+s /R(5)2+3(5)2 \/—?R(s)—i— R(s)2+3(s)2 .
2 + 2

10r z =

R(s)+/R(s)2+3(s)2 —R(s)++/R(5)2+S(s)2\ .
_\fROVROTISE? ([ RO HREPSER)

(29) If 22 = s and S(s) = 0 and R(s) > 0, then z = \/R(s) or z = —/R(s).

(30) If 22 = s and Q(s) = 0 and R(s) < 0, then z = 0+ /—R(s)i or
2 =0+ (—y/—R(s))i.

(31) If 22 = s and 3(s) < 0, then z =

R(s)++/R(s)2+S3(s)2 —R(s R(s)2+S(s)2 .
| ROHVREPHSER | ([ RO REP IR o

_\/§R(s)+\/§)?(s)2+%(s)2 +\/—§R(s)+\/%(s)2+%(s)2.
2 2

1.
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(32) Suppose 22 = s. Then

(i) z:\/ (1 VROPEHSEE | \/ R,
(iii)) =z = \/ (s)+ s)2+ 4 (- \/ R(s)+ ()2+g(s)2)z "
(v) ==—y" S)+V—)2+¢ O /RSOR

( ) CPOIYQ(O(CaO(CaO(Cv ) =0.

(34) 1If 21 # 0 and CPoly2(z1,0¢,Oc, z) = 0, then z = 0.

(35) 1If z; # 0 and CPoly2(z1, 22,0¢, 2) = 0, then z = —j—j or z = 0.
(36)

Suppose z1 # Oc and CPoly2(z1,0c, 23,2) = Oc. Let given s. Suppose
s = —2, Then

L \/ s)+\/§R(5 )2+3(5)2 +\/ R(s)+/R 5)2+J( 2,

) , Or

) a— _\/ +\/27 . (_\/ s)+\/7)
(i) 2= \/ WSH\/W e \/ W) /R

) Z:_\/ER()-F R(s) )2+\/ S)+\/7

(37) Su ppose 21 #0 and CPoly2(zl,22,23, z) = Oc. Let given h, t. Suppose
=(2)2 - B andt= 52 Then

21

R(h)+/R(7)2+3(h)2 —R(h)+/R(h) 2+ (h)2 .

() 2= (yROVROESEE | RO REPSE o

(i) = (_\/§R(h)+\/§)‘t(h)2+%(h)2 (_\/f%(h)+ §R(h)2+9r(h)2)i) tor
)

7, Or

5)2+S5(s)2
R(s) ())

1, Or

2
(i _ (\/%(h +\/2+7% b= \/ (h)+ &ez(h)2+s(h)2)i) Ly
) 2= (oIS | [T AT
Let us consider z1, 29, 23, 24, z. The functor CPoly2(z1, 22, 23, 24, 2) yields
an element of C and is defined as follows:
(Def. 7)  CPoly2(21, 22, 23, 24, 2) = 21 - 22 + 29 - 22 + 23 - 2 + 24.
One can prove the following propositions:

If 22=1,then z=1o0r z = —1.
2

, or

(3
(39) zi=z-z-zand 2z} =2
(
(

00]
~—

3 _ .3
<z and 2y = 2°.

40) If z; # 0 and CPoly2(z1, 22,0¢,Oc, 2) = Oc, then z = —i—f or z =0.
41) Suppose z1 # Oc and CPoly2(z1, Oc, 23,0c, z) = Oc. Let given s. Suppose
s = —;—'f. Then
(i) z=0c,or

(i) z= \/ () VR +\/ Y 2+g(s)2i or
(i) Z:_\/m( s)+ éRé P86 \/ s)-l—\/ 9,

1, Or
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) oo T [T

(42) Suppose z; ;é 0 and CPoly2(z1, 22, 23, 0c, ) = O(C Let given s, h, t.

Suppose s = —2 and h = (5% 21)2 — 2 and t = 5Z. Then
(i) z=0,o0r
(il _ (\/%(h)-&- + \/ h)2+\s( )2 . ) tor

_\/?R(h)—i-\/éR(Qh +(_\/ m(h+ RZLS(h)2 ))—t .

\/§R(h)+ ER(2h)2+$(h)2 n (_\/ R(h)+ 2(h)2+\s( )2)1-) —t, or

2=
2=
2=

v _\/éR(h)—l—\/?R(h)z—i—%(h)? n \/—m(h)+ §R(h)2+3(h)2i) Ly
2 2 :
(43) If z2=5—(3+0i) 21, then 22 = s+ (—(3 +0i)) - 21 - s+ (§ +0i) - 21 2.

)
(44) Ifz = s—(5+0i)-21, then 23 = ((s3—21-5%)+(340i)-212-5)— (5 +0i)- 213
) Suppose CPoly2(1c, 21, 22, 23,2) = Oc. Let given p, ¢, s. Suppose z =
—(340i)-zandp=—(5+0i) - 212+ 2 and ¢ = (£ +0i) - 2> — (3 +
0i) - 21 - 22) + 2z3. Then CPoly2(1¢,Oc,p,q,s) = Oc.
(46) For every element z of C holds |z| - cos Argz + (|z] - sin Arg 2)i = (|2| +
0i) - (cos Arg z + sin Arg zi).

(47) TFor every element z of C and for every natural number n holds 2ttt =

(2) - 2

(48) For every element z of C holds z}; = 2.

(49) For every element z of C holds 23 = z - 2.

(50) For every natural number n such that n > 0 holds 0f = 0.

(51) For all elements x, y of C and for every natural number n holds (z-y)f =

() - y&-

(52) For every real number x such that = > 0 and for every natural number
n holds (z + 09)f = 2™ + 0i.

(53) For every real number x and for every natural number n holds (cosx +
sinzi)f = cos(n - ) + sin(n - x)i.

(54) For every element z of C and for every natural number n such that
2z # Oc or n > 0 holds 2z = |2|™ - cos(n - Argz) + (|z|" - sin(n - Arg 2))i.

(55) For all natural numbers n, k and for every real number z such that n # 0
holds (cos(ZH2TE) 4 gin(ZE2TE )\ — cosz + sin zi.

(56) Let z be an element of C and n, k be natural numbers. If n # 0, then
z = (W . COS(W) + ( W . sin(%))i)ﬁ.

Let z be an element of C and let n be a non empty natural number. An
element of C is called a complex root of n, z if:

(Def. 8) Ity = .
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Next we state several propositions:

(57) Let z be an element of C, n be a non empty natural number, and k be
a natural number. Then {/[z[ - cos(2EZE2TE) 1 (0[] . sin(AB212TRY);
is a complex root of n, z.

(58) For every element z of C and for every complex root v of 1, z holds
v =z,

(59) For every non empty natural number n and for every complex root v of
n, O(C holds v = 0(;.

(60) Let n be a non empty natural number, z be an element of C, and v be
a complex root of n, z. If v = O¢, then z = O¢.

(61) Let n be a non empty natural number and k be a natural number. Then
cos(%) + sin(%)i is a complex root of n, 1c.
(62) For every natural number & holds cos(y) + sin(y)i is a complex

root of 3, 1¢.

(63) For all elements z, s of C and for every natural number n such that s # 0
and z # 0 and n > 1 and sf; = z{ holds |s| = |z|.
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Summary. In this article, we introduce the notion of complex linear space
and complex normed space.

MML Identifier: CLVECT_1.

The articles [16], [7], [18], [1], [14], [13], [15], [8], [19], [4], [5], [2], [11], [17], [6],
[10], [9], [3], and [12] provide the terminology and notation for this paper.

1. COMPLEX LINEAR SPACE

We consider CLS structures as extensions of loop structure as systems

( a carrier, a zero, an addition, an external multiplication ),
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, and the external multiplication is a function
from [ C, the carrier | into the carrier.

Let us observe that there exists a CLS structure which is non empty.

Let V be a CLS structure. A vector of V is an element of V.

Let V' be a non empty CLS structure, let v be a vector of V', and let z be a
Complex. The functor z - v yielding an element of V is defined as follows:

(Def. 1) z-v = (the external multiplication of V)({z, v)).

Let Z; be a non empty set, let O be an element of Z;, let ' be a binary
operation on Zp, and let G be a function from [ C, Z; ] into Z;. One can verify
that (71,0, F,G) is non empty.

Let I; be a non empty CLS structure. We say that I; is complex linear
space-like if and only if the conditions (Def. 2) are satisfied.

@ 2004 University of Bialystok
93 ISSN 1426-2630
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(Def. 2)(i)  For every Complex z and for all vectors v, w of I} holds z- (v +w) =
z-v+z-w,
(ii)  for all Complexes 21, 22 and for every vector v of I; holds (21 + 22) -v =
Z1-v+ 290,

(ili)  for all Complexes z1, z2 and for every vector v of I; holds (z1 - z2) - v =
21+ (z2-v), and

(iv)  for every vector v of I holds 1¢ - v = v.

Let us observe that there exists a non empty CLS structure which is non
empty, strict, Abelian, add-associative, right zeroed, right complementable, and
complex linear space-like.

A complex linear space is an Abelian add-associative right zeroed right com-
plementable complex linear space-like non empty CLS structure.

One can prove the following proposition

(1) Let V be a non empty CLS structure. Suppose that for all vectors v,
w of V holds v + w = w + v and for all vectors u, v, w of V holds
(u4v)+w =u+ (v+w) and for every vector v of V holds v+ 0y = v and
for every vector v of V' there exists a vector w of V such that v +w = Oy
and for every Complex z and for all vectors v, w of V holds z - (v 4+ w) =
z-v+ z-w and for all Complexes 21, 29 and for every vector v of V holds
(21 + 22) v = 21 - v + 22 - v and for all Complexes z;, z2 and for every
vector v of V holds (21 - 22) - v = 21 - (22 - v) and for every vector v of V
holds 1¢ - v = v. Then V is a complex linear space.

We adopt the following convention: V', X, Y are complex linear spaces, u,
v, v1, V2 are vectors of V', and z, z1, z5 are Complexes.
The following propositions are true:

2) If z=0c or v =0y, then z-v = 0y.
3) If z-v =0y, then z =0¢ or v =_0y.
4) —v=(—1¢) v.

5) If v = —wv, then v = Oy.

If v +v = 0y, then v = Oy

o
~— Y N Y N N N~ N

z-—v=(-2)-v.

Ze—U=—2Z" 0.

e I e e e e
=) D

(—z) - —v=12z"-.

[
o

z-(v—u)=z-v—2z-u.

[y
—_

(21 —22) - v=121-V— 29 V.

Ifz#0and z-v =z u, then v = u.

—
w

If v#£0y and z1 - v = 29 - v, then z; = 25.

~~ o~~~ —~
—_ —_
e~ [\]

Let F', G be finite sequences of elements of the carrier of V. Suppose
len F' = len G and for every natural number k& and for every vector v of V
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such that k¥ € dom F and v = G(k) holds F'(k) = z-v. Then > F = z-)_ G.
(15) 2 > (E(the carrier of v)) = Ov-.

(16) z-> (v,u)=z-v+z-u.

(17) z-> (u,vi,v2) =z -u+2z-v1 + 2 V2.

(18) > (v,v) = (24 0i) - .

(19) > (—v,—v) =(=2+0i) - v.

(20) > (v,v,v) = (3+0i) - v.

2. SUBSPACE AND COSETS OF SUBSPACES IN COMPLEX LINEAR SPACE

In the sequel Vi, V5, V3 are subsets of V.
Let us consider V', V. We say that V; is linearly closed if and only if the
conditions (Def. 3) are satisfied.
(Def. 3)(i) For all vectors v, u of V' such that v € V; and u € V; holds v+u € Vi,
and
(ii)  for every Complex z and for every vector v of V' such that v € V; holds
z-v€EV.
Next we state several propositions:
(21) 1If V4 # 0 and V; is linearly closed, then Oy € V4.
(22) If V; is linearly closed, then for every vector v of V' such that v € V;
holds —v € V.
(23) If Vi is linearly closed, then for all vectors v, u of V' such that v € V}
and u € V] holds v —u € V7.
(24) {0y} is linearly closed.
(25) If the carrier of V = Vi, then V; is linearly closed.
(26) If V; is linearly closed and V5 is linearly closed and V3 = {v 4+ u : v €
Vi A u € Va}, then V3 is linearly closed.
(27) If Vj is linearly closed and V5 is linearly closed, then Vj N V4 is linearly
closed.
Let us consider V. A complex linear space is said to be a subspace of V' if it
satisfies the conditions (Def. 4).
(Def. 4)(1)  The carrier of it C the carrier of V,
(ii)  the zero of it = the zero of V,
(iii)  the addition of it = (the addition of V')[} the carrier of it, the carrier
of it ], and
(iv)  the external multiplication of it = (the external multiplication of
V)| C, the carrier of it ].
We use the following convention: W, Wi, Wy denote subspaces of V, x
denotes a set, and w, wi, we denote vectors of W.
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We now state a number of propositions:

N
S

IfueW and v e W, then u+v € W.
Ifve W, then z-veW.
If v € W, then —v € W.
IfueW and v € W, then u—v € W.

In the sequel D denotes a non empty set, d; denotes an element of D, A
denotes a binary operation on D, and M denotes a function from [ C, D ] into
D.

Next we state several propositions:

(44) Suppose Vi = D and d; = Oy and A = (the addition of V')[[ V1, V1 ] and
M = (the external multiplication of V)[} C, V1 ]. Then (D,d;, A, M) is a
subspace of V.

(45) V is a subspace of V.

(46) Let V, X be strict complex linear spaces. If V' is a subspace of X and
X is a subspace of V, then V = X.

(47) If V is a subspace of X and X is a subspace of Y, then V' is a subspace
of Y.

(48) If the carrier of Wy C the carrier of W, then Wi is a subspace of Wha.

(49) If for every v such that v € Wj holds v € W, then W is a subspace of
Wa.

Let us consider V. Observe that there exists a subspace of V' which is strict.

TN
N

(28) If x € Wy and W is a subspace of Wa, then = € Wh.
(29) Ifx € W, thenz e V.

(30) w is a vector of V.

(31) Ow = Oy

(32) Oy = Oqura)-

(33) If wy = v and we = u, then wy + we = v + w.
(34) Ifw=w, then z-w=z-v.

(35) If w=v, then —v = —w.

(36) If w; = v and wy = u, then w; —wy = v — w.
(37) Oy € W.

(38) Owy) € W

(39) Ow e V.

(40)

(41)

(42)

(

=~
w
N—

The following propositions are true:
(50) For all strict subspaces Wi, Wa of V' such that the carrier of W; = the
carrier of W5 holds Wy = Whs.
(51) For all strict subspaces W1, Wy of V' such that for every v holds v € W)
iff ve W5 holds W7 = Wh.
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(52) Let V be a strict complex linear space and W be a strict subspace of V.
If the carrier of W = the carrier of V', then W = V.

(53) Let V be a strict complex linear space and W be a strict subspace of V.
If for every vector v of V holds v € W if v € V|, then W = V.

(54) If the carrier of W = Vi, then V; is linearly closed.

(55) If V5 # 0 and V; is linearly closed, then there exists a strict subspace W
of V such that V; = the carrier of W.

Let us consider V. The functor Oy yields a strict subspace of V and is defined
by:
(Def. 5) The carrier of Oy = {0y }.

Let us consider V. The functor €y yields a strict subspace of V and is
defined as follows:

(Def. 6) Qy = the CLS structure of V.

We now state several propositions:
56
57
58
59
60
61

Let us consider V and let us consider v, W. The functor v + W yielding a
subset of V' is defined by:

(Def. 7) v+W={v+u:ueW}
Let us consider V' and let us consider W. A subset of V is called a coset of
W if:
(Def. 8) There exists v such that it = v+ W.

In the sequel B, C' denote cosets of W.
The following propositions are true:

Ow = Oy

Ow) = Oqwa).

Oy is a subspace of V.
Oy is a subspace of W.
O(w,) is a subspace of Wa.

(
(
(
(
(
(

~— — — ' ~— ~—

Every strict complex linear space V is a subspace of 2y .

62) Oy ev+WifveW.

63) vev+ W.

64) Oy + W = the carrier of W.
65) v+ 0y = {v}.

D
(=2}

v + Qy = the carrier of V.

Oy € v+ W iff v+ W = the carrier of W.

v € W iff v + W = the carrier of W.

If v € W, then z - v+ W = the carrier of W.

If 2 #0¢c and z - v+ W = the carrier of W, then v € W.
v €W iff —v+ W = the carrier of W.

N O O O
S © oo
NN N N NED S N N N N

/\A,_\AA/\/_\,_\,_\/_\
—_
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) ueWif v+W =v+u+W.
) veWifo+W=(v—u)+W.
) veu+Wifu+W =v+W.
) v+W=—v4+Wiffvel
) fuewvy+W and u € vg + W, then v1 + W = vg + W.
) fuev+Wandue —v+ W, thenv e W.
) Ifz#1cand z-v € v+ W, then v e W.
) IfveW, then z-vev+W.
) —vev+WiffveW.
81) ut+vev+Wiff ueW.
) v—uev+Wiffue W
) u € v+ W iff there exists v1 such that vy € W and u = v + vy.
) u € v+ W iff there exists v1 such that vy € W and u = v — vy.
) There exists v such that v1 € v+ W and vo € v+ W iff v; — vy € W.
) If v+ W = u+ W, then there exists v such that v; € W and v+v; = u.
) If v+ W = u+ W, then there exists v; such that v; € W and v —v; = u.
) For all strict subspaces Wy, Wy of V holds v+ W = v+ Ws iff Wy = Wi,
)

For all strict subspaces W7, Wy of V' such that v + W7 = u + W5 holds
Wi = Whs.

(90) C is linearly closed iff C' = the carrier of W.

(91) For all strict subspaces Wi, Wa of V' and for every coset Cy of W; and
for every coset C of Wy such that C; = C9 holds W7, = Wh.

) {v} is a coset of Oy .
) If V7 is a coset of Oy, then there exists v such that V; = {v}.
) The carrier of W is a coset of W.
) The carrier of V' is a coset of Qy.
) If V1 is a coset of Qy, then V; = the carrier of V.
97) 0Oy € C iff C = the carrier of W.
) ueCiftC=u+W.
) Ifu € Cand v € C, then there exists vy such that v; € W and u+v; = v.
) Ifu e Cand v € C, then there exists vy such that v; € W and u—v; = v.
) There exists C such that v; € C and vy € C iff v; — vy € W.
) Ifue BandueC,then B=C.
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3. CoMPLEX NORMED SPACE

We consider complex normed space structures as extensions of CLS structure
as systems

( a carrier, a zero, an addition, an external multiplication, a norm ),
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, the external multiplication is a function from
t C, the carrier ] into the carrier, and the norm is a function from the carrier
into R.

Let us mention that there exists a complex normed space structure which is
non empty.

In the sequel X is a non empty complex normed space structure and z is a
point of X.

Let us consider X, z. The functor ||z| yielding a real number is defined by:

(Def. 9)  ||z|| = (the norm of X)(x).

Let I} be a non empty complex normed space structure. We say that I is
complex normed space-like if and only if:

(Def. 10) For all points x, y of I} and for every z holds |z|| = 0 iff z = 0,y and
Iz - 2| = |2| - [lz]| and ||z 4 y[| < [[=]| + |ly-

One can verify that there exists a non empty complex normed space structure
which is complex normed space-like, complex linear space-like, Abelian, add-
associative, right zeroed, right complementable, and strict.

A complex normed space is a complex normed space-like complex linear
space-like Abelian add-associative right zeroed right complementable non empty
complex normed space structure.

We follow the rules: ('3 is a complex normed space and z, y, w, g are points

of Cs.
The following propositions are true:
103) HO(Cs)” =0.
=z =[]
lz =yl <=l + llyll-
0< |-
l21 - @+ 22 - yl| < za| - [l2]| + [22] - [[y]]-
|z —yl| =0iff z = y.
lz —yll = lly — |
]l = Iyl < llz = yll.
izl =1yl < llz = yll-
o —wl| < lz =yl + [y — wl.
If x # y, then ||z — y|| # 0.

—_ =
o O O O O
o J O Ot

e N N N N e N e N N
—_ = = =
— = = O
N = O O

N N e e e N N N N N

—_
—_
w
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We adopt the following rules: S, S, Sa are sequences of C'3, n, m are natural
numbers, and r is a real number.

One can prove the following proposition
(114) There exists S such that tng S = {0}

In this article we present several logical schemes. The scheme ExCNSSeq
deals with a complex normed space A and a unary functor F yielding a point
of A, and states that:

There exists a sequence S of A such that for every n holds S(n) =
F(n)
for all values of the parameters.

The scheme ExCLSSeq deals with a complex linear space A and a unary
functor F yielding an element of A, and states that:

There exists a sequence S of A such that for every n holds S(n) =
F(n)
for all values of the parameters.

Let C3 be a complex linear space and let S7, So be sequences of C3. The

functor S7 + 5o yielding a sequence of C5 is defined by:
(Def. 11) For every n holds (S1 4+ S2)(n) = S1(n) + Sa(n).

Let C35 be a complex linear space and let S1, So be sequences of C3. The

functor S7 — 5o yielding a sequence of C'5 is defined by:
(Def. 12)  For every n holds (51 — S2)(n) = Si(n) — Sa(n).

Let C3 be a complex linear space, let S be a sequence of C3, and let x be an

element of Cs. The functor S — x yielding a sequence of (3 is defined by:
(Def. 13) For every n holds (S — z)(n) = S(n) — .

Let ('3 be a complex linear space, let S be a sequence of C3, and let us

consider z. The functor z - S yields a sequence of C3 and is defined as follows:
(Def. 14) For every n holds (z-S)(n) =z - S(n).

Let us consider Cs and let us consider S. We say that S is convergent if and

only if:
(Def. 15) There exists g such that for every r such that 0 < r there exists m such
that for every n such that m < n holds [|S(n) —g|| <.
The following four propositions are true:
115) If Sy is convergent and So is convergent, then S; + Sy is convergent.
116) If Sp is convergent and So is convergent, then S; — Sy is convergent.
117) If S is convergent, then S — x is convergent.
118) If S is convergent, then z - S is convergent.

Let us consider C5 and let us consider S. The functor ||S|| yielding a sequence
of real numbers is defined as follows:

(Def. 16) For every n holds ||S||(n) = ||S(n)]].
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The following proposition is true
(119) If S is convergent, then ||.S] is convergent.

Let us consider C'5 and let us consider S. Let us assume that S is convergent.
The functor lim S yields a point of C'5 and is defined as follows:

(Def. 17) For every r such that 0 < r there exists m such that for every n such
that m < n holds ||S(n) — lim S| < r.

The following propositions are true:

(120) If S is convergent and lim S = g, then ||S — g|| is convergent and lim||S —

gl =o.

(121) If S; is convergent and Sy is convergent, then lim(S; + S2) = lim S +
lim SQ.

(122) 1If S; is convergent and Sy is convergent, then lim(S; — S3) = lim Sy —
lim SQ.

(123) If S is convergent, then lim(S — z) =lim S — z.
(124) If S is convergent, then lim(z - S) = z-lim S.
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Let X be a non empty set and let f, g be elements of X*X. Then ¢ - f is an
element of XX,

One can prove the following propositions:

(1) Let X,Y, Z be real linear spaces, f be a linear operator from X into Y,
and g be a linear operator from Y into Z. Then g - f is a linear operator
from X into Z.

(2) Let X,Y, Z be real normed spaces, f be a bounded linear operator from
X into Y, and g be a bounded linear operator from Y into Z. Then
(i) g- f is a bounded linear operator from X into Z, and
(ii) for every vector z of X holds ||(g- f)(z)| < (BdLinOpsNorm(Y, Z))(g)-
(BALinOpsNorm(X,Y))(f) - |lz]] and (BdLinOpsNorm(X,Z))(g - f) <
(BdLinOpsNorm(Y, Z))(g) - (BdLinOpsNorm (X, Y))(f)-
Let X be a real normed space and let f, g be bounded linear operators from
X into X. Then g - f is a bounded linear operator from X into X.
Let X be a real normed space and let f, g be elements of BdLinOps(X, X).
The functor f+g¢ yields an element of BdLinOps(X, X) and is defined as follows:
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(Def. 1)  f+ g = (Add_(BdLinOps(X, X),
RVectorSpaceOfLinearOperators(X, X)))(f, g).
Let X be a real normed space and let f, g be elements of BdLinOps(X, X).
The functor g - f yielding an element of BALinOps(X, X) is defined as follows:
(Def. 2) ¢ - f =modetrans(g, X, X) - modetrans(f, X, X).

Let X be a real normed space, let f be an element of BdLinOps(X, X), and
let a be a real number. The functor a - f yields an element of BdLinOps(X, X)
and is defined by:
(Def. 3) a- f = (Mult_(BdLinOps(X, X),
RVectorSpaceOfLinearOperators(X, X)))(a, f).
Let X be a real normed space. The functor FuncMult(X) yielding a binary
operation on BdLinOps(X, X) is defined as follows:
(Def. 4) For all elements f, g of BALinOps(X, X) holds (FuncMult(X))(f, g) =
f-g
The following proposition is true
(3) For every real normed space X holds idthe carrier of X 1S @ bounded linear
operator from X into X.

Let X be a real normed space. The functor FuncUnit(X) yields an element
of BALinOps(X, X) and is defined as follows:
(Def 5) FunCUnlt(X) — idthe carrier of X -
One can prove the following propositions:

(4) Let X be a real normed space and f, g, h be bounded linear operators
from X into X. Then h = f - ¢ if and only if for every vector z of X holds
h(z) = f(g(x)).

(5) For every real normed space X and for all bounded linear operators f,
g, h from X into X holds f-(g-h)=(f-g) - h.

(6) Let X be a real normed space and f be a bounded linear operator from
X into X. Then f : idthe carrier of X = f and idthe carrier of X * f = f

(7) For every real normed space X and for all elements f, g, h of
BdLinOps(X, X) holds f-(g-h) = (f-g) - h.

(8) For every real normed space X and for every element f of
BdLinOps(X, X) holds f - FuncUnit(X) = f and FuncUnit(X) - f = f.

(9) For every real normed space X and for all elements f, g, h of
BdLinOps(X, X) holds f-(9+h)=f-g+ f-h.

(10) For every real normed space X and for all elements f, g, h of
BdLinOps(X, X) holds (¢+h)-f=g-f+h-f.

(11) Let X be a real normed space, f, g be elements of BdLinOps(X, X), and
a, b be real numbers. Then (a-b)-(f-g)=a-f-(b-g).
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(12) For every real normed space X and for all elements f, g of
BdLinOps(X, X) and for every real number a holds a- (f-g) = (a- f)-g.
Let X be a real normed space. The functor RingOfBoundedLinearOperators(X)
yielding a double loop structure is defined as follows:

(Def. 6) RingOfBoundedLinearOperators(X) = (BdLinOps(X, X ), Add_(BdLinOps
(X, X), RVectorSpaceOfLinearOperators(X, X)), FuncMult(X ), FuncUnit(X),
Zero_(BdLinOps(X, X), RVectorSpaceOfLinearOperators(X, X))).

Let X be a real normed space. Observe that RingOfBoundedLinearOperators(X)
is non empty and strict.

One can prove the following propositions:

(13) Let X be a real normed space and =z, y, z be elements of
RingOfBoundedLinearOperators(X). Then =z +y = y + « and (z +
y)+2z=x+(y+2) and z + 0RingOfBoundedLinearOperators(X) = z and
there exists an element ¢t of RingOfBoundedLinearOperators(X ) such that
r+1 = ORingOfBoundedLinearOperators(X) and (I ’ y) e =X (y ’ Z) and
€ - 1RingOfBoundedLinearOperators(X) = x and 1RingOfBoundedLinearOperators(X) )
r=zandz-(y+z2)=z-y+x-zand (y+2)-z=y-x+z-z.

(14) For every real normed space X holds RingOfBoundedLinearOperators(X)
is a ring.

Let X be a real normed space. Note that RingOfBoundedLinearOperators(X)
is Abelian, add-associative, right zeroed, right complementable, associative, left
unital, right unital, and distributive.

Let X be a real normed space.

The functor RAlgebraOfBoundedLinearOperators(X) yielding an algebra
structure is defined as follows:

(Def. 7) RAlgebraOfBoundedLinearOperators(X) = (BdLinOps(X, X),
FuncMult(X), Add_(BdLinOps(X, X ), RVectorSpaceOfLinearOperators

(X, X)), Mult_(BdLinOps(X, X ), RVectorSpaceOfLinearOperators(X, X)),
FuncUnit(X), Zero_(BdLinOps(X, X), RVectorSpaceOfLinearOperators
(X, X))).

Let X be a real normed space.

Observe that RAlgebraOfBoundedLinearOperators(X) is non empty and
strict.

Next we state the proposition

(15) Let X be a real normed space, z, y, z be elements of
RAlgebraOfBoundedLinearOperators(X), and a, b be real numbers.
Then z +y = y+ 2 and (x + y) + 2 = x + (y + 2)

and z + ORAlgebraOfBoundedLinearOperators(X) = z and there exists
an element t of RAlgebraOfBoundedLinearOperators(X) such that

r + t = ORAlgebraOfBoundedLinearOperators(X) and (.’L‘ ’ y) TR =
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€T - (y ’ Z) and = - 1RAlgebraOfBoundedLinearOperators(X) = =z and
1RAlgebraOfBoundedLinearOperators(X) ~x=x and x - (y + Z) =x-y+x-zand
(y+z)-x=y-x+z-xanda-(x-y) = (a-x)-yand a-(r+y) = a-x+a-y and
(a+b)-x =a-x+b-x and (a-b)-x =a-(b-z) and (a-b)-(z-y) =a-x-(b-y).
A BL algebra is an Abelian add-associative right zeroed right complemen-
table associative algebra-like non empty algebra structure.
The following proposition is true

(16) For every real normed space X holds
RAlgebraOfBoundedLinearOperators(X) is a BL algebra.

One can check that 11-Space is complete.

Let us mention that 11-Space is non trivial.

One can verify that there exists a real Banach space which is non trivial.

One can prove the following propositions:

(17) For every non trivial real normed space X there exists a vector w of X
such that ||w| = 1.
(18) For every non trivial real normed space X holds (BdLinOpsNorm(X, X))
(idthe carrier of X) =1.

We introduce normed algebra structures which are extensions of algebra
structure and normed structure and are systems

( a carrier, a multiplication, an addition, an external multiplication, a unity,
a zero, a norm ),
where the carrier is a set, the multiplication and the addition are binary ope-
rations on the carrier, the external multiplication is a function from [ R, the
carrier ] into the carrier, the unity and the zero are elements of the carrier, and
the norm is a function from the carrier into R.

Let us mention that there exists a normed algebra structure which is non
empty.

Let X be a real normed space.

The functor RNormedAlgebraOfBoundedLinearOperators(X) yields a nor-
med algebra structure and is defined by:

(Def. 8) RNormedAlgebraOfBoundedLinearOperators(X) = (BdLinOps(X, X),
FuncMult(X'), Add_(BdLinOps(X, X), RVectorSpaceOfLinearOperators
(X, X)), Mult_(BdLinOps(X, X ), RVectorSpaceOfLinearOperators(X, X)),
FuncUnit(X ), Zero_(BdLinOps(X, X ), RVectorSpaceOfLinearOperators
(X, X)), BdLinOpsNorm(X, X)).
Let X be a real normed space. One can verify that
RNormedAlgebraOfBoundedLinearOperators(X ) is non empty and strict.
Next we state two propositions:
(19) Let X be a real normed space, z, y, z be elements of
RNormedAlgebraOfBoundedLinearOperators(X ), and a, b be real num-
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bers. Then  +y = y+ 2z and (x +y) + 2 = = + (y + z) and
T + ORNormedAlgebraOfBoundedLinearOperators(X) = z and there exists an
element t of RNormedAlgebraOfBoundedLinearOperators(X) such that
T+t = ORNormedAlgebraOfBoundedLinearOperators(X) and ($ ’ y) TZ2 =
€T - (y ’ Z) and x - 1RNormedAlgebraOfBoundedLinearOperators(X) = x and
1RNormedAlgebraOfBoundedLinearOperators(X) x =z and x- (y + Z) =x-Yyt+tx-z
and (y+z2)-x = y-x+z-xand a-(z-y) = (a-x)-y and (a-b)-(x-y) = a-z-(b-y)
and a-(z+vy) = a-x+a-yand (a+b)-x =a-x+b-z and (a-b)-z = a-(b-x)
and 1-z ==z.
(20) Let X be a real normed space.

Then RNormedAlgebraOfBoundedLinearOperators(X) is real normed
space-like, Abelian, add-associative, right zeroed, right complementable,
associative, algebra-like, and real linear space-like.

Let us observe that there exists a non empty normed algebra structure which
is real normed space-like, Abelian, add-associative, right zeroed, right comple-
mentable, associative, algebra-like, real linear space-like, and strict.

A normed algebra is a real normed space-like Abelian add-associative right
zeroed right complementable associative algebra-like real linear space-like non
empty normed algebra structure.

Let X be a real normed space.

Observe that RNormedAlgebraOfBoundedLinearOperators(X) is real nor-
med space-like, Abelian, add-associative, right zeroed, right complementable,
associative, algebra-like, and real linear space-like.

Let X be a non empty normed algebra structure. We say that X is Banach
Algebra-likel if and only if:

(Def. 9) For all elements z, y of X holds ||z - y|| < ||z - ||ly]|-
We say that X is Banach Algebra-like2 if and only if:
(Def. 10) |1x]| = 1.
We say that X is Banach Algebra-like3 if and only if:

(Def. 11) For every real number a and for all elements z, y of X holds a- (z-y) =
x-(a-y).

Let X be a normed algebra. We say that X is Banach Algebra-like if and
only if the condition (Def. 12) is satisfied.

(Def. 12) X is Banach Algebra-likel, Banach Algebra-like2, Banach Algebra-like3,
left unital, left distributive, and complete.

Let us mention that every normed algebra which is Banach Algebra-like
is also Banach Algebra-likel, Banach Algebra-like2, Banach Algebra-like3, left
distributive, left unital, and complete and every normed algebra which is Banach
Algebra-likel, Banach Algebra-like2, Banach Algebra-like3, left distributive, left
unital, and complete is also Banach Algebra-like.
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Let X be a non trivial real Banach space.

Note that RNormedAlgebraOfBoundedLinearOperators(X) is Banach
Algebra-like.

One can verify that there exists a normed algebra which is Banach Algebra-
like.

A Banach algebra is a Banach Algebra-like normed algebra.
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MML Identifier: CSSPACE.

The notation and terminology used here are introduced in the following papers:
[18], [21], [22], [17], [5], [6], [10], (3], [7], [16], [9], [12], [19], [4], [1], [11], [15], [14],
[2], [20], [13], and [8].

1. LINEAR SPACE OF COMPLEX SEQUENCE

The non empty set the set of complex sequences is defined by:
(Def. 1) For every set x holds z € the set of complex sequences iff x is a complex
sequence.
Let z be a set. Let us assume that z € the set of complex sequences. The
functor idgeq(2) yields a complex sequence and is defined by:
(Def. 2)  idgeq(2) = 2.
Let z be a set. Let us assume that z € C. The functor idc(z) yielding a
Complex is defined by:
(Def. 3) idc(z) = =.
One can prove the following propositions:
(1) There exists a binary operation A; on the set of complex sequences such
that
(i) for all elements a, b of the set of complex sequences holds 4;(a, b) =
idgeq(a) + idseq(b), and
(ii)  A; is commutative and associative.
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(2) There exists a function f from [ C, the set of complex sequences] into
the set of complex sequences such that for all sets r, z if r € C and x € the
set of complex sequences, then f({(r, x)) = idc(r) idseq().

The binary operation addseq on the set of complex sequences is defined as
follows:
(Def. 4) For all elements a, b of the set of complex sequences holds addseq(a,
b) = idseq(a) + idseq(b).
The function multseq from [ C, the set of complex sequences ] into the set of
complex sequences is defined as follows:
(Def. 5) For all sets z, x such that z € C and x € the set of complex sequences
holds multgeq((z, z)) = idc(z) idseq(z).
The element CZeroseq of the set of complex sequences is defined by:
(Def. 6) For every natural number n holds (idseq(CZeroseq))(n) = Oc.
One can prove the following propositions:

(3) For every complex sequence z holds idseq(z) = .

(4) For all vectors v, w of (the set of complex sequences, CZeroseq, addscq,
multgeq) holds v + w = idgeq(v) + idseq(w).

(5) For every Complex z and for every vector v of (the set of complex
sequences, CZeroseq, addgeq, Multseq) holds z - v = 2 idgeq(v).

One can check that (the set of complex sequences, CZeroseq, addseq, multseq)
is Abelian.
Next we state several propositions:

(6) For all vectors u, v, w of (the set of complex sequences, CZeroseq, addseq,
multgeq) holds (u+v) +w =u+ (v+w).

(7) For every vector v of (the set of complex sequences, CZeroseq, addseq,
mUltseq> holds v + O(the set of complex sequences,CZeroseq,addgeq,multseq) — U-

(8) Let v be a vector of (the set of complex sequences, CZeroseq, addseq;
multgeq). Then there exists a vector w of (the set of complex
sequences, CZeroseq, addseq, multgeq) such that v +w =
O(the set of complex sequences,CZeroseq,addseq,multseq)*

(9) For every Complex z and for all vectors v, w of (the set of complex
sequences, CZeroseq, addgeq, Multgeq) holds z - (v+w) =z v+ 2z - w.

(10) For all Complexes 21, 22 and for every vector v of (the set of complex
sequences, CZeroseq, addgeq, Multseq) holds (21 + 22) - v =21 - v+ 22 - v.

(11) For all Complexes z1, z2 and for every vector v of (the set of complex
sequences, CZeroseq, addseq, Multseq) holds (z1 - 22) - v = 21 - (22 - v).

(12) For every vector v of (the set of complex sequences, CZeroseq, addseq,
multgeq) holds 1¢ - v = v.
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The complex linear space the linear space of complex sequences is defined
as follows:

(Def. 7) The linear space of complex sequences = (the set of complex
sequences, CZeroseq, addseq, Multseq)-

Let X be a complex linear space and let X; be a subset of X. Let us assume
that X is linearly closed and non empty. The functor Add_ (X, X) yields a
binary operation on X; and is defined by:

(Def. 8) Add_(X1, X) = (the addition of X)[[ X1, X7 ].
Let X be a complex linear space and let X; be a subset of X. Let us assume

that X is linearly closed and non empty. The functor Mult_(X7, X) yields a
function from [ C, X; ] into X; and is defined as follows:

(Def. 9) Mult_(X;, X) = (the external multiplication of X)[[C, X7 .

Let X be a complex linear space and let X; be a subset of X. Let us assume
that X is linearly closed and non empty. The functor Zero_(X1, X) yielding an
element of X is defined by:

(Def. 10) Zero_(X;,X) = 0x.
One can prove the following proposition

(13) Let V be a complex linear space and Vj be a subset of V. Suppose V] is
linearly closed and non empty. Then (Vi, Zero_(V1,V), Add_(V4,V),
Mult_(V4,V)) is a subspace of V.

The subset the set of 12-complex sequences of the linear space of complex
sequences is defined by the conditions (Def. 11).

(Def. 11)(i)  The set of 12-complex sequences is non empty, and

(ii)  for every set x holds x € the set of 12-complex sequences iff = € the set
of complex sequences and |idgseq ()| | idseq(x)| is summable.

One can prove the following propositions:

(14) The set of 12-complex sequences is linearly closed and the set of 12-
complex sequences is non empty.

(15) (the set of 12-complex sequences,Zero_(the set of 12-complex
sequences, the linear space of complex sequences), Add_(the set of 12-
complex sequences, the linear space of complex sequences), Mult_(the set
of 12-complex sequences, the linear space of complex sequences)) is a sub-
space of the linear space of complex sequences.

(16) (the set of 12-complex sequences,Zero_(the set of 12-complex
sequences, the linear space of complex sequences), Add_(the set of 12-
complex sequences, the linear space of complex sequences), Mult_(the set of
12-complex sequences, the linear space of complex sequences)) is a complex
linear space.
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(17)(i)  The carrier of the linear space of complex sequences = the set of
complex sequences,
(ii)  for every set x holds z is an element of the linear space of complex
sequences iff x is a complex sequence,
(ili)  for every set x holds x is a vector of the linear space of complex sequ-
ences iff z is a complex sequence,
(iv)  for every vector u of the linear space of complex sequences holds u =
i (1),
(v)  for all vectors u, v of the linear space of complex sequences holds
U+ v = idgeq (1) + idseq(v), and
(vi) for every Complex z and for every vector u of the linear space of complex
sequences holds z - u = 2 idgeq(u).

2. UNITARY SPACE WITH COMPLEX COEFFICIENT

We introduce complex unitary space structures which are extensions of CLS
structure and are systems

( a carrier, a zero, an addition, an external multiplication, a scalar product
)
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, the external multiplication is a function from
E C, the carrier ] into the carrier, and the scalar product is a function from [ the
carrier, the carrier | into C.

Let us note that there exists a complex unitary space structure which is non
empty and strict.

Let D be a non empty set, let Z be an element of D, let a be a binary
operation on D, let m be a function from [ C, D ] into D, and let s be a function
from [ D, D] into C. Note that (D, Z,a,m, s) is non empty.

We adopt the following rules: X is a non empty complex unitary space
structure, a, b are Complexes, and x, y are points of X.

Let us consider X and let us consider z, y. The functor (x|y) yields a Complex
and is defined by:

(Def. 12) (z|y) = (the scalar product of X)({z, y)).

Let I} be a non empty complex unitary space structure. We say that I is
complex unitary space-like if and only if the condition (Def. 13) is satisfied.
(Def. 13) Let z, y, w be points of I; and given a. Then (z|z) = 0 iff # = 0(p))

and 0 < R((z|x)) and 0 = I((z|z)) and (z|y) = (y|z) and ((z + y)|w) =
(z|lw) + (y|w) and ((a - z)|y) = a- (z[y).
Let us note that there exists a non empty complex unitary space structure
which is complex unitary space-like, complex linear space-like, Abelian, add-
associative, right zeroed, right complementable, and strict.
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A complex unitary space is a complex unitary space-like complex linear

space-like Abelian add-associative right zeroed right complementable non empty

complex unitary space structure.

We use the following convention: X is a complex unitary space and z, vy, z,

u, v are points of X.

Next we state a number of propositions:
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(0x|0x) = 0.

(a-z)ly) = (z|(a -

(a-z+b-y)lz) =a-(z[2) +b- (y|2).
zl(a-y+b-2))=a-(zly) + b - (z]2).
(—2)ly) = (z]—y)

(—2)ly) = —(zy)

z|—y) = —(=|y)

—z)|-y) = (z|y)

zl(y — 2)) = (zly) — (z[2).

(@ = y)l(u—v)) = ((z[u) = (2[v) = (y|v)) + (y|v).
Ox|z) = 0.

z|0x) = 0.

(@ +y)l(z+y)) = (zlz) + (z|y) + (yl2) + (yly).

(@ + Yl —y) = (((z|lz) — (z[y)) + (yl2)) — (yly)-
(z =yl —y)) = ((z[x) = (z]y) — (ylz)) + (y[y).

@l < VI(zl)] - /I (yly)l-

Let us consider X and let us consider z, y. We say that x, y are orthogonal

if and only if:

(Def. 14)

(z[y) = 0.

Let us note that the predicate x, y are orthogonal is symmetric.
We now state several propositions:

38

W
(e}

If z, y are orthogonal, then x, —y are orthogonal.

If x, y are orthogonal, then —z, y are orthogonal.

If 2, y are orthogonal, then —z, —y are orthogonal.

x, 0x are orthogonal.

If z, y are orthogonal, then ((z + y)|(z +y)) = (z|x) + (y|y).
If z, y are orthogonal, then ((z — y)|(z —y)) = (z|x) + (y|y)-

113
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Let us consider X, x. The functor ||z|| yields a real number and is defined
as follows:
(Def. 15)  [[z]| = /|(z|z)].
We now state several propositions:
(44) ||z =0iff z = 0x.
(45) la-z[| = |a] - [|z].
(46) 0 < [|z|.
(47 |yl <z - [yl
(48) lz+yll <zl + [lyll-
(49)
(50)
(51)

5

=l = =]
)l = llyll < fl = yl|
[zl = 1lylll < llz = yll-

Let us consider X, x, y. The functor p(z,y) yielding a real number is defined
as follows:

(Def. 16)  p(z,y) = [lz -yl
One can prove the following proposition

(52) p(z,y) = p(y, ).
Let us consider X, z, y. Let us observe that the functor p(z,y) is commuta-

—_

tive.
We now state a number of propositions:

D
[\

(53) p(z,x) =0.

(54)  plz,2) < p(z,y) + p(y, 2).

(55) =z #yiff p(z,y) # 0.

(56) p(z,y) > 0.

(57) x # vy iff p(z,y) > 0.

(58) p(z,y) = VI((z - y)lz —))]
(59) plz+y,u+v) < plz,u) + p(y,v)
(60) plz —y,u—v) < pz,u)+ p(y,v)
(61) plz—zy—2)=p

(62)

We follow the rules: s1, s9, s3, s4 are sequences of X and k, n, m are natural
numbers.
The scheme Ezx Seq in CUS deals with a non empty complex unitary space
structure A and a unary functor F yielding a point of A, and states that:
There exists a sequence s; of A such that for every n holds s1(n) =
F(n)
for all values of the parameters.
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Let us consider X and let us consider s;. The functor —s; yielding a sequence
of X is defined by:

(Def. 17) For every n holds (—s1)(n) = —si(n).

Let us consider X, let us consider s1, and let us consider x. The functor
s1 + x yielding a sequence of X is defined by:

(Def. 18) For every n holds (s; + z)(n) = s1(n) + «.
One can prove the following proposition
(63) s2 4 s3 =3+ S2.

Let us consider X, so, s3. Let us observe that the functor sg + s3 is commu-
tative.

One can prove the following propositions:

(64) s2+ (s34 s4) = (2 + $3) + Sa.

(65) If so is constant and s3 is constant and s; = s9 + s3, then s; is constant.
(66) If so is constant and s3 is constant and s; = sg — s3, then s; is constant.
(67) If s is constant and s; = a - s2, then s1 is constant.
(68) s is constant iff for every n holds si(n) = si(n + 1).
(69) s is constant iff for all n, k holds s1(n) = si1(n + k).
(70) s is constant iff for all n, m holds s1(n) = si(m).
(71)  so — s3 = s9 + —ss.

(72) s1 =51+ 0x.

(73) a-(s2+s3)=a-s2+a-ss.

(74) (a+b)-s1=a-s1+0b-s1.

(75) (a-b)-si=a-(b-s1).

(76) 1c - s1 = s1.

(77) (=1¢)-s1=—s1.

(78) s1—x =351+ —x.

(79) s2—s3 = —(s3 — s2).

(80) s1 =51 — Ox.

(81) s1=——s1.

(82) s92— (s34 s4) = 52 — 83 — s4.

(83) (s2+4 83) — s4 =52+ (83 — S4).

(84) s — (83— s4) = (82 — s3) + S4.

(85) a-(sy—s3)=a-s2—a-ss.
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3. COMPLEX UNITARY SPACE OF COMPLEX SEQUENCE

Next we state the proposition

(86) There exists a function f from [ the set of 12-complex sequences, the set
of 12-complex sequences | into C such that for all sets z, y if = € the set of
12-complex sequences and y € the set of 12-complex sequences, then f({z,
y)) = >_(idseq (@) idseq(y))-

The function scalarg from [the set of 12-complex sequences, the set of 12-
complex sequences ] into C is defined by the condition (Def. 19).

(Def. 19) Let x, y be sets. Suppose x € the set of 12-complex sequences and y € the
set of 12-complex sequences. Then scalarq ((x, y)) = Y (idseq(z) idseq(y))-

Let us observe that (the set of 12-complex sequences, Zero_(the set of 12-
complex sequences, the linear space of complex sequences), Add_(the set of 12-
complex sequences, the linear space of complex sequences), Mult_(the set of
12-complex sequences, the linear space of complex sequences), scalarg) is non
empty.

The non empty complex unitary space structure ComplexI2-Space is defined
by the condition (Def. 20).

(Def. 20) Complexl2-Space = (the set of 12-complex sequences, Zero_(the set of 12-
complex sequences, the linear space of complex sequences), Add_(the set of
12-complex sequences, the linear space of complex sequences), Mult_(the set
of 12-complex sequences, the linear space of complex sequences), scalar.;).

The following propositions are true:

(87) Let I be a complex unitary space structure. Suppose (the carrier of [, the
zero of [, the addition of I, the external multiplication of [) is a complex
linear space. Then [ is a complex linear space.

(88) For every complex sequence s; such that for every natural number n
holds s1(n) = Oc¢ holds s; is summable and > s; = Oc.

Let us observe that Complexl2-Space is Abelian, add-associative, right ze-
roed, right complementable, and complex linear space-like.
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Behaviour of an Arc Crossing a Line
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Summary. In two-dimensional Euclidean space, we examine behaviour of
an arc when it crosses a vertical line. There are three types when an arc enters
into a line, which are: “Left-In”, “Right-In” and “Oscillating-In”. Also, there are
three types when an arc goes out from a line, which are: “Left-Out”, “Right-Out”
and “Oscillating-Out”. If an arc is a special polygonal arc, there are only two
types for each case, entering in and going out. They are “Left-In” and “Right-In”
for entering in, and “Left-Out” and “Right-Out” for going out.

MML Identifier: JORDAN20.

The articles [23], [26], [27], [7], [20], [16], [5], [15], [19], [24], [11], [6], [12], [9], [21],
[10], [22], [2], [3], [14], [17], [18], [25], [4], [13], [1], and [8] provide the terminology
and notation for this paper.
The following propositions are true:
(1) For every subset P of E% and for all points pi, ps, p of S% such that P
is an arc from p; to p2 and p € P holds Segment (P, p1, p2,p,p) = {p}.
(2) For all points p1, pa, p of E% and for every real number a such that
p € L(p1,p2) and (p1)1 < a and (p2)1 < a holds p1 < a.
(3) For all points p1, pa2, p of 8% and for every real number a such that
p € L(p1,p2) and (p1)1 = a and (p2)1 = a holds p1 > a.
(4) For all points p1, pa, p of E% and for every real number a such that
p € L(p1,p2) and (p1)1 < a and (p2)1 < a holds p1 < a.
(5) For all points p1, pa2, p of E% and for every real number a such that
p € L(p1,p2) and (p1)1 > a and (p2)1 > a holds p1 > a.
In the sequel j is a natural number.
Next we state two propositions:
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(6) Let f be a S-sequence in R? and p, ¢ be points of £%. Suppose 1 < j
and j < len f and p € L(f,j) and ¢ € L(f,j) and (fj)2 = (fj+1)2 and
(fi)1 > (fj+1)1 and LE p, q, L(f), f1, fien s Then p1 > q1.

(7) Let f be a S-sequence in R? and p, ¢ be points of 5%. Suppose 1 < j
and j < len f and p € L(f,j) and ¢ € L(f,j) and (fj)2 = (fj+1)2 and
(fi)1 < (fj+1)1 and LE p, q, L(f), f1, fiens- Then p1 < q1.

Let P be a subset of 5%, let p1, p2, p be points of 8%, and let e be a real
number. We say that p is LIn of P, p1, pa, e if and only if the conditions (Def. 1)
are satisfied.

(Def. 1)(i) P is an arc from p; to pa,
(i) peP,
(iii) p1 =e, and
)

(iv)  there exists a point py of £2 such that (ps)1 < e and LE py, p, P, p1,
p2 and for every point ps of S% such that LE py4, p5, P, p1, p2 and LE ps,
p, P, p1, p2 holds (p5)1 <.

We say that p is RIn of P, pi1, pa, e if and only if the conditions (Def. 2) are

satisfied.

(Def. 2)(i) P is an arc from p; to pa,
(i) pePr

(iii) p1 =e, and

) there exists a point ps of % such that (ps)1 > e and LE pq4, p, P, p1,
p2 and for every point ps of S% such that LE py4, ps, P, p1, p2 and LE ps,
p, P, p1, p2 holds (p5)1 > e.
We say that p is LOut of P, p1, pe, e if and only if the conditions (Def. 3) are
satisfied.

(iv

(Def. 3)(i) P is an arc from p; to pa,
(i) pePr

(iii) p1 =e, and

) there exists a point ps of % such that (ps)1 < e and LE p, py, P, p1,
p2 and for every point ps of 8% such that LE ps, ps, P, p1, po and LE p,
ps, P, p1, p2 holds (p5)1 <e.
We say that p is ROut of P, p1, pa, e if and only if the conditions (Def. 4) are
satisfied.

(iv

(Def. 4)(i) P is an arc from p; to pa,
(i) pePr
(ili) p1 =e, and
)

(iv)  there exists a point py of £2 such that (ps)1 > e and LE p, ps, P, p1,
p2 and for every point ps of £2 such that LE ps, ps, P, p1, p2 and LE p,

ps, P, p1, p2 holds (ps)1 > e.
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We say that p is Osln of P, pi, p2, e if and only if the conditions (Def. 5) are
satisfied.

(Def. 5)(i) P is an arc from p; to pa,
(i) pePp

(iii) p1 =e, and

) there exists a point p7 of 6'% such that LE p7, p, P, p1, p2 and for every
point pg of 5% such that LE p7, ps, P, p1, p2 and LE pg, p, P, p1, p2 holds
(ps)1 = e and for every point ps of £ such that LE py, p7, P, p1, p2 and
p4 7 p7 holds there exists a point ps of S% such that LE py, ps, P, p1, p2
and LE ps, p7, P, p1, p2 and (ps)1 > e and there exists a point pg of £2
such that LE p4, ps, P, p1, p2 and LE pg, p7, P, p1, p2 and (pe)1 < e.

(iv

We say that p is OsOut of P, pi, po, e if and only if the conditions (Def. 6) are
satisfied.

(Def. 6)(i) P is an arc from p; to pa,
(i) pePp

(ili)) p1 =e, and

) there exists a point p7 of 5% such that LE p, p7, P, p1, p2 and for every
point pg of 5% such that LE ps, p7, P, p1, p2 and LE p, ps, P, p1, p2 holds
(ps)1 = e and for every point ps of E2 such that LE pz, ps, P, p1, p2 and
p4 # p7 holds there exists a point ps of S% such that LE ps, p4, P, p1, D2
and LE pr, ps, P, p1, p2 and (ps)1 > e and there exists a point pg of £2
such that LE pg, ps, P, p1, p2 and LE p7, ps, P, p1, p2 and (ps)1 < e.

(iv

We now state a number of propositions:

(8) Let P be asubset of 2, py, pa, p be points of £2, and e be a real number.
Suppose P is an arc from p; to p2 and (p1)1 < e and (p2)1 > e. Then there
exists a point p3 of 5% such that ps € P and (p3)1 = e.

(9) Let P be a non empty subset of 5%, p1, P2, p be points of S%, and e
be a real number. Suppose P is an arc from p; to py and (p1)1 < e and
(p2)1 > e and p € P and p; = e. Then p is LIn of P, p1, p2, e, RIn of P,
1, P2, €, and Osln of P, py, ps, €.

(10) Let P be a non empty subset of 8%, p1, p2, p be points of 8%, and e
be a real number. Suppose P is an arc from p; to p2 and (p1)1 < e and
(p2)1 > e and p € P and p; = e. Then p is LOut of P, p1, p2, e, ROut of
P, p1, p2, e, and OsOut of P, p1, po, €.

(11) For every subset P of I and for every real number s such that P = [0, s|
holds P is open.

(12) For every subset P of I and for every real number s such that P = ]s, 1]
holds P is open.

(13) Let P be a non empty subset of £4, Py be a subset of (£2)|P, Q be a
subset of I, f be a map from I into (5%) [ P, and s be a real number. Suppose
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s < 1 and P; = {qo;qo ranges over points of E2: Vs, real number (0 <
s1 A s1<s A q=f(s1)}and @ =[0,s[. Then f°Q = P.

(14) Let P be a non empty subset of £4, Py be a subset of (£2)|P, Q be a
subset of I, f be a map from I into (5%) [P, and s be a real number. Suppose
s > 0 and P; = {qo;qo ranges over points of E: Vs, :real number (8 <
s1 A s1<1 A qo=f(s1))}and Q =]s,1]. Then f°Q = P;.

(15) Let P be a non empty subset of £2, P; be a subset of (£2)[P, f be
a map from I into (5%)[]3, and s be a real number. Suppose s < 1
and f is a homeomorphism and P; = {qo;qo ranges over points of 5%:
vslzreal number (O <81 A s1<s A q= f(sl))} Then P is open.

(16) Let P be a non empty subset of £4, Pi be a subset of (£2)|P, f be
a map from I into (S%)[P, and s be a real number. Suppose s > 0
and f is a homeomorphism and P; = {qo;qo ranges over points of 5%:
Vs, real number (8 <81 A 81 <1 A go = f(s1))}. Then Py is open.

(17) Let T be a non empty topological structure, @1, Q2 be subsets of T, and
p1, p2 be points of T'. Suppose Q1 N Q2 = () and Q1 U Q2 = the carrier of
T and p; € Q1 and py € Q2 and Q1 is open and (5 is open. Then it is not
true that there exists a map P from I into 7' such that P is continuous
and P(0) = p; and P(1) = pa.

(18) Let P be a non empty subset of £2, Q be a subset of (£2)]P, and p,
p2, q be points of 5%. Suppose P is an arc from p; to p» and ¢ € P and
q # p1 and ¢ # py and Q = P\ {¢}. Then @ is not connected and it is
not true that there exists a map R from I into (5%) [PlQ such that R is
continuous and R(0) = p; and R(1) = ps.

(19) Let P be a non empty subset of 5% and p1, p2, g1, g2 be points of 5%.
Suppose P is an arc from p; to po and ¢; € P and ¢» € P. Then LE ¢,
q2, P, p1, p2 or LE g2, q1, P, p1, pa.

(20) Let P be a non empty subset of €% and pi1, pa, ¢1 be points of E2.
Suppose P is an arc from p; to po and ¢ € P and p; # ¢1. Then
Segment (P, p1, p2, p1,q1) is an arc from p; to q.

(21) Let n be a natural number, pi, p2 be points of £}, and P, P; be non
empty subsets of £7. If P is an arc from p; to ps and P; is an arc from py
to po and P, C P, then P, = P.

(22) Let P be a non empty subset of €% and pi1, pa, ¢1 be points of E2.
Suppose P is an arc from p; to po and ¢ € P and ps # ¢1. Then
Segment (P, p1, p2, q1,p2) is an arc from ¢; to po.

(23) Let P be a non empty subset of 5% and p1, p2, q1, g2, g3 be points of
5%. Suppose P is an arc from p; to pe and LE ¢1, g2, P, p1, p2 and LE qo,
g3, P, p1, p2. Then Segment (P, p1,p2,q1,q2) U Segment (P, p1, p2, g2, q3) =
Segment (P, p1,p2, q1,q3).
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(24) Let P be a non empty subset of €2 and p1, pa, q1, g2, g3 be points of E2.
Suppose P is an arc from p; to ps and LE q1, g2, P, p1, p2 and LE g3, q3, P,
p1, p2. Then Segment(P, p1, pa, g1, g2) N Segment (P, p1, p2,q2,q3) = {g2}-

(25) For every non empty subset P of 5’% and for all points p1, po of 5% such
that P is an arc from p; to pa holds Segment(P, p1, p2, p1,p2) = P.

(26) Let T be a non empty topological space, w, wa, w3 be points of T', and
hi, ha be maps from I into T'. Suppose h; is continuous and w; = hi(0)
and wy = hy(1) and hg is continuous and we = hg(0) and ws = ha(1).
Then there exists a map hg from I into T such that hs is continuous and
w1 = h3(0) and w3 = hs(1).

(27) Let T be a non empty topological space, a, b, ¢ be points of T', G1 be a
path from a to b, and G5 be a path from b to c¢. Suppose G is continuous
and Ga is continuous and G1(0) = @ and Gi(1) = b and G2(0) = b
and Ga(1) = c¢. Then G; + G2 is continuous and (G; + G2)(0) = a and
(G1+G9)(1) =c.

(28) Let P, @1 be non empty subsets of 5% and p1, p2, q1, g2 be points of 5%.
Suppose P is an arc from p; to py and )7 is an arc from ¢; to g3 and LE
q1, @2, P, p1, p2 and Q1 C P. Then Q1 = Segment (P, p1,p2,q1, ¢2)-

(29) Let P be a non empty subset of 5%, P1, P2, 41, G2, p be points of S%, and
e be a real number. Suppose (p1)1 < e and (p2)1 > e and ¢; is LIn of P,
p1, p2, € and (¢2)1 = e and L(q1,q2) € P and p € L(q1,¢2). Then p is LIn
of P, p1, p2, €.

(30) Let P be a non empty subset of 5%, P1, P2, 41, G2, p be points of 5%, and
e be a real number. Suppose (p1)1 < e and (p2)1 > e and ¢; is RIn of P,
p1, P2, e and (g2)1 = e and L(q1,q2) € P and p € L(q1,42). Then p is RIn
of P, p1, po, €.

(31) Let P be a non empty subset of £%, p1, p2, q1, g2, p be points of £2, and
e be a real number. Suppose (p1)1 < e and (p2)1 > e and ¢; is LOut of
P, p1, p2, e and (¢q2)1 = e and L(q1,q2) € P and p € L(q1,q2). Then p is
LOut of P, p1, po, €.

(32) Let P be a non empty subset of 8%, P1, P2, 41, G2, p be points of 8%, and
e be a real number. Suppose (p1)1 < e and (p2)1 > e and ¢; is ROut of
P, p1, p2, e and (g2)1 = e and L(q1,92) C P and p € L(q1,q2). Then p is
ROut of P, p1, po, €.

(33) Let P be a non empty subset of £, p1, p2, p be points of £2, and e be
a real number. Suppose P is a special polygonal arc joining p; and ps and
(p1)1 < eand (p2); > e and p € P and p; = e. Then p is LIn of P, p1, po,
e and RIn of P, p1, po, e.

(34) Let P be a non empty subset of E%, p1, P2, p be points of 5%, and e be
a real number. Suppose P is a special polygonal arc joining p; and ps and
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(p1)1 < e and (p2)1 > e and p € P and p; = e. Then p is LOut of P, py,
po, e and ROut of P, p1, po, e.
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Summary. First we give a definition of “inflation” of a set in finite to-
pological spaces. Then a concept of “deflation” of a set is also defined. In the
remaining part, we give a concept of the “set series” for a subset of a finite topo-
logical space. Using this, we can define a series of neighbourhoods for each point
in the space. The work is done according to [7].

MML Identifier: FINTOPO3.

The articles [9], [5], [10], [2], [8], [1], [12], [11], [3], [4], and [6] provide the notation
and terminology for this paper.

We adopt the following rules: T' denotes a non empty finite topology space,
A, B denote subsets of T, and z, y denote elements of 7.

Let us consider 7" and let A be a subset of T'. The functor A? yields a subset
of T" and is defined by:

(Def. 1) A% = {x;2 ranges over elements of T: A\

U(y))}-

We now state a number of propositions:

1) If T is filled, then A C A7,

x € A4 iff for every y such that y € A€ holds = ¢ U(y).
If T is filled, then A% C A.

Al = ((A9))e,

If AC B, then Af C B,

y:element of T (y €A = ¢

A~ I~ /N /N
wW N
~— — — ~— ~—
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) If AC B, then A% C B9,
) (ANB)®C A*n B
) (AuB)® =AU B
9) A'UB'C (AUB).
) A'NB'= (AN B).
) AfuB/ =(AuB).
) AN B?=AnB
Let T be a non empty finite topology space and let A be a subset of T'. The

functor Fcl(A) yields a function from N into 2the carrier of T anq is defined as
follows:

(Def. 2) For every natural number n and for every subset B of T such that
B = (Fcl(A))(n) holds (Fcl(A))(n + 1) = B® and (Fcl(A))(0) = A.

Let T be a non empty finite topology space, let A be a subset of T', and let n
be a natural number. The functor Fcl(A,n) yields a subset of T and is defined
by:

(Def. 3) Fcl(A,n) = (Fcl(A))(n).

Let T be a non empty finite topology space and let A be a subset of T'. The

functor Fint(A) yields a function from N into 2the carrier of T a4 ig defined by:

(Def. 4) For every natural number n and for every subset B of T such that
B = (Fint(A))(n) holds (Fint(A))(n + 1) = B* and (Fint(A))(0) = A.

Let T be a non empty finite topology space, let A be a subset of T', and let n

be a natural number. The functor Fint(A, n) yields a subset of 7" and is defined
as follows:

(Def. 5) Fint(A,n) = (Fint(A))(n).

The following propositions are true:

(13) For every natural number n holds Fcl(A,n + 1) = (Fcl(A4,n)).

(14) Fcl(A,0) = A.

(15) Fcl(A4,1) = Ab.

(16) Fcl(A,2) = (A)°.

(17) For every natural number n holds Fcl(AU B, n) = Fcl(A4,n) UFcl(B,n).
(18) For every natural number n holds Fint(A,n + 1) = (Fint(A,n))".

(19) Fint(A4,0) = A.

(20) Fint(A,1) = A%

(21) Fint(A,2) = (A%,

(22) For every natural number n holds Fint(A N B,n) = Fint(A,n) N

Fint(B, n).
(23) If T is filled, then for every natural number n holds A C Fcl(A4,n).
(24) If T is filled, then for every natural number n holds Fint(A,n) C A.
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(25) If T is filled, then for every natural number n holds Fcl(A,n) C
Fcl(A,n+1).

(26) If T is filled, then for every natural number n holds Fint(A,n + 1) C
Fint(A,n).

(27) For every natural number n holds (Fint(A¢ n))¢ = Fcl(A4, n).

(28) For every natural number n holds (Fcl(A¢ n))® = Fint(A4, n).

(29) For every natural number n holds Fcl(A,n) U Fcl(B,n) = (Fint((4 U
B)¢,n))e.

(30) For every natural number n holds Fint(A4,n) N Fint(B,n) = (Fcl((AN
B)¢,n))c.

Let T be a non empty finite topology space and let A be a subset of T'. The
functor Finf(A) yielding a function from N into 2the carrier of 7' g defined by:

(Def. 6) For every natural number n and for every subset B of T such that

B = (Finf(A))(n) holds (Finf(A))(n + 1) = B/ and (Finf(A))(0) = A.
Let T be a non empty finite topology space, let A be a subset of T', and let

n be a natural number. The functor Finf(A, n) yielding a subset of T' is defined
as follows:

(Def. 7)  Finf(A,n) = (Finf(A))(n).

Let T be a non empty finite topology space and let A be a subset of T'. The
functor Fdfl(A) yields a function from N into 2the carrier of T and ig defined as
follows:

(Def. 8) For every natural number n and for every subset B of T such that

B = (Fdfl(A))(n) holds (Fdfi(A))(n + 1) = B and (Fdfl(A))(0) = A.
Let T be a non empty finite topology space, let A be a subset of T', and let n

be a natural number. The functor Fdfl(A, n) yields a subset of 7" and is defined
as follows:

(Def. 9) Fdfi(A,n) = (FA(A))(n).

Next we state a number of propositions:

(31) For every natural number n holds Finf(A,n + 1) = (Finf(A,n))7.

(32) Finf(A,0) = A.

(33) Finf(A,1) = A/,

(34) Finf(A,2) = (AH)/.

(35) For every natural number n holds Finf(A U B,n) = Finf(4,n) U

Finf(B,n).
(36) If T is filled, then for every natural number n holds A C Finf(A,n).
(37) If T is filled, then for every natural number n holds Finf(A4,n) C
Finf(A,n +1).
(38) For every natural number n holds FAfi(A,n + 1) = Fdfi(4,n)<.
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) Fdfi(4,0) = A.
) Fdfi(4,1) = A9,
41) Fdfl(4,2) = (A%<,
) For every natural number n holds Fdfi(A N B,n) = Fdfi(4,n) N
Fdfi(B,n).
(43) If T is filled, then for every natural number n holds Fdfl(A,n) C A.
(44) If T is filled, then for every natural number n holds Fdfl(A,n + 1) C
Fdfi(A4,n).
(45) For every natural number n holds Fdfl(A4, n) = (Finf(A¢, n))°.
(46) For every natural number n holds Fdfl(A,n) N Fdfl(B,n) = (Finf((AN
B)¢,n))c.
Let T be a non empty finite topology space, let n be a natural number, and

let x be an element of 7. The functor U(z,n) yields a subset of T and is defined
as follows:

(Def. 10) U(z,n) = Finf(U(z),n).
Next we state two propositions:
(47) U(z,0) = U(x).
(48) For every natural number n holds U(z,n + 1) = (U(z,n))’.

Let S, T be non empty finite topology spaces. We say that S, T are mutually
symmetric if and only if the conditions (Def. 11) are satisfied.
(Def. 11)(i)  The carrier of S = the carrier of T', and
(ii)  for all sets x, y such that = € the carrier of S and y € the carrier of
T holds y € (the neighbour-map of S)(x) iff x € (the neighbour-map of

T)(y).
Let us note that the predicate S, T are mutually symmetric is symmetric.
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Summary. In this article, the basic properties of the series on Banach
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The notation and terminology used in this paper are introduced in the following
articles: [19], [21], [22], [4], [5], [3], [2], [18], [6], [1], [20], [10], [11], [12], [17], [9],
(7], 8], [14], [13], [15], and [16].

1. BASIC PROPERTIES OF SEQUENCES OF NORM SPACE

Let X be a non empty normed structure and let s; be a sequence of X. The
functor (3°5_,(s1)(@))xen yielding a sequence of X is defined as follows:

(Def. 1) (>o0_o(s1)(@))wen(0) = s1(0) and for every natural number n holds
(XCa=o(s)(@)ren(n +1) = (Fa—o(s1)(@))ren(n) + s1(n +1).
One can prove the following proposition
(1) Let X be an add-associative right zeroed right complementable non
empty normed structure and s; be a sequence of X. Suppose that for
every natural number n holds s;(n) = Ox. Let m be a natural number.
Then (3-5—0(s1)(@))ren(m) = Ox.
Let X be a real normed space and let s; be a sequence of X. We say that
s1 is summable if and only if:

(Def. 2) (>0 _o(s1)(@))ken is convergent.
Let X be a real normed space. One can verify that there exists a sequence
of X which is summable.
Let X be a real normed space and let s; be a sequence of X. The functor
>~ s1 yields an element of X and is defined by:

@ 2004 University of Bialystok
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(Def. 3) 32 s1 = lm((3oq—o(s1)())wen)-
Let X be a real normed space and let s; be a sequence of X. We say that
s1 is norm-summable if and only if:

(Def. 4) ||s1]] is summable.
Next we state several propositions:

(2) For every real normed space X and for every sequence s; of X and for
every natural number m holds 0 < ||s1]|(m).

(3) For every real normed space X and for all elements z, y, z of X holds
lz =yl = ll(z = 2) + (z =)l

(4) Let X be a real normed space and s; be a sequence of X. Suppose s is
convergent. Let s be a real number. Suppose 0 < s. Then there exists a
natural number n such that for every natural number m if n < m, then
[s1(m) —s1(n)]| <'s.

(5) Let X be a real normed space and s; be a sequence of X. Then s; is
Cauchy sequence by norm if and only if for every real number p such that
p > 0 there exists a natural number n such that for every natural number
m such that n < m holds ||s;(m) — s1(n)|| < p.

(6) Let X be a real normed space and s; be a sequence of X. Suppose that
for every natural number n holds s;(n) = Ox. Let m be a natural number.
Then (3 _a—ollsill(@))ren(m) = 0.

Let X be a real normed space and let s; be a sequence of X. Let us observe
that s; is constant if and only if:
(Def. 5) There exists an element r of X such that for every natural number n
holds s1(n) = r.
Let X be a real normed space, let s; be a sequence of X, and let k be a
natural number. The functor s; Tk yielding a sequence of X is defined as follows:
(Def. 6) For every natural number n holds (s; T k)(n) = s1(n + k).
Let X be a non empty 1-sorted structure, let N; be an increasing sequence
of naturals, and let s; be a sequence of X. Then s; - N7 is a function from N
into the carrier of X.
Let X be a non empty 1-sorted structure, let N; be an increasing sequence
of naturals, and let s; be a sequence of X. Then s7 - V7 is a sequence of X.
Let X be a real normed space and let s1, s be sequences of X. We say that
s1 is a subsequence of ss if and only if:
(Def. 7) There exists an increasing sequence N; of naturals such that s; = so- V.
Next we state a number of propositions:

(7) Let X be a non empty l-sorted structure, s; be a sequence of X, Ny
be an increasing sequence of naturals, and n be a natural number. Then

(51 N1)(n) = s1(N1(n)).
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(8) For every real normed space X and for every sequence s; of X holds
s1 70 =s;.

(9) For every real normed space X and for every sequence s; of X and for
all natural numbers k, m holds s; TkTm =s1 Tm 7T k.

(10) For every real normed space X and for every sequence s; of X and for
all natural numbers k, m holds s1 Tk Tm =s1 1 (k+m).

(11) Let X be a real normed space and sj, s2 be sequences of X. If s is a
subsequence of s; and s; is convergent, then so is convergent.

(12) Let X be a real normed space and s, s2 be sequences of X. If s is a
subsequence of s1 and s; is convergent, then lim so = lim 7.

(13) Let X be areal normed space, s; be a sequence of X, and k be a natural
number. Then s; T k is a subsequence of sy.

(14) Let X be a real normed space, s1, sy be sequences of X, and k be a
natural number. If s; is convergent, then s; 1 k is convergent and lim(sy T
k) =lims;.

(15) Let X be a real normed space and s;, s2 be sequences of X. Suppose s;
is convergent and there exists a natural number k£ such that s; = s2 T k.
Then s, is convergent.

(16) Let X be a real normed space and s1, s2 be sequences of X. Suppose s;
is convergent and there exists a natural number k such that s; = so T k.
Then lim sy = lim s7.

(17) For every real normed space X and for every sequence s of X such that
s1 is constant holds s; is convergent.

(18) Let X be a real normed space and s; be a sequence of X. If for every
natural number n holds s;(n) = Ox, then s; is norm-summable.

Let X be a real normed space. Observe that there exists a sequence of X
which is norm-summable.
Next we state three propositions:

(19) Let X be areal normed space and s be a sequence of X. If s is summable,
then s is convergent and lim s = Ox.

(20) For every real normed space X and for all sequences s3, s4 of X holds
(X azo(s3)(@))ren + (2oa=0(54)(@))wen = (3q—o(s3 + 54)(a))wen-
(21) For every real normed space X and for all sequences s3, s4 of X holds
(2a=0(s3)(a))wen — (Xoa=o(sa)(@))wen = (2og—o(s3 — s4)())wen.
Let X be a real normed space and let s; be a norm-summable sequence of
X. Observe that ||s;|| is summable.
Let X be a real normed space. One can check that every sequence of X
which is summable is also convergent.
The following propositions are true:
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(22) Let X be a real normed space and sa, s5 be sequences of X. If sy is

summable and s is summable, then sg + s5 is summable and ) (s2+5)
Z So + Z S5.

(23) Let X be a real normed space and sa, s5 be sequences of X. If sy is
summable and s; is summable, then sg — s5 is summable and ) (s2 —s5) =
> s9— > ss.

Let X be a real normed space and let sy, s5 be summable sequences of X.
One can verify that so + s5 is summable and so — s5 is summable.
We now state two propositions:

(24) For every real normed space X and for every sequence s; of X and for
every real number z holds (3 (2 s1)(@))ren = 2+ (3 n_o(51)())ken-

(25) Let X be a real normed space, s; be a summable sequence of X, and z
be a real number. Then z - 1 is summable and » (z-s1) =2 s1.

Let X be a real normed space, let z be a real number, and let s; be a
summable sequence of X. Observe that z - 57 is summable.
One can prove the following two propositions:

(26) Let X be a real normed space and s, s3 be sequences of X. If for
every natural number n holds s3(n) = s(0), then (35 (s T 1)(a))weny =
(> a=05(@))ken T1 — s3.

(27) Let X be a real normed space and s be a sequence of X. If s is summable,
then for every natural number n holds s T n is summable.

Let X be a real normed space, let s1 be a summable sequence of X, and let
n be a natural number. Observe that s; T n is summable.
Next we state the proposition
(28) Let X be a real normed space and s; be a sequence of X. Then
(> on _ollsill(@))ken is upper bounded if and only if s; is norm-summable.

Let X be a real normed space and let s; be a norm-summable sequence of
X. One can check that (3 n_[Is1]/(«))ken is upper bounded.
One can prove the following propositions:

(29) Let X be a real Banach space and s; be a sequence of X. Then s; is
summable if and only if for every real number p such that 0 < p there
exists a natural number n such that for every natural number m such that
n < m holds [|(325_o(s1)(@))ren(m) — (3o6—0(51)(a))wen(n)|| < p.

(30) Let X be areal normed space, s be a sequence of X, and n, m be natural
numbers. If n < m, then [|(3°5_ s(@))wen(m) — (X n_os(a))wen(n)|| <
|(Xa=ollsll(@))ren(m) — (a—ollsll(c))ren(n)-

(31) For every real Banach space X and for every sequence s; of X such that
s1 is norm-summable holds s; is summable.

(32) Let X be a real normed space, 1 be a sequence of real numbers, and s
be a sequence of X. Suppose 11 is summable and there exists a natural
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number m such that for every natural number n such that m < n holds
ls5(n)|| < r1(n). Then ss is norm-summable.

(33) Let X be a real normed space and sg, s5 be sequences of X. Suppose for
every natural number n holds 0 < [[s2]|(n) and ||s2|[(n) < ||s5||(n) and s5
is norm-summable. Then s9 is norm-summable and ) ||sa|| < D _||ss5]|-

(34) Let X be a real normed space and s; be a sequence of X. Suppose that
(i) for every natural number n holds ||s1]|(n) > 0, and
(ii)  there exists a natural number m such that for every natural number n
such that n > m holds lslintd) > 1

lls1ll(n)
Then s; is not norm-summable.

(35) Let X be a real normed space, s; be a sequence of X, and r; be a
sequence of real numbers. Suppose for every natural number n holds
ri(n) = {/||s1]|(n) and 7 is convergent and limr; < 1. Then s; is norm-
summable.

(36) Let X be a real normed space, s; be a sequence of X, and r; be a
sequence of real numbers. Suppose that
(i) for every natural number n holds r1(n) = {/||s1||(n), and
(ii)  there exists a natural number m such that for every natural number n
such that m < n holds r1(n) > 1.
Then ||s1|| is not summable.

(37) Let X be a real normed space, s; be a sequence of X, and r; be a
sequence of real numbers. Suppose for every natural number n holds
ri(n) = {/||s1]|(n) and r; is convergent and limr; > 1. Then s; is not
norm-summable.

(38) Let X be a real normed space, s; be a sequence of X, and r; be a
sequence of real numbers. Suppose ||s1]| is non-increasing and for every
natural number n holds r1(n) = 2™ - ||s1||(2"). Then s; is norm-summable
if and only if 71 is summable.

(39) Let X be a real normed space, s; be a sequence of X, and p be a real
number. Suppose p > 1 and for every natural number n such that n > 1
holds ||s1]|(n) = 2. Then s1 is norm-summable.

(40) Let X be a real normed space, s; be a sequence of X, and p be a real
number. Suppose p < 1 and for every natural number n such that n > 1
holds ||s1/[(n) = &. Then s; is not norm-summable.

(41) Let X be areal normed space, s1 be a sequence of X, and r; be a sequence
of real numbers. Suppose for every natural number n holds s;(n) # Ox
and r1(n) = % and 7 is convergent and limr; < 1. Then s;7 is

norm-sumimable.

(42) Let X be a real normed space and s; be a sequence of X. Suppose that
(i)  for every natural number n holds s1(n) # Ox, and
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(ii)  there exists a natural number m such that for every natural number n
such that n > m holds % > 1.
Then s; is not norm-summable.

Let X be a real Banach space. Observe that every sequence of X which is
norm-summable is also summable.

2. BAsiCc PROPERTIES OF SEQUENCES OF BANACH ALGEBRA

The scheme FxNCBASeq deals with a non empty normed algebra structure
A and a unary functor F yielding a point of A, and states that:
There exists a sequence S of A such that for every natural number
n holds S(n) = F(n)
for all values of the parameters.
The following proposition is true

(43) Let X be a Banach algebra, x, y, z be elements of X, and a, b be real
numbers. Then x4y = y+x and (z+y)+2z = 2+ (y+2) and z+0x = x and
there exists an element ¢ of X such that x+t = 0x and (z-y)-z = z-(y-2)
and -z =z and 0-x =0x and a-0x =0x and (—1)-x = —zand z-1x =z
and 1y =zandz-(y+2)=x-y+x-zand (y+2)-x =y-x+2z -z and
a-(x-y)=(a-x)-yanda-(x+y) = a-z+a-y and (a+b)-z = a-x+b-z and
(a-b)-z=a-(b-z)and (a-b)-(x-y) =a-x-(b-y)and a-(x-y) =z-(a-y)
and Ox -z = Ox and z-0x = O0x and z- (y —2) =z -y — x - z and
(y—z2)-x=y-z—z-zand (x+y)—z=x+(y—2) and (x —y) + 2z =
r—(y—z)andrz—y—z=x—(y+z2)andz+y = (x —2)+ (2 +y) and
r—y=(r—2)+(z—y)andr=(x—y)+yand z =y — (y — z) and
]l = 0'iff 2 = 0x and ||a - z[| = |a| - [lz]| and [lz +y|| < [lz]| + [ly] and
|z -yl <|lz| - |ly|| and ||1x|| = 1 and X is complete.

Let X be a non empty multiplicative loop structure and let v be an element
of X. We say that v is invertible if and only if:

(Def. 8) There exists an element w of X such that v-w =1x and w-v =1x.

Let X be a non empty normed algebra structure, let .S be a sequence of X,
and let a be an element of X. The functor a - S yielding a sequence of X is
defined by:

(Def. 9) For every natural number n holds (a - S)(n) = a-S(n).

Let X be a non empty normed algebra structure, let .S be a sequence of X,
and let @ be an element of X. The functor S - a yields a sequence of X and is
defined by:

(Def. 10) For every natural number n holds (S - a)(n) = S(n) - a.

Let X be a non empty normed algebra structure and let s, s5 be sequences

of X. The functor ss - s5 yielding a sequence of X is defined as follows:
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(Def. 11) For every natural number n holds (s3 - s5)(n) = sa(n) - s5(n).

Let X be a Banach algebra and let = be an element of X. Let us assume that
x is invertible. The functor = ! yielding an element of X is defined as follows:

(Def. 12) x-2'=1yandaz ! -z =1x.

Let X be a Banach algebra and let z be an element of X. The functor (z*).en
yielding a sequence of X is defined as follows:

(Def. 13)  (2")ken(0) = 1x and for every natural number n holds (2").en(n+1) =

(2")ken(n) - z.
Let X be a Banach algebra, let z be an element of X, and let n be a natural
number. The functor 2y yields an element of X and is defined by:

(Def. 14) 21 = (+")uen(n).

One can prove the following four propositions:
(44) For every Banach algebra X and for every element z of X holds zl% =1x.

(45) For every Banach algebra X and for every element z of X such that
lz]] < 1 holds (2")xen is summable and norm-summable.

(46) Let X be a Banach algebra and = be a point of X. If ||1x — x| < 1, then
((1x — 2)")ken is summable and ((1x — x)")xen is norm-summable.

(47) For every Banach algebra X and for every point z of X such that ||1x —
z|| < 1 holds x is invertible and 27! = Y (((1x — 2)")xen)-
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Summary. In this article, we concentrated especially on addition formulas
of fundamental trigonometric functions, and their identities.

MML Identifier: SIN_C0S4.

The articles [1] and [2] provide the notation and terminology for this paper.
In this paper t1, 9, t3, t4 denote real numbers.
Let us consider ¢1. The functor tant; yielding a real number is defined by:

(Def. 1) tant; = St

costy’
Let us consider t1. The functor cot ¢; yields a real number and is defined by:

(Def. 2) cott; = &b

sinty °
Let us consider ¢1. The functor cosect; yielding a real number is defined as
follows:

(Def. 3) cosect; = —=

sinty *
Let us consider ¢1. The functor sect; yielding a real number is defined by:
(Def. 4) sect; = —

costy”

Next we state a number of propositions:
1
1 Gt
tan(—t;) = —tant;.
1
_sint1 :
cot(—t1) = —cot ;.
If costo # 0, then costs - secty = 1.

sint; -sinty = 1 — costy - costy.

tan tl =

\)

cosec(—t1) =

~~ N I/~ /N
~ W
— — — ~— ~— ~—

@ 2004 University of Bialystok
139 ISSN 1426-2630



140 PACHARAPOKIN CHANAPAT et al.

J

costy -costy =1 —sinty - sint.

0g)

If costy # 0, then sint; = costy - tant;.

sin(to — t3) = sinty - costs — costy - sin ts.

=~~~
S ©

cos(to — t3) = costy - costs + sinty - sints.
If coste # 0 and costs # 0, then tan(ty + t3) = %
If coste # 0 and costs # 0, then tan(ty — t3)

tanto—tants
If sinty # 0 and sints # 0, then cot(ty + t3) = <otfecotia—l

—
[\

1+tanto-tants ®
cottz+cotty °

If sinty # 0 and sintg # 0, then cot(ty — t3) = <Qtlzcotiatl

cot tz—cot t2
If costa # 0 and costs # 0 and costy # 0, then sin(ty + t3 + t4) =
costy - costs - costy - ((tante 4 tants + tanty) — tanty - tants - tanty).

(16) 1If costy # 0 and costs # 0 and costy # 0, then cos(ta + t3 + t4) =
costy - costs - costy - (1 —tants - tanty — tanty - tanty — tanty - tants).

(17) 1If costy # 0 and costs # 0 and costy # 0, then tan(te + t3 + t4) =
(tan to+tan tz3+tants)—tan to-tants-tan ty
l1—tants-tantgs—tanty-tanteo—tanto-tants *
(18) 1If sinty # 0 and sints # 0 and sinty # 0, then cot(ty + t3 + t4) =
cot to-cot t3-cot t4—cot to—cot t3—cot t4
(cot t3-cot tg+cot t4-cot ta+cot ta-cot t3)—1"

sinto +sinty = 2 - (COS(t25t3) . Sin(t2+t3))

—
w

—_ —_
=~ =
S N e e e N N N N

o~ o~ o~ o~ o~ o~

—_
ot

—_
Ne)

52))
20) sintg —sint3 =2 - (COS(%) . sin(tQ?S)).
21) costa +cost3 =2 - (cos(%) -Cos(%)),
22) costy —costy3 = —2- (sin(tQertS) ) Sin(tzgtg))‘

If coste # 0 and costs # 0, then tants + tants = sinlta+ts)

costa-costs”
Sin(tQ —t3)
costa-costs’

If costy # 0 and sints # 0, then tants + cottz = cos(ta—ts)

costo-sintg”

If costy # 0 and sint3 # 0, then tanty — cottz = _ cos(tatts)

costg-sints”

N DN
~ W

If costs # 0 and costs # 0, then tant, — tants =

NN N
N O O

If sinty # 0 and sint3 # 0, then cotts + cot t3 = Sin(tp +ts)

sinto-sin t3 °
If sinty # 0 and sint3 # 0, then cotte — cotty = —%
sin(ta + t3) + sin(ta — t3) = 2 - (sinty - costy).
sin(tg + t3) — sin(ta — t3) = 2 - (costy - sints).
cos(ty + t3) + cos(ty — t3) = 2 - (costa - costs).
cos(tg + t3) — cos(ty — t3) = —2 - (sinty - sints).
sinty - sinty = —3 - (cos(ta + t3) — cos(ta — t3)).
- (sin(tg + t3) + sin(ty — t3)).
- (sin(to + t3) — sin(ta — t3)).
costy - costy = 5 - (cos(ta + t3) + cos(ty — t3)).
sinty-sints-sinty = - ((sin((t2 +t3) —ta) +sin((ts +t4) —t2) +sin((ts +
tg) — tg)) —sin(ty + t3 + t4)).

w w w o
R RS O

|

\

w w
= W

sinty - costy =

w
ot

costy -sinty =

w
(@)}
= NI o=

o~~~ o~ o~ o~ o~ o~~~ o~ o~ o~ o~~~ o~~~
v T O O N T N N N N~ N N~ N N N
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(38) sinty - sints - costy = % - ((—cos((t2 + t3) — ta) + cos((ts + ta) — ta) +
COS((t4 + tg) — tg)) — COS(tQ + 13 + t4))

(39) sinto-costs-costs = %-((sin((ta+t3) —ts) —sin((t3+1ts) —t2)) +sin((ts+
ta) — t3) + sin(ty + t3 + t4)).

(40) costy-costs-costy = % (cos((ta+ts) —ts)+cos((ts+ta) —t2) +cos((ts+
ta) — t3) + cos(ta + t3 + t4)).

41) sin(te +t3) - sin(tg —t3) =sinty - sinty — sints - sints.

42) sin(tg + t3) - sin(te — t3) = costs - costs — costy - cos ta.
43) sin(ta + t3) - cos(ta — t3) = sinty - costa + sints - costs.
44) cos(tg + t3) - sin(te — t3) = sintg - costy — sints - costs.
45) cos(te + t3) - cos(ta — t3) = costy - costy — sints - sints.

(
cos(ta + t3) - cos(ta — t3) = costs - costs — sinty - sinty.

sin(ta+t3) _ tanto+ttants
If costy # 0 and costs # 0, then =y = Fii -

cos(ta+t3) _ 1—tants-tants
If costs # 0 and costs # 0, then cos(o—ls) = TTtantotanty’
sinto+sinty _ totts to—t3
sin tg—sin t3 tan( 2 ) COt( )

to—t3 s1nt2+smt3 _ to+ts
If COS(T 75 0, then m = tan( )

)
If cos(*2412) 7 0, then SRETERE = tan(25).
If sin(*23%) # 0, then SEEFEE = cot(25%).
in(t25t inp—sint tott
If sin(5%%) # 0, then GE=2 = cot(3).

costotcosts __ to+t3 t3—ta
costa—costs COt( 2 ) COt( )

W
(=)

m~ o~ o~ o~ o~ o~ o~ o~ o~~~ o~ o~ o~
M O~ ' N N N N N~ N N N

W
\]

[SLEN
oS ©

ot
—
N

(@)
\)

[V SR
-~ W
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The Class of Series-Parallel Graphs.
Part 111

Krzysztof Retel
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Summary. This paper contains some facts and theorems relating to the
following operations on graphs: union, sum, complement and “embeds”. We also
introduce connected graphs to prove that a finite irreflexive symmetric N-free
graph is a finite series-parallel graph. This article continues the formalization of
[22].

MML Identifier: NECKLA_3.

The papers [25], [24], [28], [12], [29], [31], [30], [2], [13], [1], [27], [18], [17], [8],
[14], [16], [20], [23], [7], [10], [26], [11], [4], [6], [19], [15], [5], [21], [3], and [9]
provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paper A, B, a, b, ¢, d, e, f, g, h denote sets.
One can prove the following three propositions:
(1) idalB=idaN[B, B.
(2) id{a,b,c,d} = {(aa a)? <b7 b)? <C7 C)? (d7 d)}
3) E{a,b,c.d}, {e, f,9,h} ] = {{a, €}, (a, [), (b, €}, (b, [),{a, g),(a, h}, (b,
9), b, h)} U{{c, €}, (¢, ), (d, e}, {d, [), (¢, g),{c, h}, (d, g),(d, h)}}.
Let X, Y be trivial sets. Observe that every relation between X and Y is
trivial.
We now state the proposition
(4) For every trivial set X and for every binary relation R on X such that
R is non empty there exists a set x such that R = {(z, z)}.

@ 2004 University of Bialystok
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Let X be a trivial set. Observe that every binary relation on X is trivial,
reflexive, symmetric, transitive, and strongly connected.
We now state the proposition
(5) For every non empty trivial set X holds every binary relation on X is
symmetric in X.
One can verify that there exists a relational structure which is non empty,
strict, finite, irreflexive, and symmetric.
Let L be an irreflexive relational structure. Observe that every full relational
substructure of L is irreflexive.
Let L be a symmetric relational structure. Note that every full relational
substructure of L is symmetric.
One can prove the following proposition
(6) Let R be an irreflexive symmetric relational structure. Suppose
the carrier of R = 2. Then there exist sets a, b such that the carrier of

R = {a,b} but the internal relation of R = {(a, b), (b, a)} or the internal
relation of R = ().

2. SOME FACTS ABOUT OPERATIONS “UNIONOF” AND “SUMOF”

Let R be a non empty relational structure and let .S be a relational structure.
Note that UnionOf(R, S) is non empty and SumOf(R, S) is non empty.
Let R be a relational structure and let S be a non empty relational structure.
Observe that UnionOf(R, S) is non empty and SumOf(R, S) is non empty.
Let R, S be finite relational structures. One can check that UnionOf(R, S)
is finite and SumOf(R, S) is finite.
Let R, S be symmetric relational structures. One can check that
UnionOf(R, S) is symmetric and SumOf(R, S) is symmetric.
Let R, S be irreflexive relational structures. Observe that UnionOf(R, S) is
irreflexive.
The following four propositions are true:
(7) Let R, S be irreflexive relational structures. Suppose the carrier of R
misses the carrier of S. Then SumOf(R,S) is irreflexive.
(8) For all relational structures Rj, Rz holds UnionOf(R;, R2) =
UnionOf(Rz, R;) and SumOf (R, Ry) = SumOf(Ry, Ry).
(9) Let G be an irreflexive relational structure and Gi, G2 be relational

structures. If G = UnionOf(G1,G3) or G = SumOf(G1, Gs), then Gy is

irreflexive and Gy is irreflexive.
(10) Let G be a non empty relational structure and H;, Hy be relational
structures. Suppose that
(i)  the carrier of H; misses the carrier of Hy, and
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(ii)  the relational structure of G = UnionOf(H;, Hs) or the relational struc-
ture of G = SumOf(H1, Ha).
Then H; is a full relational substructure of G and Hs is a full relational
substructure of G.

3. THEOREMS RELATING TO THE COMPLEMENT OF RELATIONAL
STRUCTURE

One can prove the following proposition
(11) The internal relation of ComplRelStr Necklaced = {(0, 2), (2, 0), (0,
3), (3, 0), (1, 3),(3, 1)}.
Let R be a relational structure. Note that ComplRelStr R is irreflexive.
Let R be a symmetric relational structure. Note that ComplRelStr R is sym-
metric.
Next we state several propositions:

(12) For every relational structure R holds the internal relation of R misses
the internal relation of ComplRelStr R.

(13) For every relational structure R holds id¢he carrier of R Misses the internal
relation of ComplRelStr R.

(14) Let G be a relational structure. Then [ the carrier of G, the carrier of
G ] = idthe carrier of ¢ U the internal relation of G U the internal relation of

ComplRelStr G.

(15) For every strict irreflexive relational structure G such that G is trivial
holds ComplRelStr G = G.

(16) For every strict irreflexive relational structure G holds

ComplRelStr ComplRelStr G = G.

(17) For all relational structures Gi, G2 such that the carrier of
G1 misses the carrier of G2 holds ComplRelStr UnionOf(G1,Ga) =
SumOf(ComplRelStr G1, ComplRelStr Gs).

(18) For all relational structures G;, G2 such that the carrier of
G1 misses the carrier of Gg holds ComplRelStr SumOf(G1,Gy) =
UnionOf(ComplRelStr G, ComplRelStr G3).

(19) Let G be a relational structure and H be a full relational substructure of
G. Then the internal relation of ComplRelStr H = (the internal relation
of ComplRelStr G) |? (the carrier of ComplRelStr H).

(20) Let G be a non empty irreflexive relational structure,  be an element
of the carrier of G, and 2z’ be an element of the carrier of ComplRelStr G.
If © = 2/, then ComplRelStrsub(Q¢ \ {z}) = sub(Qcompireistra \ {2'}).
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4. ANOTHER FACTS RELATING TO OPERATION “EMBEDS”

Let us observe that every non empty relational structure which is trivial and
strict is also N-free.
The following propositions are true:

(21) Let R be a reflexive antisymmetric relational structure and S be a rela-
tional structure. Then there exists a map f from R into S such that for
all elements x, y of the carrier of R holds (x, y) € the internal relation of
R iff (f(z), f(y)) € the internal relation of S if and only if S embeds R.

(22) Let G be a non empty relational structure and H be a non empty full
relational substructure of G. Then G embeds H.

(23) Let G be a non empty relational structure and H be a non empty full
relational substructure of G. If G is N-free, then H is N-free.

(24) For every non empty irreflexive relational structure G holds G embeds
Necklace 4 iff ComplRelStr G embeds Necklace 4.

(25) For every non empty irreflexive relational structure G holds G is N-free
iff ComplRelStr G is N-free.

5. CONNECTED GRAPHS

Let R be a relational structure. A path of R is a reduction sequence w.r.t.
the internal relation of R.

Let R be a relational structure. We say that R is path-connected if and only
if the condition (Def. 1) is satisfied.

(Def. 1) Let z, y be sets. Suppose z € the carrier of R and y € the carrier of R
and x # y. Then the internal relation of R reduces x to y or the internal
relation of R reduces y to x.

One can check that every relational structure which is empty is also path-
connected.
One can check that every non empty relational structure which is connected
is also path-connected.
We now state the proposition
(26) Let R be a non empty transitive reflexive relational structure and z, y
be elements of R. Suppose the internal relation of R reduces x to y. Then
(z, y) € the internal relation of R.

One can check that every non empty transitive reflexive relational structure
which is path-connected is also connected.
Next we state the proposition
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(27) Let R be a symmetric relational structure and z, y be sets. Suppose
x € the carrier of R and y € the carrier of R. Suppose the internal relation
of R reduces = to y. Then the internal relation of R reduces y to x.

Let R be a symmetric relational structure. Let us observe that R is path-
connected if and only if the condition (Def. 2) is satisfied.

(Def. 2) Let z, y be sets. Suppose z € the carrier of R and y € the carrier of R
and x # y. Then the internal relation of R reduces z to y.

Let R be a relational structure and let z be an element of R. The functor
component(x) yielding a subset of R is defined as follows:

(Def. 3) component(z) = [x]EqCK

the internal relation of R)*

Next we state the proposition

(28) For every non empty relational structure R and for every element x of
R holds = € component(z).

Let R be a non empty relational structure and let  be an element of R.
Note that component(z) is non empty.
Next we state a number of propositions:

(29) Let R be a relational structure,  be an element of R, and y be a set. If
y € component(z), then (x, y) € EqCl(the internal relation of R).

(30) Let R be a relational structure, = be an element of R, and A be a set.
Then A = component(x) if and only if for every set y holds y € A iff (z,
y) € EqCl(the internal relation of R).

(31) Let R be a non empty irreflexive symmetric relational structure. Suppose
R is not path-connected. Then there exist non empty strict irreflexive
symmetric relational structures GG1, G such that the carrier of G; misses
the carrier of Gy and the relational structure of R = UnionOf(G1, G2).

(32) Let R be a non empty irreflexive symmetric relational structure. Sup-
pose ComplRelStr R is not path-connected. Then there exist non empty
strict irreflexive symmetric relational structures Gi, Gy such that the
carrier of (G; misses the carrier of (Go and the relational structure of
R = SumOf(G’l, GQ)

(33) For every irreflexive relational structure G such that G € FinRelStrSp
holds ComplRelStr G € FinRelStrSp.

(34) Let R be an irreflexive symmetric relational structure. Suppose

the carrier of R = 2 and the carrier of R € Ugy. Then the relational struc-
ture of R € FinRelStrSp.

(35) For every relational structure R such that R € FinRelStrSp holds R is
symmetric.

(36) Let G be a relational structure, Hy, Hy be non empty relational struc-
tures, z be an element of the carrier of Hi, and y be an element of the
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carrier of Hy. Suppose G = UnionOf(H;, Hy) and the carrier of H; misses
the carrier of Hy. Then (z, y) ¢ the internal relation of G.

(37) Let G be a relational structure, Hy, Hy be non empty relational struc-
tures, z be an element of the carrier of Hi, and y be an element of the
carrier of Hy. If G = SumOf(H1, Hy), then (z, y) ¢ the internal relation
of ComplRelStr G.

(38) Let G be a non empty symmetric relational structure,  be an element
of the carrier of GG, and R;, Ro be non empty relational structures. Sup-
pose the carrier of R; misses the carrier of Ry and sub(Qg \ {z}) =
UnionOf(R1, R2) and G is path-connected. Then there exists an element
b of the carrier of Ry such that (b, x) € the internal relation of G.

(39) Let G be a non empty symmetric irreflexive relational structure, a, b, c,
d be elements of the carrier of G, and Z be a subset of the carrier of G.
Suppose that Z = {a,b,c,d} and a, b, ¢, d are mutually different and (a,
b) € the internal relation of G and (b, ¢) € the internal relation of G and
(¢, d) € the internal relation of G and (a, ¢) ¢ the internal relation of G
and (a, d) ¢ the internal relation of G and (b, d) ¢ the internal relation
of G. Then sub(Z) embeds Necklace 4.

(40) Let G be a non empty irreflexive symmetric relational structure, x be an
element of the carrier of G, and R1, Ro be non empty relational structures.
Suppose that

(i)  the carrier of Ry misses the carrier of Ry,
(ii) sub(Qg \ {z}) = UnionOf(Ry, R2),
(iii) G is non trivial and path-connected, and

) ComplRelStr G is path-connected.

Then G embeds Necklace 4.

(41) Let G be a non empty strict finite irreflexive symmetric relational struc-

(iv

ture. Suppose G is N-free and the carrier of G € Uy. Then the relational
structure of G € FinRelStrSp.
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1. ON THE STANDARD COMPUTERS

For simplicity, we use the following convention: i, j, k denote natural num-
bers, n denotes a natural number, N denotes a set with non empty elements, .S
denotes a standard IC-Ins-separated definite non empty non void AMI over N,
[ denotes an instruction-location of S, and f denotes a finite partial state of S.

Next we state the proposition

(1) N = the instruction locations of S.
Let us consider N, S. Observe that the instruction locations of S is infinite.
We now state the proposition

(2) ilg(d) +J = ils(i + ).

Let N be a set with non empty elements, let S be a standard IC-Ins-separated
definite non empty non void AMI over IV, let [; be an instruction-location of S,
and let k be a natural number. The functor I; —'k yields an instruction-location
of S and is defined as follows:

(Def. 1) 13 ="k =ilg(locnum(ly) —' k).
We now state a number of propositions:
3) 1-'0=1.

!The paper was written during the post-doctoral fellowship granted by Shinshu University,
Japan.
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(4) locnum(l) =" k = locnum(l —' k).

B) (I+k) k=1L

(6) ilg(d) —="j =ils(i =" j).

(7) Let S be an IC-Ins-separated definite non empty non void AMI over N

and p be a finite partial state of S. Then dom DataPart(p) C (the carrier

of S)\ ({ICgs} U the instruction locations of S).

(8) Let S be an IC-Ins-separated definite realistic non empty non void AMI
over N and p be a finite partial state of S. Then p is data-only if and only
if dom p C (the carrier of S) \ ({ICg} U the instruction locations of S).
(9) For all instruction-locations lg, I3 of S holds Start-At(lo + k) =

Start-At(l3 + k) iff Start-At(ly) = Start-At(l3).

(10) For all instruction-locations la, I3 of S such that Start-At(ly) =
Start-At(l3) holds Start-At(lo — k) = Start-At(l3 —' k).

(11) 1Ifl € dom f, then (Shift(f,k))(I + k) = f(I).

(12) dom Shift(f, k) = {i1 + k;i1 ranges over instruction-locations of S: i; €
dom f}.

(13) Let S be an Exec-preserving IC-Ins-separated definite realistic steady-

programmed non empty non void AMI over N, s be a state of .S, i be an

instruction of S, and p be a programmed finite partial state of S. Then

Exec(i, s+-p) = Exec(i, s)+-p.

2. SCM(R)

For simplicity, we follow the rules: R denotes a good ring, a, b denote Data-
Locations of R, l; denotes an instruction-location of SCM(R), I denotes an
instruction of SCM(R), p denotes a finite partial state of SCM(R), s, s1, S2
denote states of SCM(R), and ¢ denotes a finite partial state of SCM.

One can prove the following propositions:

(14) The carrier of SCM(R) = {ICgcm(r) } U Data-Locscm U Instr-Locsom-
( ) ObjectKind(ll) = InstrSCM(R).

(16) dlg(n)=2-n+1.

(17) ilsem(r)(k) =2k + 2.

(18) For every Data-Location d; of R there exists a natural number ¢ such
that d; = le(i).

(19) For all natural numbers ¢, j such that i # j holds dlg(¢) # dlr(j).
(20) a # 1.

(21) Data-Locgcm € dom s.

(22) dom(s[Data-Locgonm) = Data-Locsom-

(23) If p = ¢, then DataPart(p) = DataPart(q).
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(24) DataPart(p) = p[Data-Locscm.

(25) p is data-only iff domp C Data-Locsom.

(26) dom DataPart(p) C Data-Locgcm.

(27) Instr-Locgcm € domss.

(28) If p = q, then ProgramPart(p) = ProgramPart(q).
(29) dom ProgramPart(p) C Instr-Locgcm.

Let us consider R and let I be an element of the instructions of SCM(R).
Observe that InsCode(I) is natural.
Next we state several propositions:

(30) InsCode(I) < 7.

(31) IncAddr(goto l1,k) = goto (I1 + k).

(32) IncAddr(if a =0 goto l1,k) = if a = 0 goto 1 + k.

(33) s(a) = (s+- Start-At(l1))(a).

(34) Suppose IC(, ) = IC(, and for every Data-Location a of R holds

si1(a) = s2(a) and for every instruction-location i of SCM(R) holds
s1(i1) = s2(i). Then s1 = s9.

(35) Exec(IncAddr(Curlnstr(s), k), s+- Start-At(IC, + k)) =
Following(s)+- Start- At (ICrgliowing(s) + &)

(36) If ICs = ilgcm(r)(j + k), then Exec(l, s+ Start-At(ICs —' k)) =
Exec(IncAddr(I, k), s)4 Start-At(ICgyec(incAddr(I,k),s) — K)-

Let us consider R. One can check that there exists a finite partial state of
SCM(R) which is autonomic and non programmed.

Let us consider R, let a be a Data-Location of R, and let 7 be an element
of the carrier of R. Then a——r is a finite partial state of SCM(R).

We now state a number of propositions:

(37) If R is non trivial, then for every autonomic finite partial state p of
SCM(R) such that DataPart(p) # () holds ICgcm(r) € domp.

(38) If R is non trivial, then for every autonomic non programmed finite
partial state p of SCM(R) holds ICgcm(g) € domp.

(39) For every autonomic finite partial state p of SCM(R) such that
ICscm(r) € dom p holds IC, € domp.

(40) Suppose R is non trivial. Let p be an autonomic non programmed fi-
nite partial state of SCM(R). If p C s, then ICcomputation(s))(n) €
dom ProgramPart(p).

(41) Suppose R is non trivial. Let p be an autonomic non pro-
grammed finite partial state of SCM(R). If p C s; and

p C s, then IC(Computation(sl))(n) = IC(Computation(sz))(n) and
Curlnstr((Computation(sy))(n)) = Curlnstr((Computation(sz))(n)).
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(42) Suppose R is non trivial. Let p be an autonomic non program-
med finite partial state of SCM(R). If p C s and p C s
and Curlnstr((Computation(sy))(n)) = a:=b and a € domp, then
(Computation(sy))(n)(b) = (Computation(sz2))(n)(b).

(43) Suppose R is non trivial. Let p be an autonomic non program-
med finite partial state of SCM(R). Suppose p C s and p C
so and Curlnstr((Computation(s;))(n)) = AddTo(a,b) and a €
domp. Then (Computation(si))(n)(a) + (Computation(si))(n)(b) =
(Computation(ss))(n)(a) + (Computation(sz2))(n)(b).

(44) Suppose R is non trivial. Let p be an autonomic non program-
med finite partial state of SCM(R). Suppose p C s; and p
sg and Curlnstr((Computation(s;))(n)) = SubFrom(a,b) and a
domp. Then (Computation(s;))(n)(a) — (Computation(si))(n)(b)
(Computation(sz))(n)(a) — (Computation(sa))(n)(b).

(45) Suppose R is non trivial. Let p be an autonomic non program-
med finite partial state of SCM(R). Suppose p C s; and p C
sp and Curlnstr((Computation(si))(n)) = MultBy(a,b) and a €
domp. Then (Computation(si))(n)(a) - (Computation(sy))(n)(b) =
(Computation(sa))(n)(a) - (Computation(sz2))(n)(b).

(46) Suppose R is non trivial. Let p be an autonomic non program-
med finite partial state of SCM(R). Suppose p C s; and p C s
and Curlnstr((Computation(s1))(n)) = ifa = 0gotol; and [ #
Next(IC computation(s1))(n))- Then (Computation(s;))(n)(a) = Og if and
only if (Computation(sz))(n)(a) = Og.

-
€

3. RELOCABILITY

Let NV be a set with non empty elements, let S be a regular standard IC-Ins-
separated definite non empty non void AMI over N, let k be a natural number,
and let p be a finite partial state of S. The functor Relocated(p, k) yielding a
finite partial state of S is defined as follows:

(Def. 2) Relocated(p, k) = Start-At(IC, + k)+- IncAddr(Shift(ProgramPart(p),
k), k)+- DataPart(p).

In the sequel S denotes a regular standard IC-Ins-separated definite non
empty non void AMI over N, g denotes a finite partial state of .S, and ¢; denotes
an instruction-location of S.

One can prove the following propositions:

(47) DataPart(Relocated(g, k)) = DataPart(g).

(48) If S is realistic, then ProgramPart(Relocated(g, k)) =
IncAddr(Shift(ProgramPart(g), k), k).
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(49) If S is realistic, then dom ProgramPart(Relocated(g, k)) = {ils(j +k);J
ranges over natural numbers: ilg(j) € dom ProgramPart(g)}.

(50) If S is realistic, then i1 € domg iff i; + k € dom Relocated(g, k).
(51) ICg € dom Relocated(g, k).

(52) If S is realistic, then ICReiocated(g,k) = ICy + k-

(53)

53) Let p be a programmed finite partial state of S and [ be an instruction-

location of S. If [ € dom p, then (IncAddr(p, k))(l) = IncAddr(mp, k).

(54) For every programmed finite partial state p of S holds
Shift(IncAddr(p,i),7) = IncAddr(Shift(p, i), 7).

(55) If S is realistic, then for every instruction I of S such that
i1 € domProgramPart(g) and I = g(i1) holds IncAddr(I,k) =
(Relocated(g, k)) (i1 + k).

(56) If S is realistic, then Start-At(IC, + k) C Relocated(g, k).

(57) 1If S is realistic, then for every data-only finite partial state ¢ of S such
that ICg € dom g holds Relocated(g+-q, k) = Relocated(g, k)+-q.

(58) For every autonomic finite partial state p of SCM(R) such that p C s;
and Relocated(p, k) C so holds p C s;+-s2]Data-Locgonm.

(59) Suppose R is non trivial. Let p be an autonomic finite par-
tial state of SCM(R). Suppose ICgcmp € domp and p C
s1 and Relocated(p,k) C s9 and s = s;+-se|Data-Locscm.
Let ¢ be a natural number. Then IC(computation(si))@) + k =
IC (Computation(ss)) (i) and IncAddr(Curlnstr((Computation(s))(i)), k) =
Curlnstr((Computation(sz))(7)) and (Computation(sy))(7) | dom DataPart
(p) = (Computation(sz2))(¢) | dom DataPart(Relocated(p, k)) and
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(Computation(s))(i) [Data-Locsem = (Computation(ss))(i) [Data-Locgom.

(60) Suppose R is non trivial. Let p be an autonomic finite partial state of
SCM(R). If ICgcm(r) € domp, then p is halting iff Relocated(p, k) is
halting.

(61) Suppose R is non trivial. Let p be an autonomic finite partial
state of SCM(R). Suppose ICgcmry € domp and p C s. Let i
be a natural number. Then (Computation(s+-Relocated(p,k)))(i) =
(Computation(s))(i)+- Start-At(IC computation(s)) (i) + k)+- ProgramPart
(Relocated(p, k)).

(62) Suppose R is non trivial. Let p be an autonomic finite partial
state of SCM(R). Suppose ICgcm(r)y € domp and Relocated(p, k) C
s. Let i be a natural number. Then (Computation(s))(i) =
(Computation(s+-p))(i)+- Start-At(IC computation(s+-p))(i) T k) +-s dom
ProgramPart(p)+- ProgramPart(Relocated(p, k)).

(63) Suppose R is non trivial and ICgcmpr) € domp and p C s
and Relocated(p, k) is autonomic. Let ¢ be a natural number. Then
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(Computation(s))(i) = (Computation(s+- Relocated(p, k)))(7)+- Start-At
(IC(Computation(s+- Relocated(p,k))) (%) _/k)+'8 [ dom ProgramPart(Relocated (p7
k))+- ProgramPart(p).

(64) If R is non trivial and ICgcm(r) € domp, then p is autonomic iff
Relocated(p, k) is autonomic.

(65) Suppose R is non trivial. Let p be a halting autonomic finite partial
state of SCM(R). If ICgcm(r) € domp, then DataPart(Result(p)) =
DataPart(Result(Relocated(p, k))).

(66) Suppose R is non trivial. Let F be a partial function from
FinPartSt(SCM(R)) to FinPartSt(SCM(R)). Suppose ICgcm(r) €
dom p and F' is data-only. Then p computes F' if and only if Relocated(p, k)
computes F.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek. Konig’s theorem. Formalized Mathematics, 1(3):589-593, 1990.

[3] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[4] Grzegorz Bancerek. Sequences of ordinal numbers. Formalized Mathematics, 1(2):281—
290, 1990.

[5] Jozef Biatas. Group and field definitions. Formalized Mathematics, 1(3):433—439, 1990.

[6] Czestaw Bylinski. A classical first order language. Formalized Mathematics, 1(4):669-676,
1990.

[7] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[8] Czestaw Byliniski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
[9] Czestaw Bylinski. The modification of a function by a function and the iteration of the

composition of a function. Formalized Mathematics, 1(3):521-527, 1990.

[10] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[11] Artur Kornilowicz. The basic properties of SCM over ring. Formalized Mathematics,
7(2):301-305, 1998.

[12] Artur Kornitowicz. The construction of SCM over ring. Formalized Mathematics,
7(2):295-300, 1998.

[13] Artur Kornitowicz. On the composition of macro instructions of standard computers.
Formalized Mathematics, 9(2):303-316, 2001.

[14] Artur Kornitowicz. The properties of instructions of SCM over ring. Formalized Mathe-
matics, 9(2):317-322, 2001.

[15] Eugeniusz Kusak, Wojciech Leoniczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

[16] Yatsuka Nakamura and Andrzej Trybulec. A mathematical model of CPU. Formalized
Mathematics, 3(2):151-160, 1992.

[17] Yatsuka Nakamura and Andrzej Trybulec. On a mathematical model of programs. For-
malized Mathematics, 3(2):241-250, 1992.

[18] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83-86, 1993.

[19] Dariusz Surowik. Cyclic groups and some of their properties - part I. Formalized Mathe-
matics, 2(5):623-627, 1991.

[20] Yasushi Tanaka. On the decomposition of the states of SCM. Formalized Mathematics,
5(1):1-8, 1996.

[21] Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.



RELOCABILITY FOR SCM OVER RING

Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329-334, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Andrzej Trybulec and Yatsuka Nakamura. Some remarks on the simple concrete model

of computer. Formalized Mathematics, 4(1):51-56, 1993.
Andrzej Trybulec, Piotr Rudnicki, and Artur Kornitowicz. Standard ordering of instruc-
tion locations. Formalized Mathematics, 9(2):291-301, 2001.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291-296,
1990.
Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received February 6, 2004

157






FORMALIZED MATHEMATICS
Volume 12, Number 2, 2004
University of Bialystok

Convergent Sequences in Complex Unitary
Space

Noboru Endou
Gifu National College of Technology

Summary. In this article, we introduce the notion of convergence sequence
in complex unitary space and complex Hilbert space.

MML Identifier: CLVECT_2.

The terminology and notation used in this paper are introduced in the following
papers: [15], [2], [14], [7], [1], [17], [3], [4], [10], [9], [16], [13], [11], [12], 8], [5],
and [6].

1. CONVERGENCE IN COMPLEX UNITARY SPACE

For simplicity, we adopt the following convention: X is a complex unitary
space, x, Yy, W, g, g1, g2 are points of X, z is a Complex, ¢, r, M are real numbers,
s1, S9, S3, s4 are sequences of X, k, n, m are natural numbers, and N; is an
increasing sequence of naturals.

Let us consider X, s1. We say that s; is convergent if and only if:

(Def. 1) There exists g such that for every r such that r > 0 there exists m such
that for every n such that n > m holds p(s1(n),g) <.

Next we state several propositions:
(1) If s; is constant, then s; is convergent.
(2) If s9 is convergent and there exists k such that for every n such that
k < n holds s3(n) = s2(n), then s3 is convergent.
(3) If s is convergent and s3 is convergent, then sg + s3 is convergent.
(4) If s is convergent and s3 is convergent, then so — s3 is convergent.

(5) If s; is convergent, then z - s1 is convergent.

@ 2004 University of Bialystok
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(6) If sq is convergent, then —s; is convergent.

(7) 1If s; is convergent, then s; + x is convergent.

(8) If s1 is convergent, then s; — x is convergent.

(9) s is convergent if and only if there exists g such that for every r such

that r > 0 there exists m such that for every n such that n > m holds
[s1(n) — gll <.
Let us consider X, s;. Let us assume that s; is convergent. The functor
lim s; yields a point of X and is defined as follows:

(Def. 2) For every r such that r > 0 there exists m such that for every n such
that n > m holds p(s1(n),lims;) < r.

One can prove the following propositions:
(10) If s1 is constant and x € rng s1, then lim sy = z.
(11) If s7 is constant and there exists n such that s;(n) = z, then lim s; = z.

(12) If s is convergent and there exists k such that for every n such that
n > k holds s3(n) = sa(n), then lim so = lim s3.

(13) If s9 is convergent and s3 is convergent, then lim(sg+s3) = lim so+lim s3.
(14) If s9 is convergent and s3 is convergent, then lim(sy—s3) = lim sy —lim s3.
(15) 1If s; is convergent, then lim(z - s1) = 2z - lim s;.

(16) If s; is convergent, then lim(—s;) = —lim s;.

(17) If s; is convergent, then lim(s; + =) = lim s; + =.

(18) 1If s; is convergent, then lim(s; —x) = lims; — x.

(19) Suppose s is convergent. Then lim s; = g if and only if for every r such

that » > 0 there exists m such that for every n such that n > m holds
[s1(n) —gll <.
Let us consider X, s1. The functor ||s1]| yielding a sequence of real numbers
is defined as follows:

(Def. 3) For every n holds ||si|[(n) = |[s1(n)]|
One can prove the following three propositions:
(20) If s; is convergent, then ||s|| is convergent.
(21) If sy is convergent and lim s; = g, then ||s1]| is convergent and lim||s; || =
lgll-
(22) If s; is convergent and lims; = g, then ||s; — g|| is convergent and
lim|s; —g|| = 0.
Let us consider X, s1, x. The functor p(s1,x) yielding a sequence of real
numbers is defined as follows:
(Def. 4) For every n holds (p(s1,z))(n) = p(s1(n), z).
One can prove the following propositions:

(23) If s; is convergent and lim s; = g, then p(s1,g) is convergent.
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(24) 1If s; is convergent and lims; = g, then p(s1,g) is convergent and
lim p(s1,9) = 0.

(25) If s9 is convergent and lim ss = g1 and s3 is convergent and lim s3 = go,
then ||sg + s3|| is convergent and lim||se + s3|| = ||g1 + g2]|-

(26) If s9 is convergent and lim ss = g1 and s3 is convergent and lim s3 = go,
then [|(s2+s3) — (91 +9g2)]| is convergent and lim||(s2 +s3) — (g1 +¢2)|| = 0.

(27) 1If s9 is convergent and lim sy = g; and s3 is convergent and lim s3 = g,
then ||s2 — s3] is convergent and lim|/sy — s3|| = ||g1 — g2]|.

(28) If s9 is convergent and lim sy = g; and s3 is convergent and lim s3 = g,
then [|s2 — s3 — (g1 — g2)| is convergent and lim|[sy — s3 — (g1 — g2)|| = 0.

(29) 1If s; is convergent and lim s; = g, then ||z - s1|| is convergent and lim||z -

sill = llz - gll-

(30) If s; is convergent and lim s; = g, then ||z -s; — z - g|| is convergent and
lim||z - s1 —z-g|]| = 0.

(31) If sy is convergent and lims; = g, then ||—s;|| is convergent and
lim|=s1]| = [[=g]-

(32) If s1 is convergent and lims; = g, then ||—s; — —g|| is convergent and

lim||—s; — —g|| = 0.
(33) If s1 is convergent and lim s; = g, then ||(s1 +x) — (g + )| is convergent
and lim||(s1 + ) — (¢ +z)|| = 0.
(34) If s; is convergent and lims; = g, then [[s; — x| is convergent and
lim|[s; — || = [lg — =].
(35) If s; is convergent and lim s; = g, then ||s; —x — (g — z)|| is convergent
and lim||s; —z — (¢ — z)|| = 0.
(36) If so is convergent and lim sy = g; and s3 is convergent and lim s3 = g,
then p(sa2 + s3,91 + g2) is convergent and lim p(s2 + s3,91 + g2) = 0.
(37) If so is convergent and lim sa = g; and s3 is convergent and lim s3 = go,
then p(se2 — s3,91 — g2) is convergent and lim p(sg — s3,91 — g2) = 0.
(38) If s is convergent and lim s; = g, then p(z - 51,2 - g) is convergent and
limp(z - s1,2z-g) =0.
(39) 1If s1 is convergent and lim s; = g, then p(s; +z, g+ ) is convergent and
lim p(s; +z,9 + x) = 0.
Let us consider X, x, r. The functor Ball(x,r) yields a subset of X and is
defined by:
(Def. 5) Ball(x,r) = {y; y ranges over points of X: ||z — y| < r}.
The functor Ball(x,r) yielding a subset of X is defined by:
(Def. 6) Ball(z,r) = {y;y ranges over points of X: ||z — y| < r}.
The functor Sphere(x, ) yielding a subset of X is defined as follows:
(Def. 7) Sphere(x,r) = {y; y ranges over points of X: ||z — y| = r}.



162 NOBORU ENDOU

Next we state a number of propositions:

o
(an)]

w € Ball(z,r) iff ||z —w]|| <.

N
—

w € Ball(z,r) iff p(x,w) < r.

42) If r > 0, then = € Ball(z, r).

43) If y € Ball(z,r) and w € Ball(z,r), then p(y,w) < 2-r.
44) 1If y € Ball(x,r), then y — w € Ball(z — w,r).

45) If y € Ball(z,r), then y — z € Ball(Ox, 7).

46) If y € Ball(z,r) and r < ¢, then y € Ball(z, q).

AN N N N N N N N N N N N N N N N
=~
(O |

S N e e e e e e e T N N N N N N N

w € Ball(z,r) iff |2 —wl|| <.

w € Ball(z,r) iff p(z,w) < r.

If r > 0, then z € Ball(z, 7).

If y € Ball(x,7), then y € Ball(z, 7).
w € Sphere(z,r) iff ||z —wl|| =

(A2 SR} BTN
N = O ©

w € Sphere(z,r) iff p(x,w) =r.

If y € Sphere(x, ), then y € Ball(z, ).
Ball(z,r) C Ball(z, 7).

Sphere(x,r) C Ball(z, r).

Ball(x,7) U Sphere(z, r) = Ball(z, ).

[ S B S
S Ot s W

2. CAUCHY SEQUENCE AND HILBERT SPACE WITH COMPLEX COEFFICIENT

Let us consider X and let us consider s;. We say that s; is Cauchy if and
only if:
(Def. 8) For every r such that r > 0 there exists k such that for all n, m such
that n > k and m > k holds p(s1(n), s1(m)) < r.
The following propositions are true:
(57) If s; is constant, then s; is Cauchy.

(58) s1 is Cauchy if and only if for every r such that r > 0 there exists k such
that for all n, m such that n > k and m > k holds [[s1(n) — si(m)| <r.

If s is Cauchy and s3 is Cauchy, then so + s3 is Cauchy.
If s9 is Cauchy and s3 is Cauchy, then so — s3 is Cauchy.

D
—

(59)

(60)

(61) If s; is Cauchy, then z - s; is Cauchy.
(62) If s; is Cauchy, then —s; is Cauchy.
(63) If s1 is Cauchy, then s; + x is Cauchy.
(64) If s; is Cauchy, then s; — x is Cauchy.
(65)

If s1 is convergent, then s; is Cauchy.
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Let us consider X and let us consider so, s3. We say that s is compared to
s3 if and only if:
(Def. 9) For every r such that r» > 0 there exists m such that for every n such
that n > m holds p(sa2(n),sz(n)) < r.
One can prove the following two propositions:
(66) 1 is compared to sj.
(67) If sp is compared to s3, then s3 is compared to ss.

Let us consider X and let us consider sa, s3. Let us notice that the predicate
s9 is compared to s3 is reflexive and symmetric.
The following propositions are true:
(68) If sy is compared to s3 and sz is compared to s4, then s is compared to
84.
(69) so is compared to sg iff for every r such that r > 0 there exists m such
that for every n such that n > m holds ||s2(n) — s3(n)|| < r.

(70) If there exists k such that for every n such that n > k holds sa(n) =
s3(n), then sy is compared to ss.

(71) If s9 is Cauchy and compared to s3, then s3 is Cauchy.
(72) 1If s9 is convergent and compared to s3, then sg is convergent.

(73) 1If sg is convergent and lim sy = g and s9 is compared to s3, then sg is
convergent and lim s3 = g.

Let us consider X and let us consider s;. We say that s; is bounded if and
only if:
(Def. 10) There exists M such that M > 0 and for every n holds ||s1(n)|| < M.
We now state several propositions:
If s is bounded and s3 is bounded, then so + s3 is bounded.
If s is bounded, then —sq is bounded.

)
)
76) 1If s9 is bounded and sz is bounded, then so — s3 is bounded.
) If s1 is bounded, then z - s; is bounded.
) If s1 is constant, then s; is bounded.

)

For every m there exists M such that M > 0 and for every n such that
n < m holds ||s1(n)|| < M.

(80) 1If s1 is convergent, then s; is bounded.
(81) 1If s9 is bounded and compared to sz, then s3 is bounded.

Let us consider X, Ny, s1. Then s; - N7 is a sequence of X.
We now state several propositions:
(82) Let X be a complex unitary space, s be a sequence of X, N be an

increasing sequence of naturals, and n be a natural number. Then (s -
N)(n) = s(N(n)).
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s1 is a subsequence of s1.

If s5 is a subsequence of s3 and s3 is a subsequence of s4, then s is a
subsequence of s4.

If s is constant and s is a subsequence of s1, then sy is constant.

If s71 is constant and s is a subsequence of s1, then s1 = ss.

If s1 is bounded and s9 is a subsequence of s1, then so is bounded.

If s1 is convergent and so is a subsequence of s1, then so is convergent.

If s9 is a subsequence of s; and s; is convergent, then lim sy = lim s;.

If s1 is Cauchy and ss is a subsequence of s1, then sy is Cauchy.

Let us consider X, let us consider si, and let us consider k. The functor
s1 T k yields a sequence of X and is defined as follows:

(Def. 11)

For every n holds (s1 T k)(n) = s1(n+ k).

One can prove the following propositions:

—~~
—= =~~~ —~ —~ —~ —~ —~
O O © © © © © © © © ©
— O © 00 J O Ot = W N =
— Y — Y T Y Y~ '

s1T0=s;.

s1TkTm=s1Tm7k.

siTkTm=s17(k+m).

(so+s3)Tk=s2Tk+s3Tk.

(—=s1)Tk=—s11k.

(so—s3)Tk=s2Tk—s37k.

(z- s)Tk—z (s11k).

(s1-N1)Tk=s1-(N1Tk).

s1 T k is a subsequence of s;.

If s1 is convergent, then s; T k is convergent and lim(s; T k) = lim s;.

If s1 is convergent and there exists k such that s; = so T k, then s5 is
convergent.

If s1 is Cauchy and there exists k such that s; = so Tk, then so is Cauchy.
If s1 is Cauchy, then s; T k is Cauchy.

If s9 is compared to sz, then so T k is compared to s3 T k.

If s1 is bounded, then sq T k is bounded.

If sy is constant, then sy T k is constant.

Let us consider X. We say that X is complete if and only if:

(Def. 12)

For every s; such that s; is Cauchy holds s; is convergent.

The following proposition is true

(107)

If X is complete and s; is Cauchy, then s; is bounded.

Let us consider X. We say that X is Hilbert if and only if:

(Def. 13)

X is a complex unitary space and complete.
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MML Identifier: RECDEF_2.

The papers [7], [4], [9], [8], [5], [6], [1], [10], [2], [11], and [3] provide the termi-
nology and notation for this paper.

In this paper a, b, ¢, d, e, z, A, B, C, D, E are sets.

Let x be a set. Let us assume that there exist sets x1, x2, x3 such that
x = (x1, x2, x3). The functor x1 3 is defined as follows:

(Def. 1) For all sets y1, y2, y3 such that = (y1, y2, y3) holds z13 = yi.
The functor x3 3 is defined by:
(Def. 2) For all sets y1, y2, y3 such that x = (y1, y2, y3) holds z23 = y».
The functor x3 3 is defined by:
(Def. 3) For all sets y1, y2, y3 such that x = (y1, y2, y3) holds z33 = ys.
The following propositions are true:
(1) If there exist a, b, ¢ such that z = (a, b, ¢}, then z = (213, 223, 23.3)-
(2) IfzelA, B,C/{, then 213 € Aand z23 € B and 233 € C.
(3) IfzelA, B, Cl, then z = (213, 22,3, 233)-
Let x be a set. Let us assume that there exist sets x1, x3, x3, x4 such that
x = (x1, T2, x3,x4). The functor 1 4 is defined by:
(Def. 4)  For all sets y1, Y2, y3, ya such that z = (y1, y2,y3, ya) holds x1,4 = y1.
The functor x4 is defined by:
(Def. 5)  For all sets y1, y2, y3, ya such that z = (y1, y2,y3, ya) holds x4 = yo.
The functor x3 4 is defined as follows:
(Def. 6) For all sets y1, y2, y3, ya such that z = (y1, y2,y3, ya) holds x34 = ys.

The functor x4 4 is defined as follows:

!The paper was written during author’s post-doctoral fellowship granted by Shinshu Uni-
versity, Japan.

@ 2004 University of Bialystok
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(Def. 7)  For all sets y1, y2, y3, ya4 such that z = (y1, y2,y3, ya) holds x4 4 = ya.

Next we state three propositions:

(4) If there exist a, b, ¢, d such that z = (a,b,c,d), then z =
(21,4, 22,4, 23,4, 24,4) -

() If z € [A B,C, D], then 214 € A and 224 € B and 234 € C and
244 € D.

(6) IfzelA, B,C, D], then z = (21,4, 224,234,24.4).

Let x be a set. Let us assume that there exist sets z1, zs, 3, 24, 5 such
that © = (z1, x2, 3, 4, x5). The functor z1 5 is defined by:

(Def. 8) For all sets y1, y2, Y3, Y4, ys such that x = (y1, y2, Y3, Y4, y5) holds z1 5 =
Y1-
The functor x5 is defined by:
(Def. 9) For all sets y1, y2, ys, Y4, ys such that x = (y1,y2, Y3, Y4, y5) holds z2 5 =
Y2.
The functor x3 5 is defined as follows:
(Def. 10) For all sets y1, y2, ys, Y4, ys such that x = (y1,y2, Y3, y4,ys5) holds zg 5 =
Y3-
The functor x4 5 is defined as follows:
(Def. 11) For all sets y1, y2, ys, Y4, ys such that © = (y1,y2, Y3, y4,ys) holds z4 5 =
Y4.
The functor x5 5 is defined by:
(Def. 12) For all sets y1, y2, ys, Y4, y5 such that x = (y1,y2, Y3, y4,ys) holds x5 5 =
Ys-

The following propositions are true:

(7) If there exist a, b, ¢, d, e such that z = (a,b,c,d,e), then z =
(21,5, 22,5, 23,5, 24,5, 25,5)

(8) IfzelA B,C,D,E], then z15 € A and 225 € B and 235 € C and
245 € D and 255 € FE.

(9) IfzelA B,C, D, EY then z = (215,225,235, 245, 25.5)-

In this article we present several logical schemes. The scheme ExFunc3Cond
deals with a set A, three unary functors F, G, and H yielding sets, and three
unary predicates P, @, R, and states that:

There exists a function f such that dom f = A and for every set
¢ such that ¢ € A holds if P[c], then f(c) = F(c) and if Q]c], then
f(c) = G(c) and if R[c], then f(c) = H(c)
provided the parameters meet the following conditions:
e For every set ¢ such that ¢ € A holds if P[c], then not Qlc| and if
Plc], then not R]c] and if Q[¢], then not R[], and
e For every set ¢ such that ¢ € A holds P|c] or Q[c] or Rlc].
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The scheme FExFuncjCond deals with a set A, four unary functors F, G, H,
and 7 yielding sets, and four unary predicates P, @, R, S, and states that:
There exists a function f such that
(i) domf = A, and
(ii) for every set ¢ such that ¢ € A holds if P[c|, then f(c) =
F(c) and if Qlc], then f(c) = G(c) and if R]c], then f(c) = H(c
and if S[c], then f(c) = Z(c)
provided the following conditions are satisfied:
e Let ¢ be a set such that ¢ € A. Then
(i)  if PJc], then not Qlc],
if P[c], then not R[],
if P[], then not S[¢],
[c], then not R[],
if Qlc], then not Sic|, and
[

e For every set ¢ such that ¢ € A holds Plc] or Qlc] or R]c] or S|c].
The scheme DoubleChoiceRec deals with non empty sets A, BB, an element
C of A, an element D of B, and a 5-ary predicate P, and states that:
There exists a function f from N into .4 and there exists a function
g from N into B such that f(0) = C and ¢(0) = D and for every
element n of N holds P[n, f(n),g(n), f(n+1),g9(n+ 1)]
provided the parameters satisfy the following condition:
e Let n be an element of N, x be an element of A, and y be an
element of B. Then there exists an element z1 of A and there
exists an element y; of B such that P[n, z,y, z1, y1].
The scheme LambdaRec2Ex deals with sets A, B and a ternary functor F
yielding a set, and states that:
There exists a function f such that dom f = N and f(0) = A
and f(1) = B and for every natural number n holds f(n 4 2) =
Fln, f(n), fn+1)
for all values of the parameters.
The scheme LambdaRec2FExD deals with a non empty set A, elements B, C
of A, and a ternary functor F yielding an element of A, and states that:
There exists a function f from N into A such that f(0) = B
and f(1) = C and for every natural number n holds f(n +2) =
Fln, f(n), f(n+1))
for all values of the parameters.
The scheme LambdaRec2Un deals with sets A, B, functions C, D, and a
ternary functor C yielding a set, and states that:
cC=DD
provided the parameters meet the following requirements:
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domC =N,

C(0)=Aand C(1) = B,

For every natural number n holds C(n+2) = C(n,C(n),C(n+1)),
domD = N,

D(0) = A and D(1) = B, and

For every natural number n holds D(n+2) = C(n, D(n), D(n+1)).

The scheme LambdaRec2UnD deals with a non empty set A, elements B, C
of A, functions D, £ from N into A, and a ternary functor D yielding an element
of A, and states that:

D=¢
provided the following requirements are met:
e D(0) =B and D(1) =C,
e For every natural number n holds D(n+2) = D(n, D(n), D(n+1)),
e £(0)=Band £(1) =C, and
e For every natural number n holds £(n+2) = D(n,E(n),E(n+1)).
The scheme LambdaRec3Ex deals with sets A, B, C and a 4-ary functor F
yielding a set, and states that:
There exists a function f such that dom f = N and f(0) = A and
f(1) = B and f(2) = C and for every natural number n holds
F(n+3) = Fln, f(n), f(n+1), f(n +2))

for all values of the parameters.

The scheme LambdaRec3FExD deals with a non empty set A, elements B, C,

D of A, and a 4-ary functor F yielding an element of A, and states that:
There exists a function f from N into A such that f(0) = B and
f(1) = C and f(2) = D and for every natural number n holds
J(n+3) = Fn, f(n), f(n+1), f(n +2))

for all values of the parameters.

The scheme LambdaRec3Un deals with sets A, B, C, functions D, £, and a
4-ary functor D yielding a set, and states that:

D=¢E
provided the parameters meet the following requirements:
e domD =N,

e D(0) =Aand D(1) =B and D(2) =C,
e For every natural number n holds D(n + 3) = D(n,D(n), D(n +
1),D(n +2)),
e dom€& =N,
o £(0)=Aand £(1) =B and £(2) =C, and
e For every natural number n holds £(n + 3) = D(n,E(n),E(n +
1),E(n+2)).
The scheme LambdaRec3UnD deals with a non empty set A, elements 5, C,
D of A, functions £, F from N into A, and a 4-ary functor £ yielding an element
of A, and states that:
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E=F
provided the parameters meet the following requirements:
o £(0)=Band £(1) =C and £(2) =D,
e For every natural number n holds £(n + 3) = £(n,E(n),E(n +
1),(n +2)),
e F(0) =B and F(1) =C and F(2) =D, and
e For every natural number n holds F(n + 3) = £(n, F(n), F(n +
1), F(n+2)).
The scheme LambdaRec/FEx deals with sets A, B, C, D and a 5-ary functor
F yielding a set, and states that:
There exists a function f such that dom f = N and f(0) = A
and f(1) = B and f(2) = C and f(3) = D and for every natural
number n holds f(n+4) = F(n, f(n), f(n+1), f(n+2), f(n+3))
for all values of the parameters.
The scheme LambdaRec4FxD deals with a non empty set A, elements B, C,
D, € of A, and a 5-ary functor F yielding an element of A, and states that:
There exists a function f from N into A such that f(0) = B and
f(1) = C and f(2) = D and f(3) = &£ and for every natural
number n holds f(n+4) = F(n, f(n), f(n+1), f(n+2), f(n+3))
for all values of the parameters.
The scheme LambdaRec4 Un deals with sets A, B, C, D, functions £, F, and
a 5-ary functor £ yielding a set, and states that:

E=F
provided the parameters satisfy the following conditions:
e dom& =N,

D,

o £(0)=Aand £(1) =B and £(2) =C and £(3) =
=&, E(n),E(n +

e For every natural number n holds £(n + 4)
1),E(n+2),E(n+3)),
e domF =N,
o F(0)=Aand F(1) =B and F(2) =C and F(3) = D, and
e For every natural number n holds F(n +4) = E(n, F(n), F(n +
1), F(n+2), F(n+3)).
The scheme LambdaRec/ UnD deals with a non empty set A, elements B, C,
D, £ of A, functions F, G from N into A, and a 5-ary functor F yielding an
element of A, and states that:
F=g
provided the parameters meet the following requirements:
o F(0) =B and F(1) =C and F(2) =D and F(3) =€,
e For every natural number n holds F(n +4) = F(n, F(n), F(n +
1), F(n+2),F(n+3)),
e G(0)=Band G(1) =C and G(2) =D and G(3) = &, and
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e For every natural number n holds G(n +4) = F(n,G(n),G(n +
1),G(n+2),G(n+3)).
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For simplicity, we use the following convention: X denotes a Banach algebra,
p denotes a real number, w, z, z1, 29 denote elements of X, k, I, m, n denote
natural numbers, s, s9, s3, s, s denote sequences of X, and r; denotes a
sequence of real numbers.

Let X be a non empty normed algebra structure and let z, y be elements of
X. We say that x, y are commutative if and only if:

(Def. 1) z-y=y-x.
Let us note that the predicate x, y are commutative is symmetric.
Next we state a number of propositions:

(1) If s9 is convergent and sz is convergent and lim(sy — s3) = Ox, then
lim sy = lim s3.

(2) For every z such that for every natural number n holds s(n) = z holds
lims = z.

(3) If s is convergent and s’ is convergent, then s - s’ is convergent.

(4) If s is convergent, then z - s is convergent.

(5) If s is convergent, then s - z is convergent.
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(6) If sis convergent, then lim(z - s) = z - lim s.

(7) If s is convergent, then lim(s- z) = lims - 2.

(8) 1If s is convergent and s’ is convergent, then lim(s - s’) = lim s - lim &'
(9)

(Xa=o(z-s1)(@))ren = 2+ (3og=0(s1)())ren and (35— (s1-2) () ren =
(X a—o(s1)(@))ren - 2.
(10) (I a=o(s1)(a))ren(k) |l < (Xa—ollsill(a))xen(k).
(11) If for every n such that n < m holds sa2(n) = s3(n), then
(> t—o(s2)(a))ren(m) = (305 _o(s3)(@)) ken(m).
(12) If for every n holds ||s1(n)|| < r1(n) and r is convergent and limr; = 0,
then s; is convergent and lim s; = Ox.
Let us consider X and let z be an element of X. The functor z ExpSeq
yielding a sequence of X is defined as follows:

(Def. 2) For every n holds z ExpSeq(n) = & - 22
The scheme ExNormSpace CASFE deals with a non empty Banach algebra A4
and a binary functor F yielding a point of 4, and states that:
For every k there exists a sequence s; of A such that for every n
holds if n < k, then s1(n) = F(k,n) and if n > k, then s1(n) =04
for all values of the parameters.
Next we state the proposition
(13) For every k such that 0 < k holds (k —"1)!- k = k! and for all m, k such
that &k <m holds (m —"k)!- (m+1)—k)=((m+1) " k).
Let n be a natural number. The functor Coefn yields a sequence of real
numbers and is defined by:
(Def. 3) For every natural number & holds if k¥ < n, then (Coefn)(k) = #l’k)'
and if k£ > n, then (Coefn)(k) = 0.
Let n be a natural number. The functor Coef_en yielding a sequence of real
numbers is defined by:
(Def. 4)  For every natural number £ holds if £ < n, then (Coef_en)(k) = m
and if k£ > n, then (Coef_en)(k) = 0.
Let us consider X, s1. The functor Shift s; yielding a sequence of X is defined
as follows:
(Def. 5) (Shift s;)(0) = Ox and for every natural number k£ holds (Shift s;)(k +
1) = s1(k).
Let us consider n, let us consider X, and let z, w be elements of X. The
functor Expan(n, z,w) yields a sequence of X and is defined by:
(Def. 6) For every natural number k holds if k¥ < n, then (Expan(n, z,w))(k) =
(Coef n)(k) - 2% - wg_lk and if n < k, then (Expan(n,z,w))(k) = 0x.
Let us consider n, let us consider X, and let z, w be elements of X. The
functor Expan_e(n, z, w) yields a sequence of X and is defined as follows:
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(Def. 7)  For every natural number k holds if k£ < n, then (Expan_e(n, z,w))(k) =

(Coef en)(k) - 2F - w{g*/k and if n < k, then (Expan_e(n, z,w))(k) = Ox.
Let us consider n, let us consider X, and let z, w be elements of X. The
functor Alfa(n, z,w) yields a sequence of X and is defined as follows:

(Def. 8) For every natural number £k holds if £ < n, then (Alfa(n,z,w))(k) =
zExpSeq(k) - (> n_owExpSeq(a))wen(n —' k) and if n < k, then
(Alfa(n, z,w))(k) = 0x.

Let us consider X, let z, w be elements of X, and let n be a natural number.
The functor Conj(n, z,w) yields a sequence of X and is defined by:

(Def. 9) For every natural number k& holds if k¥ < n, then (Conj(n,z,w))(k) =
z ExpSeq(k) - (X oq—o w ExpSeq(a))ren(n) — (3oa—o w ExpSeq(a))xen(n '
k)) and if n < k, then (Conj(n, z,w))(k) = 0x.

One can prove the following propositions:
(14) zExpSeq(n + 1) = L= - z - zExpSeq(n) and zExpSeq(0) = 1x and

n+1
|z ExpSeq(n)|| < ||z]| ExpSeq(n).
(15) If 0 < k, then (Shift s;)(k) = s1(k —' 1).

(16)  (Xa=o(s1)(@))ren(k) = (3oa—o(Shift s1)(e))wen (k) + 51 (k).

(17) For all z, w such that z, w are commutative holds (z + w)f =
(> a=o(Expan(n, z, w))(a)) sen(n).

(18) Expan_e(n,z,w) = 2 - Expan(n, z, w).

(19) For all z, w such that 2, w are commutative holds % - (z + w)i} =

(X =0 (Expan_e(n, z, w))(@))wen(n).
(20) 0x ExpSeq is norm-summable and ) (0x ExpSeq) = 1x.
Let us consider X and let z be an element of X. Observe that z ExpSeq is
norm-summable.
Next we state a number of propositions:
(21) zExpSeq(0) = 1x and (Expan(0, z,w))(0) = 1x.
(22) If I < k, then (Alfa(k + 1,z,w))(l) = (Alfa(k, z,w))(l) + (Expan_e(k +
1, z,w))(1).
(23) (Xa—o(Alfa(k+ 1, z,w))(a))ren(k) = (q—o(Alfalk, 2, w))(a))xen(k) +
(Xa=o(Expan_e(k + 1, z,w))(a))xen(k).
(24) zExpSeq(k) = (Expan_e(k, z,w))(k).
(25) For all z, w such that z, w are commutative holds (3 h_,z +
w ExpSeq(a))sen(n) = (2 a=o(Alfa(n, 2z, w))(a))sen(n).
(26) For all z, w such that z, w are commutative holds
(Xa=o 2 ExpSea(@))ren(k) - (2q— wExpSeq(a))ren(k) — a0z +
w ExpSeq(a))xen(k) = (Xoa=0(Conj(k, 2, w))(a))sen (k).
(27) 0 < ||z|| ExpSeq(n).
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(28) [[(Xoa—0 2 ExpSeq(a))ren(h)ll < (3Ca—ollzll ExpSeq(a))ren(k) and
(X a—ollzl ExpSeq(ar))wen(k) < 3_(||2[| ExpSeq) and
1(X a0 2 ExpSeq())nen (k)| < 22(||2]| ExpSeq).
(29) 1< X (Ilz] ExpSeq).
(30)  [(Xa—ollzll ExpSeq(a))wen(n)| = (Xa—ollzl ExpSeq(a))xen(n) and if
n < m, then [(3-0_llzll ExpSeq(a))wen(m) — (3 oq—ollz|l ExpSeq(a))wen(n)]
= (2a=ollzll ExpSeq(a))ren(m) — (3_a—ollzll ExpSeq(a))xen(n).
(31)  [(XCG=ollConj(k, z, w)l|(er))wen(n)| = (3oa—llConj(k, z, w)|[(e))ren(n).
(32) For every real number p such that p > 0 there exists n such that for
every k such that n < k holds |(3_5_,[|Conj(k, z,w)||(a))ken(k)| < p.
(33) For every s1 such that for every k holds s1(k) =
(> on_o(Conj(k, z,w))(c))ken(k) holds s; is convergent and lims; = Ox.
Let X be a Banach algebra. The functor exp X yielding a function from the
carrier of X into the carrier of X is defined by:
(Def. 10) For every element z of the carrier of X holds (exp X)(z) = > (2 ExpSeq).
Let us consider X, z. The functor exp z yields an element of X and is defined
by:
(Def. 11) expz = (exp X)(2).
One can prove the following propositions:
(34) For every z holds exp z = ) (z ExpSeq).
(35) Let given z1, z2. Suppose z1, z2 are commutative. Then exp(z; + 22) =
exp z1-exp z2 and exp(z2+21) = exp z2-exp 21 and exp(z1 +22) = exp(z2+
z1) and exp z1, exp z2 are commutative.

(36) For all 21, z5 such that z1, 2o are commutative holds z1-exp zo = exp 22-21.
(37) eXp(Ox) = 1)(.

(38) expz-exp(—z) =1y and exp(—=z) -expz = 1x.

(39) expz is invertible and (expz)~! = exp(—z) and exp(—z) is invertible

and (exp(—2z))~! = exp z.
(40) For every z and for all real numbers s, t holds s- z, t- z are commutative.

(41) Let given z and s, t be real numbers. Then exp(s - z) - exp(t - z) =
exp((s—+t)-z) and exp(t-z)-exp(s-z) = exp((t+s)-2z) and exp((s+t)-z) =
exp((t+ ) - z) and exp(s - z), exp(t - z) are commutative.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[2] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[3] Czestaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

[4] Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.



THE EXPONENTIAL FUNCTION ON BANACH ALGEBRA

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Jarostaw Kotowicz. Convergent sequences and the limit of sequences. Formalized Mathe-
matics, 1(2):273-275, 1990.

Jarostaw Kotowicz. Monotone real sequences. Subsequences. Formalized Mathematics,
1(3):471-475, 1990.

Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathema-
tics, 1(2):269-272, 1990.

Fugeniusz Kusak, Wojciech Leoniczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.

Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83-86, 1993.

Jan Popiotek. Some properties of functions modul and signum. Formalized Mathematics,
1(2):263-264, 1990.

Jan Popiotek. Real normed space. Formalized Mathematics, 2(1):111-115, 1991.

Konrad Raczkowski and Andrzej Nedzusiak. Series. Formalized Mathematics, 2(4):449—
452, 1991.

Yasunari Shidama. The Banach algebra of bounded linear operators. Formalized Mathe-
matics, 12(2):103-108, 2004.

Yasunari Shidama. The series on Banach algebra. Formalized Mathematics, 12(2):131—
138, 2004.

Andrzej Trybulec. Subsets of complex numbers. To appear in Formalized Mathematics.
Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

V%ggciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291-296,
1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Yuguang Yang and Yasunari Shidama. Trigonometric functions and existence of circle
ratio. Formalized Mathematics, 7(2):255-263, 1998.

Received February 13, 2004






FORMALIZED MATHEMATICS

Volume 12, Number 2, 2004
University of Bialystok

Fundamental Theorem of Arithmetic!

Artur Kornitowicz Piotr Rudnicki
University of Biatystok University of Alberta
Edmonton
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The notation and terminology used in this paper are introduced in the following
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1. PRELIMINARIES

We follow the rules: a, b, n denote natural numbers, r denotes a real number,
and f denotes a finite sequence of elements of R.

Let X be an empty set. Observe that card X is empty.

One can check that every binary relation which is natural-yielding is also
real-yielding.

Let us mention that there exists a finite sequence which is natural-yielding.

Let a be a non empty natural number and let b be a natural number. Observe
that a® is non empty.

One can verify that every prime number is non empty.

In the sequel p denotes a prime number.

One can verify that Prime is infinite.

The following propositions are true:
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(1) For all natural numbers a, b, ¢, d such that a | cand b | d holds a-b | ¢-d.
(2) If1<a, then b < a’

(3) Ifa#0, then n | n

(4) For all natural numbers 4, j, m, n such that i < j and m’ | n holds
mtl | n.

(5) Ifp|ab thenp|a

(6) For every prime number a such that a | p? holds a = p.

(7) For every finite sequence f of elements of N such that a € rng f holds

alllf
(8) For every finite sequence f of elements of Prime such that p | [] f holds
p € rng f.
Let f be a real-yielding finite sequence and let a be a natural number. The
functor f* yielding a finite sequence is defined as follows:
(Def. 1) len(f*) = len f and for every set i such that ¢ € dom(f®) holds f*(i) =
fee.
Let f be a real-yielding finite sequence and let a be a natural number. One
can verify that f is real-yielding.
Let f be a natural-yielding finite sequence and let a be a natural number.
Note that f¢ is natural-yielding.
Let f be a finite sequence of elements of R and let a be a natural number.
Then f® is a finite sequence of elements of R.
Let f be a finite sequence of elements of N and let a be a natural number.
Then f® is a finite sequence of elements of N.
Next we state several propositions:

) fO=lenf 1.
) fr=F.
) (er)® =
12) <7”>a = <7’“>
)
)
)

(
(10

(

(

(13 )" =
( b=
(

—

\s

—
3

(f) = ().
T - 111
[10*) = 1N

2. MORE ABOUT BAGS

Let X be a set. Note that there exists a many sorted set indexed by X which
is natural-yielding and finite-support.

Let X be a set, let b be a real-yielding many sorted set indexed by X, and
let a be a natural number. The functor a - b yielding a many sorted set indexed
by X is defined as follows:
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(Def. 2) For every set i holds (a - b)(i) = a - b(3).

Let X be a set, let b be a real-yielding many sorted set indexed by X, and
let @ be a natural number. One can verify that a - b is real-yielding.

Let X be a set, let b be a natural-yielding many sorted set indexed by X,
and let a be a natural number. Note that a - b is natural-yielding.

Let X be a set and let b be a real-yielding many sorted set indexed by X.
Note that support(0 - b) is empty.

Next we state the proposition

(16) For every set X and for every real-yielding many sorted set b indexed by
X such that a # 0 holds support b = support(a - b).

Let X be a set, let b be a real-yielding finite-support many sorted set indexed
by X, and let a be a natural number. One can check that a - b is finite-support.

Let X be a set and let by, bo be real-yielding many sorted sets indexed by
X. The functor min(by, b2) yields a many sorted set indexed by X and is defined
by:

(Def. 3) For every set ¢ holds if by (7) < ba(7), then (min(by,b2))(i) = b1(7) and if
by (Z) > bg(i), then (min(bl, bg))(l) = bg(’L)

Let X be a set and let by, bo be real-yielding many sorted sets indexed by
X. Note that min(by, b2) is real-yielding.

Let X be a set and let b1, bs be natural-yielding many sorted sets indexed
by X. Observe that min(by, b2) is natural-yielding.

We now state the proposition

(17) For every set X and for all real-yielding finite-support many sorted sets
b1, by indexed by X holds support min(by, b2) C support b; U support bs.
Let X be a set and let by, bs be real-yielding finite-support many sorted sets
indexed by X. Observe that min(by,be) is finite-support.
Let X be a set and let by, bo be real-yielding many sorted sets indexed by
X. The functor max(by, be) yielding a many sorted set indexed by X is defined
as follows:
(Def. 4) For every set i holds if b1 (i) < be(7), then (max(b1,b2))(i) = b2(i) and if
by (Z) > bg(i), then (max(bl, bg))(’b) =b (Z)
Let X be a set and let by, bo be real-yielding many sorted sets indexed by
X. Observe that max(by, by) is real-yielding.
Let X be a set and let b1, by be natural-yielding many sorted sets indexed
by X. One can check that max(by, be) is natural-yielding.
One can prove the following proposition

(18) For every set X and for all real-yielding finite-support many sorted sets
b1, by indexed by X holds support max (b1, be) C support b; U support bs.

Let X be a set and let by, bs be real-yielding finite-support many sorted sets
indexed by X. Observe that max(by,bs) is finite-support.
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Let A be a set and let b be a bag of A. The functor [][b yields a natural
number and is defined by:
(Def. 5) There exists a finite sequence f of elements of N such that [[b = [] f
and f = b- CFS(support b).
Let A be a set and let b be a bag of A. Then [[b is a natural number.
One can prove the following proposition
(19) For every set X and for all bags a, b of X such that supporta misses

support b holds [[(a+b) = []a - []b.

Let X be a set, let b be a real-yielding many sorted set indexed by X, and
let n be a non empty natural number. The functor " yielding a many sorted
set indexed by X is defined by:

(Def. 6) support(b™) = support b and for every set ¢ holds 0™ (i) = b(i)™.

Let X be a set, let b be a natural-yielding many sorted set indexed by X, and
let n be a non empty natural number. One can verify that " is natural-yielding.

Let X be a set, let b be a real-yielding finite-support many sorted set indexed
by X, and let n be a non empty natural number. Observe that o™ is finite-
support.

The following proposition is true

(20) For every set A holds [[ EmptyBag A = 1.

3. MULTIPLICITY OF A DIVISOR

Let n, d be natural numbers. Let us assume that d # 1 and n # 0. The
functor d-count(n) yields a natural number and is defined by:

(Def. 7) (Jd-count(n) ’ n and dd-count(n)+1 )(n
One can prove the following propositions:

(21) If n # 1, then n-count(1) = 0.
(22) If 1 < n, then n-count(n) = 1.
(23) Ifb#0and b < a and a # 1, then a-count(b) = 0.
(24) If a # 1 and a # p, then a-count(p) = 0.
(25) If 1 < b, then b-count(b®) = a.
(26) Ifb+#1and a# 0 and b| >~ %) then b | a.
(27) If b# 1, then a # 0 and b-count(a) =0 iff b1 a.
(28) For all non empty natural numbers a, b holds p-count(a - b) =

p-count(a) + p-count(b).

(29) For all non empty natural numbers a, b holds pP-eount(ab) — pp-count(a) .
pp—count(b).

~— T — ~— ~— ~— ~—

(30) For all non empty natural numbers a, b such that b | a holds p-count(b) <
p-count(a).
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(31) For all non empty natural numbers a, b such that b | @ holds p-count(a—+
b) = p-count(a) — p-count(b).

(32) For every non empty natural number a holds p-count(a’) = b -
p-count(a).

4. EXPONENTS IN PRIME-POWER FACTORIZATION

Let n be a natural number. The functor PrimeExponents(n) yields a many
sorted set indexed by Prime and is defined as follows:

(Def. 8) For every prime number p holds (PrimeExponents(n))(p) = p-count(n).
We introduce PFExp(n) as a synonym of PrimeExponents(n).
One can prove the following three propositions:
(33) For every set x such that 2 € dom PFExp(n) holds z is a prime number.
(34) For every set x such that x € support PFExp(n) holds = is a prime
number.
(35) If a>n and n # 0, then (PFExp(n))(a) = 0.
Let n be a natural number. Note that PFExp(n) is natural-yielding.
One can prove the following two propositions:
(36) If a € support PFExp(b), then a | b.
(37) If b is non empty and a is a prime number and a | b, then a €
support PFExp(b).
Let n be a non empty natural number. Observe that PFExp(n) is finite-
support.
We now state two propositions:

(38) For every non empty natural number a such that p | a holds
(PFExp(a))(p) # 0.
(39) PFExp(1) = EmptyBag Prime.
One can verify that support PFExp(1) is empty.
One can prove the following four propositions:
(40) (PFExp(p®))(p) = a.
(41) (PFExp(p))(p) = L.
(42) 1If a # 0, then support PFExp(p®) = {p}.
(43) support PFExp(p) = {p}.
Let p be a prime number and let a be a non empty natural number. Observe
that support PFExp(p®) is non empty and trivial.
Let p be a prime number. Observe that support PFExp(p) is non empty and
trivial.
Next we state several propositions:
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(44) For all non empty natural numbers a, b such that a and b are relative
prime holds support PFExp(a) misses support PFExp(b).

(45) For all non empty natural numbers a, b holds support PFExp(a) C
support PFExp(a - b).

(46) For all non empty natural numbers a, b holds support PFExp(a - b) =
support PFExp(a) U support PFExp(b).

(47) For all non empty natural numbers a, b such that a and b are rela-
tive prime holds card support PFExp(a - b) = card support PFExp(a) +
card support PFExp(b).

(48) For all non empty natural numbers a, b holds support PFExp(a) =
support PFExp(a®).

In the sequel n, m are non empty natural numbers.
Next we state several propositions:
49) PFExp(n-m) = PFExp(n) + PFExp(m).
50) If m | n, then PFExp(n + m) = PFExp(n) =" PFExp(m).

(
(
(
(
(

~— — ~— ~— ~—

51) PFExp(n®) = a-PFExp(n).
52) If support PFExp(n) = 0, then n = 1.
53) For all non empty natural numbers m, n holds PFExp(ged(n,m)) =

min(PFExp(n), PFExp(m)).
(54) For all non empty natural numbers m, n holds PFExp(lem(n,m)) =
max(PFExp(n), PFExp(m)).

5. PRIME-POWER FACTORIZATION

Let n be a non empty natural number. The functor PrimeFactorization(n)
yielding a many sorted set indexed by Prime is defined as follows:

(Def. 9) support PrimeFactorization(n) = support PFExp(n) and for every natu-
ral number p such that p € support PFExp(n) holds
(PrimeFactorization(n))(p) = pP~eout(),

We introduce PPF(n) as a synonym of PrimeFactorization(n).

Let n be a non empty natural number. Observe that PPF(n) is natural-
yielding and finite-support.

The following propositions are true:

(55) If p-count(n) = 0, then (PPF(n))(p) = 0.

(56) If p-count(n) # 0, then (PPF(n))(p) = pP-oowt(n),

(57) If support PPF(n) = (), then n = 1.

(58) For all non empty natural numbers a, b such that a and b are relative

prime holds PPF(a - b) = PPF(a) + PPF(b).

(59) (PPF(p"))(p) = p".
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(60) PPF(n™) = (PPF(n))™
(61) J[PPF(n)=n.
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Summary. An extension of [9]. As the example of complex norm spaces,
we introduce the arithmetic addition and multiplication in the set of absolute
summable complex sequences and also introduce the norm.

MML Identifier: CSSPACE2.

The papers [18], [21], [5], [17], [10], [22], [3], [4], [20], [19], [13], [11], [12], [15],
2], [1], [14], [16], [6], [8], and [7] provide the notation and terminology for this
paper.

1. HILBERT SPACE OF COMPLEX SEQUENCES

One can prove the following propositions:

(1) The carrier of Complex]2-Space = the set of 12-complex sequences and
for every set x holds x is an element of Complex]2-Space iff x is a com-
plex sequence and |idgeq(x)||idseq(2)| is summable and for every set x
holds z is an element of Complexl2-Space iff x is a complex sequence and
idgeq () idseq(x) is absolutely summable and Ocomplexi2-Space = CZeroseq
and for every vector u of Complex]2-Space holds u = idgeq(u) and for
all vectors u, v of Complex]2-Space holds u + v = idseq(u) + idseq(v)
and for every Complex r and for every vector u of Complexl2-Space
holds 7 - u = 7 idseq(u) and for every vector u of Complexl2-Space holds
—u = —idgeq(u) and idgeq(—u) = —idseq(u) and for all vectors w, v of
Complexl2-Space holds u — v = idgeq(u) — idseq(v) and for all vectors v,
w of ComplexI2-Space holds |idseq(v)| |idseq(w)| is summable and for all
vectors v, w of Complexl2-Space holds (v|w) = ) (idseq(v) idseq(w)).

(2) Let x, y, z be points of Complex]2-Space and a be a Complex. Then
(z|z) = 0 iff & = Ocomplexi2-Space and R((z|z)) > 0 and F((z|z)) = 0 and

(zly) = (ylz) and ((z +y)|z) = (z[2) + (yl2) and ((a - 2)|y) = a - (z|y).
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One can verify that Complexl2-Space is complex unitary space-like.
Next we state the proposition

(3) For every sequence v; of Complex]2-Space such that v; is Cauchy holds
v1 is convergent.

Let us mention that Complex]2-Space is Hilbert.

2. SOME COROLLARIES OF COMPLEX SEQUENCES

Next we state a number of propositions:

(4) For all Complexes z1, 22 such that R(z1) - S(22) = R(z2) - (1) and
R(z1) - N(22) + S(21) - S(22) = 0 holds |z1 + 22| = |21] + |22].

(5) For all Complexes z, y holds 2 - |z - y| < |z|% + |y|?.

(6) For all Complexes z, y holds |z +y|- |z +y| <2-|z|-|z|+2-|y| - |y| and
|z - 2] <2- |z —yl-|o—y[+2- [yl - |yl

(7) For every complex sequence s; holds s; = 357 .

(8) For every complex sequence s1 holds
(Xm0 31(a))ren = (Do (51)(@))sen-

(9) Let s1 be a complex sequence and n be a natural number. Suppose that
for every natural number ¢ holds R(s1)(¢) > 0 and J(s1)(¢) = 0. Then
[(Xa=o(s1)(@))renl(n) = (Xa—g [s11(a))xen(n).

(10) For every complex sequence s; such that s; is summable holds ) 57 =
Z S1.

(11) For every complex sequence s; such that s; is absolutely summable holds
| 221 < X lsal.

(12) Let s; be a complex sequence. Suppose s; is summable and for every
natural number n holds R(s1)(n) > 0 and I(s1)(n) = 0. Then | > s1| =
> Is1l-

(13) For every complex sequence s; and for every natural number n holds
R(s151)(n) > 0 and Y(s157)(n) =0.

(14) Let s; be a complex sequence. Suppose s1 is absolutely summable and
> |s1] = 0. Let n be a natural number. Then s;(n) = Oc.

(15) For every complex sequence s; holds |s1| = |57

(16) Let ¢ be a Complex and s; be a complex sequence. Suppose s; is conver-
gent. Let 71 be a sequence of real numbers. Suppose that for every natural
number m holds 71 (m) = [s1(m) — ¢| - |s1(m) — ¢|. Then ry is convergent
and limry = [lims; — ¢| - |lims; — ¢|.

(17) Let ¢ be a Complex, s2 be a sequence of real numbers, and s; be a
complex sequence. Suppose s; is convergent and s is convergent. Let 7
be a sequence of real numbers. Suppose that for every natural number 4
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holds (i) = [s1(2) — ¢ - [s1(¢) — ¢| + s2(¢). Then 71 is convergent and
limr = [lims; —¢| - [lims; — ¢| 4 lim s9.

(18) Let ¢ be a Complex and s; be a complex sequence. Suppose s; is conver-

gent. Let 71 be a sequence of real numbers. Suppose that for every natural
number m holds 71 (m) = [s1(m) — ¢| - |s1(m) — ¢|. Then r; is convergent
and limry = [lims; — ¢| - |lims; — ¢|.

(19) Let ¢ be a Complex, s be a sequence of real numbers, and s; be a

complex sequence. Suppose s1 is convergent and sy is convergent. Let ry
be a sequence of real numbers. Suppose that for every natural number 4

holds (i) = [s1(2) — ¢| - [s1(¢) — ¢| + s2(i). Then 71 is convergent and
limr; = |lims; —¢| - [lim sy — ¢| 4 lim s5.
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Summary. An extension of [16]. As the example of complex norm spaces,
I introduced the arithmetic addition and multiplication in the set of absolute
summable complex sequences and also introduced the norm.

MML Identifier: CSSPACE3.

The terminology and notation used in this paper are introduced in the following
articles: [18], [20], [6], [2], [17], [9], [21], [4], [5], [19], [13], [11], [10], [14], [3], [1],
[12], [15], [7], and [8].

1. CoMPLEX-L1-SPACE: THE SPACE OF ABSOLUTE SUMMABLE COMPLEX
SEQUENCES

The subset the set of 11-complex sequences of the linear space of complex
sequences is defined by the condition (Def. 1).
(Def. 1) Let = be a set. Then z € the set of 11-complex sequences if and only if
x € the set of complex sequences and idseq () is absolutely summable.
The following proposition is true
(1) Let ¢ be a Complex, s; be a complex sequence, and 71 be a sequence
of real numbers. Suppose s; is convergent and for every natural number ¢
holds r1 (i) = |s1(i) — ¢|. Then r is convergent and limr = |lims; — ¢|.
Let us note that the set of 11-complex sequences is non empty.
Let us observe that the set of 11-complex sequences is linearly closed.
Next we state the proposition
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(2) (the set of ll-complex sequences,Zero_(the set of 1l-complex
sequences, the linear space of complex sequences), Add_(the set of 11-
complex sequences, the linear space of complex sequences), Mult_(the set
of 11-complex sequences, the linear space of complex sequences)) is a sub-
space of the linear space of complex sequences.

Let us note that (the set of 11-complex sequences, Zero_(the set of 11-complex
sequences, the linear space of complex sequences), Add_(the set of 11-complex
sequences, the linear space of complex sequences), Mult_(the set of 11-complex
sequences, the linear space of complex sequences)) is Abelian, add-associative,
right zeroed, right complementable, and complex linear space-like.

We now state the proposition

(3) (the set of ll-complex sequences,Zero_(the set of ll-complex
sequences, the linear space of complex sequences), Add_(the set of 11-
complex sequences, the linear space of complex sequences), Mult_(the set of
11-complex sequences, the linear space of complex sequences)) is a complex
linear space.

The function cl_norm from the set of 11-complex sequences into R is defined
as follows:

(Def. 2) For every set x such that x € the set of 11-complex sequences holds
clnorm(x) = ) | idseq ()|
Let X be a non empty set, let Z be an element of X, let A be a binary
operation on X, let M be a function from [C, X | into X, and let N be a
function from X into R. Note that (X, Z, A, M, N) is non empty.
We now state four propositions:

(4) Let ! be a complex normed space structure. Suppose (the carrier of [, the
zero of [, the addition of [, the external multiplication of [) is a complex
linear space. Then [ is a complex linear space.

(5) Let ¢1 be a complex sequence. Suppose that for every natural number n
holds ¢1(n) = Oc. Then ¢ is absolutely summable and ) |¢;1]| = 0.

(6) Let c; be a complex sequence. Suppose c; is absolutely summable and
> |e1] = 0. Let n be a natural number. Then ¢;(n) = Oc.

(7) (the set of ll-complex sequences,Zero_(the set of 1l-complex
sequences, the linear space of complex sequences), Add_(the set of 11-
complex sequences, the linear space of complex sequences), Mult_(the set
of 11-complex sequences, the linear space of complex sequences), cl norm)
is a complex linear space.

The non empty complex normed space structure Complex-11-Space is defined

by the condition (Def. 3).
(Def. 3) Complex-11-Space = (the set of 11-complex sequences, Zero_(the set of 11-
complex sequences, the linear space of complex sequences), Add_(the set of
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11-complex sequences, the linear space of complex sequences), Mult_(the set
of 11-complex sequences, the linear space of complex sequences), cl_norm).

2. COMPLEX-L1-SPACE 1S BANACH

One can prove the following propositions:

(8) The carrier of Complex-11-Space = the set of 11-complex sequences and
for every set z holds z is a vector of Complex-11-Space iff x is a com-
plex sequence and idgeq(z) is absolutely summable and Ocomplex-11-Space =
CZeroseq and for every vector u of Complex-11-Space holds u = idgeq(u)
and for all vectors u, v of Complex-11-Space holds u+v = idseq(u)+idseq(v)
and for every Complex p and for every vector u of Complex-11-Space
holds p - u = p idseq(u) and for every vector u of Complex-11-Space holds
—u = —idgeq(u) and idgeq(—u) = —idseq(u) and for all vectors u, v of
Complex-11-Space holds u — v = idgeq(u) — idseq(v) and for every vector v
of Complex-11-Space holds idgeq(v) is absolutely summable and for every
vector v of Complex-11-Space holds ||v|| = > |idseq(v)]-

(9) Let z, y be points of Complex-11-Space and p be a Complex. Then ||z|| =
0 iff 2 = Ocomplex-11-Space and 0 < [lzf| and [lz + y[| < [lz]| + [ly[| and
lp- [l = Ipl - [|=]].

Let us observe that Complex-11-Space is complex normed space-like, complex
linear space-like, Abelian, add-associative, right zeroed, and right complemen-
table.

Let X be a non empty complex normed space structure and let z, y be points
of X. The functor p(z,y) yielding a real number is defined as follows:

(Det. 4) pla,y) = |z —y].
Let C; be a non empty complex normed space structure and let sy be a
sequence of C1. We say that sg is CCauchy if and only if the condition (Def. 5)
is satisfied.

(Def. 5) Let r2 be a real number. Suppose 2 > 0. Then there exists a natural
number k1 such that for all natural numbers nq, mq if ny > k1 and mq >
k1, then p(s2(ny), s2(my)) < ro.

We introduce s; is Cauchy sequence by norm as a synonym of so is CCauchy.
In the sequel NV is a non empty complex normed space and s; is a sequence
of N 1-
One can prove the following propositions:
(10) s; is Cauchy sequence by norm if and only if for every real number r
such that r» > 0 there exists a natural number k£ such that for all natural
numbers n, m such that n > k and m > k holds ||s1(n) — s1(m)| < r.



194 NOBORU ENDOU

(11) For every sequence v; of Complex-11-Space such that vy is Cauchy sequ-
ence by norm holds v is convergent.
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Summary. In this article, some classic theorems of calculus are described.
The Taylor expansions and the logarithmic differentiation, etc. are included here.
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The terminology and notation used in this paper have been introduced in the
following articles: [22], [24], [251, [4], [6], [9], [5], [11], [20], [18], [3], [8], [2], [21],

(7], [1], [23], [14], [12], [10], [17], [19], [13], [15], [16], and [26].

1. THE LOGARITHMIC DIFFERENTIATION METHOD

For simplicity, we use the following convention: n denotes a natural number, ¢
denotes an integer, p, x, g, y denote real numbers, ¢ denotes a rational number,

and f denotes a partial function from R to R.

Let ¢ be an integer. The functor § yields a function from R into R and is

defined as follows:
(Def. 1) For every real number « holds (})(z) = «7.

Next we state a number of propositions:

(1) For all natural numbers m, n holds 25 ™ = (23) - .

(2) 7% is differentiable in  and (3)'(z) =n-xp '

(3) If f is differentiable in o, then (%) - f is differentiable in g and ((}) -

£ (o) =n- f(wo)y " - f(w0)-
(4) exp(—2) = &z

(5) (expa)s = exp(2).

(6) For all integers m, n holds (exp x)R% = exp(% - x).
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(7) (expz)g = exp(q- )
(8) (expz)y =exp(p-z).
(9) (expl)f =expx and (expl)” =expx and e” = expx and ef = expx.
(10) exp(l)g = exp(x) and exp(l)” = exp(x) and e* = exp(z) and ef =
exp(z)
(11) e>2
(12) log,expx = z.
(13) log,exp(z) = x.
(14) If y > 0, then explog, y = y.
(15) If y > 0, then exp(log.y) = y.
(16) exp is one-to-one and exp is differentiable on R and exp is differentiable

on Qg and for every real number z holds exp’(z) = exp(z) and for every
real number z holds 0 < exp’(z) and domexp = R and dom exp = Qg and
rng exp = |0, +ool.

Let us note that exp is one-to-one.

We now state the proposition

(17) exp~! is differentiable on dom(exp~!) and for every real number z such
that 2 € dom(exp~!) holds (exp~!)’(z) = 2.

Let us mention that ]0,4o00[ is non empty.
Let a be a real number. The functor log_(a) yields a partial function from R

to R and is defined by:

(Def. 2) domlog_(a) = ]0,+o00] and for every element d of ]0,+oo[ holds
(log(a))(d) = log, d.
One can prove the following three propositions:

(18) log_(e) = exp~! and log_(e) is one-to-one and domlog_(e) = ]0,+oo[
and rnglog_(e) = R and log_(e) is differentiable on ]0, +o0c[ and for every
real number z such that x > 0 holds log_(e) is differentiable in = and for
every element x of ]0,+oo[ holds (log_(e))'(z) = 1 and for every element
x of 0, 4+o0[ holds 0 < (log_(e))’(z).

(19) If f is differentiable in zg, then exp-f is differentiable in xp and
(exp-f)(wo) = exp(f(z0)) - f'(x0)-

(20) If f is differentiable in xg and f(z¢) > 0, then log_(e) - f is differentiable

in 29 and (log (e) - f)'(wo) = L2

Let p be a real number. The functor § yielding a partial function from R to
R is defined as follows:
(Def. 3) dom(}) =10, +oo[ and for every element d of |0, 4+oc[ holds (})(d) = df.
We now state two propositions:

(21) 1If 2 > 0, then % is differentiable in  and (5)'(z) = p - 2% "
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(22) If f is differentiable in zy and f(zg) > 0, then (§) - f is differentiable in
wo and ((§) - ) (o) = p+ f(wo) "+ f'(x0).

2. THE TAYLOR EXPANSIONS

Let f be a partial function from R to R and let Z be a subset of R. The
functor f'(Z) yields a sequence of partial functions from R into R and is defined
by:

(Def. 4)  f'(Z)(0) = f|Z and for every natural number i holds f(Z)(i + 1) =
F(2)(i))z-

Let f be a partial function from R to R, let n be a natural number, and let

Z be a subset of R. We say that f is differentiable n times on Z if and only if:
(Def. 5) For every natural number i such that ¢ < n — 1 holds f/(Z)(4) is diffe-
rentiable on Z.

The following proposition is true

(23) Let f be a partial function from R to R, Z be a subset of R, and n be
a natural number. Suppose f is differentiable n times on Z. Let m be a
natural number. If m < n, then f is differentiable m times on Z.

Let f be a partial function from R to R, let Z be a subset of R, and let a, b
be real numbers. The functor Taylor(f, Z, a, b) yields a sequence of real numbers
and is defined as follows:

(Def. 6) For every natural number n holds (Taylor(f, Z,a,b))(n) = F(2)m)(a)-b=a)"

n:

The following propositions are true:

(24) Let f be a partial function from R to R, Z be a subset of R, and n be a
natural number. Suppose f is differentiable n times on Z. Let a, b be real
numbers. If a < b and ]a,b[ C Z, then f'(Z)(n)[]a,b] = f'(Ja,b])(n).

(25) Let n be a natural number, f be a partial function from R to R, and
Z be a subset of R. Suppose f is differentiable n times on Z. Let a, b be
real numbers. Suppose a < b and [a,b] C Z and f'(Z)(n) is continuous on
[a,b] and f is differentiable n + 1 times on |a,b[. Let [ be a real number
and g be a partial function from R to R. Suppose dom g = R and for every
real number z holds g(z) = f(b) — (>_n_o(Taylor(f, Z,z,b))(a))ren(n) —

(b—zx n+1 K (b—a n+1
ool and f(b) — (Xh_o(Taylor(f, Z, a,b)) () xen(n) — “0=h5— = 0.

Then
(i) g is differentiable on ]a, b],
(i) g(a)=0,
i) g(b) =0,
(iv) g is continuous on [a,b], and
(v)  for every real number z such that x € Ja,b] holds ¢'(x) =

_ L QabD(n4 D) (@)-(b—x)" | L(b—2)"

n! n!
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(26) Let n be a natural number, f be a partial function from R to R, Z be
a subset of R, and b, [ be real numbers. Then there exists a function g
from R into R such that for every real number z holds g(x) = f(b) —
(5o (Taylor(f, Z,,b)) (@) sen(n) — "2

(27) Let n be a natural number, f be a partial function from R to R, and Z
be a subset of R. Suppose f is differentiable n times on Z. Let a, b be real
numbers. Suppose a < b and [a,b] C Z and f'(Z)(n) is continuous on [a, b]
and f is differentiable n+1 times on ]a, b[. Then there exists a real number
¢ such that ¢ € Ja,b[ and f(b) = (> _o_,(Taylor(f, Z,a,b))(a))ken(n) +

f'(ab)(n+1)(c)-(b—a)"+!
(n+1)! :

(28) Let n be a natural number, f be a partial function from R to R, and
Z be a subset of R. Suppose f is differentiable n times on Z. Let a, b be
real numbers. Suppose a < b and [a,b] C Z and f'(Z)(n) is continuous on
[a,b] and f is differentiable n + 1 times on |a, b[. Let [ be a real number
and g be a partial function from R to R. Suppose dom g = R and for every

real number z holds g(z) = f(a) — (3 a=o(Taylor(f, Z, z, a))(@))xen(n) —
I-(a—z)"t1

P (a— n+1
Hoe— and f(a) — (Xhi_o(Taylor(f, Z,b,0))(a))sen(n) — “Eiy— = 0.
Then

) g is differentiable on ]a, b],
) g(b) =0,
(i) g(a) =0,
) g is continuous on [a, b], and
)

for every real number x such that x € Ja,b] holds ¢'(z) =
_ f1{abD(nt)(@)-(am2)" | l(a—z)"

n! n!

(29) Let n be a natural number, f be a partial function from R to R, and Z
be a subset of R. Suppose f is differentiable n times on Z. Let a, b be real
numbers. Suppose a < b and [a,b] C Z and f'(Z)(n) is continuous on [a, D]
and f is differentiable n+1 times on ]a, b[. Then there exists a real number
c such that ¢ € Ja,b[ and f(a) = (> n_o(Taylor(f, Z,b,a))(®))ken(n) +

f'(a.b)) (n+1)(c)-(a—b)"
(n+1)! ’

(30) Let f be a partial function from R to R, Z be a subset of R, and Z; be
an open subset of R. Suppose Z; C Z. Let n be a natural number. If f is
differentiable n times on Z, then f'(Z)(n)[Z1 = f'(Z1)(n).

(31) Let f be a partial function from R to R, Z be a subset of R, and Z; be
an open subset of R. Suppose Z; C Z. Let n be a natural number. Suppose
f is differentiable n 4+ 1 times on Z. Then f is differentiable n + 1 times
on /.

(32) Let f be a partial function from R to R, Z be a subset of R, and x be
a real number. If x € Z, then for every natural number n holds f(x) =

(ZZZO(T&leY(f, Z,x, x))(a))KGN(n)'
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(33) Let n be a natural number, f be a partial function from R to R,

and zg, r be real numbers. Suppose 0 < r and f is differentiable
n 4+ 1 times on Jrg — r,x9 + r[. Let  be a real number. Suppose = €
|zo — r,xo + r[. Then there exists a real number s such that 0 < s and
s < 1Land f(z) = (X a—o(Taylor(f,]zo — r 20 + [, 20, 7))())ren(n) +

f'(zo—rzo+r])(n+1)(zo+s-(2—x0))-(x—20)" "
(n+1)! :
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Summary. An extension of [19]. In this article, the basic properties of
complex linear spaces which are defined by the set of all complex linear opera-
tors from one complex linear space to another are described. Finally, a complex
Banach space is introduced. This is defined by the set of all bounded complex
linear operators, like in [19].
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The articles [24], [6], [26], [27], [4], [5], [17], [22], [21], [2], [1], [20], [11], [7],
[25], [23], [18], [15], [13], [14], [12], [16], [3], [9], [10], [8], and [19] provide the
terminology and notation for this paper.

1. COMPLEX VECTOR SPACE OF OPERATORS

Let X be a set, let Y be a non empty set, let F' be a function from [ C, Y |
into Y, let ¢ be a complex number, and let f be a function from X into Y. Then
F°(c, f) is an element of Y.

We now state the proposition

(1) Let X be a non empty set and Y be a complex linear space. Then there
exists a function M; from [C, (the carrier of Y)¥ ] into (the carrier of
Y)X such that for every Complex ¢ and for every element f of (the carrier
of Y)X and for every element s of X holds Mj({c, f))(s) = c- f(s).

Let X be a non empty set and let Y be a complex linear space. The functor
FuncExtMult(X,Y) yields a function from [ C, (the carrier of Y)X ] into (the
carrier of V)X and is defined by the condition (Def. 1).

(Def. 1) Let ¢ be a Complex, f be an element of (the carrier of Y)X, and x be
an element of X. Then (FuncExtMult(X,Y))({(c, f))(z) =c¢- f(z).

@ 2004 University of Bialystok
201 ISSN 1426-2630
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We follow the rules: X is a non empty set, Y is a complex linear space, and
f, g, h are elements of (the carrier of Y)¥
We now state the proposition
(2) For every element x of X holds (FuncZero(X,Y))(z) = Oy.
In the sequel a, b are Complexes.
Next we state several propositions:
(3) h = (FuncExtMult(X,Y))({(a, f)) iff for every element = of X holds
h(z) =a- f(z).
(4) (FuncAdd(X,Y))(f, g) = (FuncAdd(X,Y))(g, f).
(5) (FuncAdd(X,Y))(f, (FuncAdd(X,Y))(g, h)) =
(FuncAdd(X,Y))((FuncAdd(X,Y))(f, 9), h).
(6) (FuncAdd(X,Y))(FuncZero(X,Y), f) = f.
(7)  (FuncAdd(X,Y))(f, (FuncExtMult(X,Y))({—1c, f))) =
FuncZero(X,Y).
(8) (FuncExtMult(X,

Y)
(9) (FuncExtMult(X,Y))({a, (FuncExtMult(X,Y))(({b, f)))) =
(FuncExtMult(X,Y))({a - b, f)).

)
(10)  (FuncAdd(X,Y))((FuncExtMult(X,Y))((a, f)),
(FuncExtMult(X,Y))({(b, f))) = (FuncExtMult(X,Y))({(a + b, f)).

(11) {(the carrier of Y))X, FuncZero(X,Y), FuncAdd(X,Y),
FuncExtMult(X,Y")) is a complex linear space.

)((1e, f) =1

Let X be a non empty set and let Y be a complex linear space. The functor
ComplexVectSpace(X,Y) yielding a complex linear space is defined as follows:

(Def. 2) ComplexVectSpace(X,Y) = ((the carrier of V)X, FuncZero(X,Y),
FuncAdd(X,Y), FuncExtMult(X, Y)).

Let X be a non empty set and let Y be a complex linear space. Observe that
ComplexVectSpace(X,Y) is strict.

Let X be a non empty set and let Y be a complex linear space. Observe that
every vector of ComplexVectSpace(X,Y) is function-like and relation-like.

Let X be a non empty set, let Y be a complex linear space, let f be a vector
of ComplexVectSpace(X,Y), and let x be an element of X. Then f(z) is a vector
of Y.

We now state three propositions:

(12) Let X be a non empty set, ¥ be a complex linear space, and f, g, h
be vectors of ComplexVectSpace(X,Y'). Then h = f + g if and only if for
every element = of X holds h(x) = f(x) + g(z).

(13) Let X be a non empty set, Y be a complex linear space, f, h be vectors
of ComplexVectSpace(X,Y), and ¢ be a Complex. Then h = ¢ f if and
only if for every element x of X holds h(z) = c- f(x).
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(14) For every non empty set X and for every complex linear space Y holds
OComplexVectSpace(X,Y) =X — Oy.

2. COMPLEX VECTOR SPACE OF LINEAR OPERATORS

Let X be a non empty CLS structure, let Y be a non empty loop structure,
and let I; be a function from X into Y. We say that I; is additive if and only
if:

(Def. 3) For all vectors z, y of X holds I1(z +y) = I1(x) + L1 (y).

Let X, Y be non empty CLS structures and let I; be a function from X into
Y. We say that I; is homogeneous if and only if:

(Def. 4)  For every vector x of X and for every Complex r holds I (r-x) = r-Ii(z).

Let X be a non empty CLS structure and let Y be a complex linear space.
One can verify that there exists a function from X into ¥ which is additive and
homogeneous.

Let X, Y be complex linear spaces. A linear operator from X into Y is an
additive homogeneous function from X into Y.

Let X, Y be complex linear spaces. The functor LinearOperators(X,Y) yiel-
ding a subset of ComplexVectSpace(the carrier of X, Y') is defined by:

(Def. 5) For every set z holds = € LinearOperators(X,Y") iff « is a linear operator
from X into Y.

Let X, Y be complex linear spaces. Note that LinearOperators(X,Y) is non
empty.
Next we state two propositions:

(15) For all complex linear spaces X, Y holds LinearOperators(X,Y) is line-
arly closed.

(16) Let X, Y be complex linear spaces. Then (LinearOperators(X,Y),
Zero_(LinearOperators(X, Y'), ComplexVectSpace(the carrier of X, Y)),
Add_(LinearOperators(X, YY), ComplexVectSpace(the carrier of X, Y)),
Mult_(LinearOperators(X, Y'), ComplexVectSpace(the carrier of X, Y)))
is a subspace of ComplexVectSpace(the carrier of X, Y).

Let X, Y be complex linear spaces. One can check that

(LinearOperators(X, Y'), Zero_(LinearOperators(X, Y'), ComplexVectSpace(the
carrier of X, Y')), Add_(LinearOperators(X,Y"), ComplexVectSpace(the carrier
of X, Y)), Mult_(LinearOperators(X,Y'), ComplexVectSpace(the carrier of X,
Y'))) is Abelian, add-associative, right zeroed, right complementable, and com-
plex linear space-like.

Next we state the proposition

(17) Let X, Y be complex linear spaces. Then (LinearOperators(X,Y),
Zero_(LinearOperators(X,Y), ComplexVectSpace(the carrier of X, Y)),
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Add_(LinearOperators(X, Y'), ComplexVectSpace(the carrier of X, Y)),
Mult_(LinearOperators(X, Y'), ComplexVectSpace(the carrier of X, Y)))
is a complex linear space.
Let X, Y be complex linear spaces. The functor CVSpLinOps(X,Y') yielding
a complex linear space is defined as follows:
(Def. 6) CVSpLinOps(X,Y) = (LinearOperators(X,Y'), Zero_(LinearOperators
(X,Y), ComplexVectSpace(the carrier of X, Y')), Add_(LinearOperators(X,
Y'), ComplexVectSpace(the carrier of X, Y)), Mult_(LinearOperators(X,Y),
ComplexVectSpace(the carrier of X, Y))).
Let X, Y be complex linear spaces. Note that CVSpLinOps(X,Y) is strict.
Let X, Y be complex linear spaces. One can check that every element of
CVSpLinOps(X,Y) is function-like and relation-like.
Let X, Y be complex linear spaces, let f be an element of
CVSpLinOps(X,Y), and let v be a vector of X. Then f(v) is a vector of Y.
Next we state four propositions:
(18) Let X, Y be complex linear spaces and f, g, h be vectors of
CVSpLinOps(X,Y). Then h = f + g if and only if for every vector x
of X holds h(z) = f(x) + g(x).
(19) Let X, Y be complex linear spaces, f, h be vectors of
CVSpLinOps(X,Y), and ¢ be a Complex. Then h = ¢ - f if and only
if for every vector x of X holds h(z) = c- f(x).
(20) For all complex linear spaces X, Y holds Ocysprinops(x,v) = (the carrier
of X ) — Oy.
(21) For all complex linear spaces X, Y holds (the carrier of X) —— 0y is a
linear operator from X into Y.

3. CoMPLEX NORMED LINEAR SPACE OF BOUNDED LINEAR OPERATORS

One can prove the following proposition
(22) Let X be a complex normed space, s; be a sequence of X, and g be a
point of X. If s is convergent and lim s; = g, then ||s1]| is convergent and
lim||s1 | = llgll-
Let X, Y be complex normed spaces and let I; be a linear operator from X
into Y. We say that [ is bounded if and only if:
(Def. 7) There exists a real number K such that 0 < K and for every vector x of
X holds ||I1(z)|| < K - ||z
We now state the proposition
(23) Let X, Y be complex normed spaces and f be a linear operator from X
into Y. If for every vector z of X holds f(z) = Oy, then f is bounded.
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Let X, Y be complex normed spaces. Observe that there exists a linear
operator from X into Y which is bounded.

Let X, Y be complex normed spaces. The functor BdLinOps(X,Y") yielding
a subset of CVSpLinOps(X,Y") is defined as follows:

(Def. 8) For every set x holds x € BdLinOps(X,Y) iff x is a bounded linear
operator from X into Y.

Let X, Y be complex normed spaces. One can check that BdLinOps(X,Y")
is non empty.
One can prove the following two propositions:

(24) For all complex normed spaces X, Y holds BdLinOps(X,Y") is linearly
closed.

(25) For all complex normed spaces X, Y holds (BdLinOps(X,Y),
Zero_(BdLinOps(X,Y),CVSpLinOps(X,Y)), Add_(BdLinOps(X,Y),
CVSpLinOps(X,Y)), Mult_(BdLinOps(X,Y), CVSpLinOps(X,Y))) is a
subspace of CVSpLinOps(X,Y).

Let X, Y be complex normed spaces. Observe that (BdLinOps(X,Y),

Zero_(BdLinOps(X,Y), CVSpLinOps(X,Y)), Add_(BdLinOps(X,Y),

CVSpLinOps(X,Y)), Mult_(BdLinOps(X, YY), CVSpLinOps(X,Y))) is Abe-
lian, add-associative, right zeroed, right complementable, and complex linear
space-like.

Next we state the proposition

(26) For all complex normed spaces X, Y holds (BdLinOps(X,Y),
Zero_(BdLinOps(X,Y), CVSpLinOps(X,Y)), Add-(BdLinOps(X,Y),
CVSpLinOps(X,Y)), Mult_(BdLinOps(X,Y), CVSpLinOps(X,Y))) is a
complex linear space.

Let X, Y be complex normed spaces. The functor CVSpBdLinOps(X,Y")
yielding a complex linear space is defined by:

(Def. 9) CVSpBdLinOps(X,Y) = (BdLinOps(X,Y), Zero_(BdLinOps(X,Y),
CVSpLinOps(X,Y)), Add_(BdLinOps(X,Y), CVSpLinOps(X, Y)),
Mult_(BdLinOps(X,Y), CVSpLinOps(X, Y))).

Let X, Y be complex normed spaces. One can check that CVSpBdLinOps(X,Y)
is strict.

Let X, Y be complex normed spaces. Note that every element of
CVSpBdLinOps(X,Y) is function-like and relation-like.

Let X, Y be complex normed spaces, let f be an element of

CVSpBdLinOps(X,Y), and let v be a vector of X. Then f(v) is a vector of
Y.

One can prove the following propositions:

(27) Let X, Y be complex normed spaces and f, g, h be vectors of
CVSpBdLinOps(X,Y). Then h = f + g if and only if for every vector
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x of X holds h(z) = f(z) + g(x).
(28) Let X, Y be complex normed spaces, f, h be vectors of
CVSpBdLinOps(X,Y), and ¢ be a Complex. Then h = ¢ f if and only if
for every vector x of X holds h(z) = c¢- f(x).
(29) For all complex normed spaces X, Y holds Ocvsppdrinops(x,y) = (the
carrier of X) —— Oy
Let X, Y be complex normed spaces and let f be a set. Let us assume that
f € BdLinOps(X,Y"). The functor modetrans(f, X,Y) yields a bounded linear
operator from X into Y and is defined as follows:
(Def. 10) modetrans(f, X,Y) = f.
Let X, Y be complex normed spaces and let u be a linear operator from X
into Y. The functor PreNorms(u) yielding a non empty subset of R is defined
as follows:

(Def. 11) PreNorms(u) = {||u(t)||; t ranges over vectors of X: [|t]] < 1}.
We now state three propositions:
(30) Let X,Y be complex normed spaces and g be a bounded linear operator
from X into Y. Then PreNorms(g) is non empty and upper bounded.
(31) Let X, Y be complex normed spaces and g be a linear operator from X
into Y. Then ¢ is bounded if and only if PreNorms(g) is upper bounded.
(32) Let X, Y be complex normed spaces. Then there exists a function
N; from BdLinOps(X,Y) into R such that for every set f if f €
BdLinOps(X,Y), then N;(f) = sup PreNorms(modetrans(f, X,Y)).
Let X, Y be complex normed spaces. The functor BdLinOpsNorm(X,Y)
yields a function from BdLinOps(X,Y) into R and is defined by:
(Def. 12) For every set x such that z € BdLinOps(X,Y’) holds
(BdLinOpsNorm(X,Y))(x) = sup PreNorms(modetrans(z, X,Y)).
We now state two propositions:
(33) For all complex normed spaces X, Y and for every bounded linear ope-
rator f from X into Y holds modetrans(f, X,Y) = f.
(34) For all complex normed spaces X, Y and for every bounded li-
near operator f from X into Y holds (BdLinOpsNorm(X,Y))(f) =
sup PreNorms( f).
Let X, Y be complex normed spaces. The functor CNSpBdLinOps(X,Y")
yields a non empty complex normed space structure and is defined by:
(Def. 13) CNSpBdLinOps(X,Y) = (BdLinOps(X,Y), Zero_(BdLinOps(X,Y),
CVSpLinOps(X,Y)), Add_(BdLinOps(X, YY), CVSpLinOps(X,Y)),
Mult_(BdLinOps(X,Y), CVSpLinOps(X, Y)), BdLinOpsNorm(X, Y)).

The following four propositions are true:
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(35) For all complex normed spaces X, Y holds (the carrier of X) — 0y =
OCNSpBALinOps(X,Y)-

(36) Let X, Y be complex normed spaces, f be a point of CNSpBdLinOps(X,
Y), and ¢ be a bounded linear operator from X into Y. If g = f, then for
every vector ¢t of X holds [|g(t)]| < || f] - [I£]]-

(37) For all complex normed spaces X, Y and for every point f of
CNSpBdLinOps(X,Y") holds 0 < || f|.

(38) For all complex normed spaces X, Y and for every point f of
CNSdeLlDOpS(X, Y) such that f = OCNSdeLinOps(X,Y) holds 0 = ”fH

Let X, Y be complex normed spaces. One can check that every element of
CNSpBdLinOps(X,Y) is function-like and relation-like.

Let X, Y be complex normed spaces, let f be an element of
CNSpBdLinOps(X,Y), and let v be a vector of X. Then f(v) is a vector of
Y.

We now state several propositions:

(39) Let X, Y be complex normed spaces and f, g, h be points of
CNSpBdLinOps(X,Y). Then h = f + g if and only if for every vector
x of X holds h(z) = f(z) + g(z).

(40) Let X, Y Dbe complex normed spaces, f, h be points of
CNSpBdLinOps(X,Y), and ¢ be a Complex. Then h = ¢ f if and only if
for every vector x of X holds h(z) =c- f(x).

(41) Let X, Y be complex normed spaces, f, g be points of
CNSpBdLinOps(X,Y), and ¢ be a Complex. Then ||f|| = 0 iff f =
OcNspBdLinops(x,y) and [l¢- fl| = [¢[ - [ f] and |[f + gll < [[f]] + llg]l

(42) For all complex normed spaces X, Y holds CNSpBdLinOps(X,Y") is
complex normed space-like.

(43) For all complex normed spaces X, Y holds CNSpBdLinOps(X,Y) is a
complex normed space.

Let X, Y be complex normed spaces. Observe that CNSpBdLinOps(X,Y) is
complex normed space-like, complex linear space-like, Abelian, add-associative,
right zeroed, and right complementable.

One can prove the following proposition

(44) Let X, Y be complex normed spaces and f, g, h be points of
CNSpBdLinOps(X,Y). Then h = f — g if and only if for every vector
x of X holds h(z) = f(z) — g(x).

4. COMPLEX BANACH SPACE OF BOUNDED LINEAR OPERATORS

Let X be a complex normed space. We say that X is complete if and only
if:



208 NOBORU ENDOU

(Def. 14) For every sequence s; of X such that s; is Cauchy sequence by norm
holds s; is convergent.
Let us observe that there exists a complex normed space which is complete.
A complex Banach space is a complete complex normed space.
One can prove the following three propositions:

(45) Let X be a complex normed space and s; be a sequence of X. If s; is
convergent, then ||s1]| is convergent and lim||s1|| = |[lim s1]|.

(46) Let X, Y be complex normed spaces. Suppose Y is complete. Let s; be
a sequence of CNSpBdLinOps(X,Y). If s; is Cauchy sequence by norm,
then s; is convergent.

(47) For every complex normed space X and for every complex Banach space
Y holds CNSpBdLinOps(X,Y’) is a complex Banach space.

Let X be a complex normed space and let Y be a complex Banach space.
One can verify that CNSpBdLinOps(X,Y) is complete.
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Summary. An extension of [18]. In this article, we introduce two complex
Banach spaces. One of them is the space of bounded complex sequences. The
other one is the space of complex bounded functions, which is defined by the set
of all complex bounded functions.
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The articles [21], [6], [23], [24], [17], [20], [2], [19], [12], [4], [5], [7], [22], [3], [1],
[16], [15], [14], [10], [13], [11], [8], and [9] provide the terminology and notation
for this paper.

1. CoMPLEX BANACH SPACE OF BOUNDED COMPLEX SEQUENCES

The subset the set of bounded complex sequences of the linear space of
complex sequences is defined by the condition (Def. 1).

(Def. 1) Let x be a set. Then x € the set of bounded complex sequences if and
only if z € the set of complex sequences and idgeq() is bounded.

Let us note that the set of bounded complex sequences is non empty and
the set of bounded complex sequences is linearly closed.
One can prove the following proposition

(1) (the set of bounded complex sequences, Zero_(the set of bounded complex
sequences, the linear space of complex sequences), Add_(the set of bounded
complex sequences, the linear space of complex sequences), Mult_(the set
of bounded complex sequences, the linear space of complex sequences)) is
a subspace of the linear space of complex sequences.

@ 2004 University of Bialystok
211 ISSN 1426-2630



212 NOBORU ENDOU

Let us mention that (the set of bounded complex sequences, Zero_(the set of
bounded complex sequences, the linear space of complex sequences), Add_(the
set of bounded complex sequences, the linear space of complex sequences),

Mult_(the set of bounded complex sequences, the linear space of complex
sequences)) is Abelian, add-associative, right zeroed, right complementable, and
complex linear space-like.

The function Clinfty-norm from the set of bounded complex sequences into
R is defined by:

(Def. 2) For every set x such that x € the set of bounded complex sequences
holds Clinfty-norm(z) = suprng | idseq(z)|-
Next we state the proposition

(2) For every complex sequence s1 holds s; is bounded and suprng |s;| =0
iff for every natural number n holds s1(n) = Oc.

One can check that (the set of bounded complex sequences, Zero_(the set of
bounded complex sequences, the linear space of complex sequences), Add_(the
set of bounded complex sequences, the linear space of complex sequences),

Mult_(the set of bounded complex sequences, the linear space of complex
sequences), Clinfty-norm) is Abelian, add-associative, right zeroed, right com-
plementable, and complex linear space-like.

The non empty complex normed space structure Clinfty-Space is defined by
the condition (Def. 3).

(Def. 3) Clinfty-Space = (the set of bounded complex sequences, Zero_(the
set of bounded complex sequences,the linear space of complex
sequences), Add_(the set of bounded complex sequences, the linear space
of complex sequences), Mult_(the set of bounded complex sequences, the
linear space of complex sequences), Clinfty-norm).

Next we state two propositions:

(3) The carrier of Clinfty-Space = the set of bounded complex sequences
and for every set = holds x is a vector of Clinfty-Space iff x is a complex
sequence and idgeq(x) is bounded and Ociinfy-Space = CZeroseq and for
every vector u of Clinfty-Space holds u = idgeq(u) and for all vectors u, v
of Clinfty-Space holds u + v = idgeq(u) +idseq(v) and for every Complex ¢
and for every vector u of Clinfty-Space holds ¢-u = ¢ idgeq(u) and for every
vector u of Clinfty-Space holds —u = —idgeq(u) and idseq(—u) = —idseq(u)
and for all vectors u, v of Clinfty-Space holds u — v = idgeq(u) — idseq(v)
and for every vector v of Clinfty-Space holds idseq(v) is bounded and for
every vector v of Clinfty-Space holds ||v|| = suprng |idseq(v)|-

(4) Let x, y be points of Clinfty-Space and ¢ be a Complex. Then ||z| = 0 iff
z = Oclinfty-space and 0 < [|z]| and [[z+y| < [|z[|+|[y[| and [c-z[| = [c|-||z[.-

Let us note that Clinfty-Space is complex normed space-like, complex linear
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space-like, Abelian, add-associative, right zeroed, and right complementable.
We now state two propositions:

(5) For every sequence v; of Clinfty-Space such that v; is Cauchy sequence
by norm holds vy is convergent.

(6) Clinfty-Space is a complex Banach space.

2. ANOTHER EXAMPLE OF COMPLEX BANACH SPACE

Let X be a non empty set, let Y be a complex normed space, and let I; be
a function from X into the carrier of Y. We say that I; is bounded if and only
if:
(Def. 4) There exists a real number K such that 0 < K and for every element z
of X holds ||I;(x)|| < K.
The following proposition is true

(7) Let X be a non empty set, ¥ be a complex normed space, and f be a
function from X into the carrier of Y. If for every element x of X holds
f(z) = Oy, then f is bounded.

Let X be a non empty set and let Y be a complex normed space. One can
check that there exists a function from X into the carrier of Y which is bounded.

Let X be a non empty set and let Y be a complex normed space. The functor
CBdFuncs(X,Y) yields a subset of ComplexVectSpace(X,Y) and is defined by:

(Def. 5) For every set x holds z € CBdFuncs(X,Y) iff x is a bounded function
from X into the carrier of Y.
Let X be a non empty set and let Y be a complex normed space. Note that
CBdFuncs(X,Y) is non empty.
One can prove the following propositions:

(8) For every non empty set X and for every complex normed space Y holds
CBdFuncs(X,Y) is linearly closed.

(9) Let X be a non empty set and Y be a complex normed space. Then
(CBdFuncs(X,Y), Zero_(CBdFuncs(X, Y'), ComplexVectSpace(X,Y)),
Add_(CBdFuncs(X,Y), ComplexVectSpace(X,Y)), Mult_(CBdFuncs(X,Y),
ComplexVectSpace(X,Y))) is a subspace of ComplexVectSpace(X,Y).

Let X be a non empty set and let Y be a complex normed space. Note that
(CBdFuncs(X,Y), Zero_(CBdFuncs(X, Y), ComplexVectSpace(X, Y)),

Add_(CBdFuncs(X,Y'), ComplexVectSpace(X,Y)), Mult_(CBdFuncs(X,Y),

ComplexVectSpace(X,Y))) is Abelian, add-associative, right zeroed, right
complementable, and complex linear space-like.

We now state the proposition
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(10) Let X be a non empty set and Y be a complex normed space. Then
(CBdFuncs(X,Y), Zero_(CBdFuncs(X, Y'), ComplexVectSpace(X,Y)),
Add_(CBdFuncs(X,Y'), ComplexVectSpace(X,Y)), Mult_(CBdFuncs(X,Y),
ComplexVectSpace(X,Y))) is a complex linear space.

Let X be a non empty set and let Y be a complex normed space. The set
of bounded complex sequences from X into Y yielding a complex linear space
is defined by:

(Def. 6) The set of bounded complex sequences from X into Y =
(CBdFuncs(X,Y), Zero_(CBdFuncs(X, Y'), ComplexVectSpace(X,Y)),
Add_(CBdFuncs(X,Y'), ComplexVectSpace(X,Y)), Mult_(CBdFuncs(X,Y),
ComplexVectSpace(X,Y))).

Let X be a non empty set and let Y be a complex normed space. One can
verify that the set of bounded complex sequences from X into Y is strict.
The following three propositions are true:

(11) Let X be a non empty set, Y be a complex normed space, f, g, h be
vectors of the set of bounded complex sequences from X into Y, and f,
g’, b/ be bounded functions from X into the carrier of Y. Suppose f' = f
and ¢’ = g and b’ = h. Then h = f + g if and only if for every element z
of X holds h/(z) = f'(z) + ¢'(x).
(12) Let X be a non empty set, Y be a complex normed space, f, h be
vectors of the set of bounded complex sequences from X into Y, and f,
I/ be bounded functions from X into the carrier of Y. Suppose f’ = f and
I/ = h. Let ¢ be a Complex. Then h = c- f if and only if for every element
x of X holds h'(x) =c- f'(x).
(13) Let X be a non empty set and Y be a complex normed space. Then
0the set of bounded complex sequences from X into Y — X r— OY-
Let X be a non empty set, let Y be a complex normed space, and let f be a
set. Let us assume that f € CBdFuncs(X,Y'). The functor modetrans(f, X,Y)
yields a bounded function from X into the carrier of Y and is defined by:

(Def. 7) modetrans(f, X,Y) = f.

Let X be a non empty set, let Y be a complex normed space, and let u be a
function from X into the carrier of Y. The functor PreNorms(u) yielding a non
empty subset of R is defined by:

(Def. 8) PreNorms(u) = {||u(t)|| : t ranges over elements of X }.

We now state three propositions:

(14) Let X be a non empty set, Y be a complex normed space, and g be a

bounded function from X into the carrier of Y. Then PreNorms(g) is non
empty and upper bounded.

(15) Let X be a non empty set, Y be a complex normed space, and g be a
function from X into the carrier of Y. Then g is bounded if and only if
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PreNorms(g) is upper bounded.

(16) Let X be a non empty set and Y be a complex normed space.
Then there exists a function N; from CBdFuncs(X,Y) into R such
that for every set f if f € CBdFuncs(X,Y), then Ni(f) =
sup PreNorms(modetrans(f, X,Y)).

Let X be a non empty set and let Y be a complex normed space. The
functor CBdFuncsNorm(X,Y) yielding a function from CBdFuncs(X,Y") into
R is defined by:

(Def. 9) For every set x such that € CBdFuncs(X,Y) holds
CBdFuncsNorm(X,Y')(x) = sup PreNorms(modetrans(z, X,Y)).

One can prove the following propositions:
(17) Let X be a non empty set, Y be a complex normed space, and f be a bo-
unded function from X into the carrier of Y. Then modetrans(f, X,Y) =
I
(18) Let X be a non empty set, ¥ be a complex normed space, and
f be a bounded function from X into the carrier of Y. Then
CBdFuncsNorm(X,Y')(f) = sup PreNorms(f).
Let X be a non empty set and let Y be a complex normed space. The
complex normed space of bounded functions from X into Y yields a non empty
complex normed space structure and is defined by:

(Def. 10) The complex normed space of bounded functions from X into ¥V =
(CBdFuncs(X,Y), Zero_(CBdFuncs(X, Y), ComplexVectSpace(X,Y)),
Add_(CBdFuncs(X,Y'), ComplexVectSpace(X,Y)), Mult_(CBdFuncs(X,Y),
ComplexVectSpace(X, Y)), CBdFuncsNorm (X, Y)).

The following propositions are true:

(19) Let X be a non empty set and Y be a complex normed space. Then
X r— 0y = Othe complex normed space of bounded functions from X into Y-

(20) Let X be a non empty set, Y be a complex normed space, f be a point
of the complex normed space of bounded functions from X into Y, and
g be a bounded function from X into the carrier of Y. If g = f, then for
every element ¢ of X holds ||g(t)|| < ||f]|-

(21) Let X be a non empty set, Y be a complex normed space, and f be a
point of the complex normed space of bounded functions from X into Y.
Then 0 < || f]].

(22) Let X be a non empty set, Y be a complex normed space, and f be a
point of the complex normed space of bounded functions from X into Y.
Suppose f = Othe complex normed space of bounded functions from X into Y - Then
0= [/l

(23) Let X be a non empty set, Y be a complex normed space, f, g, h be
points of the complex normed space of bounded functions from X into Y,
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and f’, g, h’ be bounded functions from X into the carrier of Y. Suppose
f'=fand ¢ = ¢gand W' = h. Then h = f + ¢ if and only if for every
element = of X holds h/(z) = f'(z) + ¢'(z).

(24) Let X be a non empty set, Y be a complex normed space, f, h be points
of the complex normed space of bounded functions from X into Y, and
f', I/ be bounded functions from X into the carrier of Y. Suppose f' = f
and h' = h. Let ¢ be a Complex. Then h = ¢ - f if and only if for every
element = of X holds h'(z) = c¢- f'(x).

(25) Let X be a non empty set, Y be a complex normed space, f, g be points
of the complex normed space of bounded functions from X into Y, and ¢
be a Complex. Then

(i) HfH =0 iff f = Othe complex normed space of bounded functions from X into Y
(i) e £l =lel- ], and
(i) [f +gll <A1+ llgll-

(26) Let X be a non empty set and Y be a complex normed space. Then the
complex normed space of bounded functions from X into Y is complex
normed space-like.

(27) Let X be a non empty set and Y be a complex normed space. Then the
complex normed space of bounded functions from X into Y is a complex
normed space.

Let X be a non empty set and let Y be a complex normed space. One can
check that the complex normed space of bounded functions from X into Y is
complex normed space-like, complex linear space-like, Abelian, add-associative,
right zeroed, and right complementable.

One can prove the following three propositions:

(28) Let X be a non empty set, Y be a complex normed space, f, g, h be
points of the complex normed space of bounded functions from X into Y,
and f’, ¢/, b’ be bounded functions from X into the carrier of Y. Suppose
f'=fand ¢ = g and h = h. Then h = f — g if and only if for every
element z of X holds 1/ (z) = f'(x) — ¢'(x).

(29) Let X be a non empty set and Y be a complex normed space. Suppose
Y is complete. Let s; be a sequence of the complex normed space of
bounded functions from X into Y. If s; is Cauchy sequence by norm, then
s1 is convergent.

(30) Let X be a non empty set and Y be a complex Banach space. Then the
complex normed space of bounded functions from X into Y is a complex
Banach space.

Let X be a non empty set and let Y be a complex Banach space. Note that
the complex normed space of bounded functions from X into Y is complete.
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3. SOME PROPERTIES OF COMPLEX SEQUENCES

We now state four propositions:

(31) For all complex sequences sg, s3 such that so is bounded and s3 is bo-
unded holds sy + s3 is bounded.

(32) For every Complex ¢ and for every complex sequence s; such that s is
bounded holds ¢ s; is bounded.

(33) For every complex sequence s; holds s; is bounded iff |s1| is bounded.

(34) For all complex sequences so, S3, $4 holds so = s3—s4 iff for every natural
number n holds sa(n) = s3(n) — s4(n).
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Summary. For two finite sequences, we present a notion of their concate-
nation, reducing overlapping part of the tail of the former and the head of the
latter. At the same time, we also give a notion of common part of two finite
sequences, which relates to the concatenation given here. A finite sequence is se-
parated by another finite sequence (separator). We examined the condition that
a separator separates uniquely any finite sequence. This will become a model of
a separator of sequential files.
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The terminology and notation used here are introduced in the following articles:
[14], [15], [9], [1], [12], [16], [3], [10], [2], [4], [5], [8], [13], [7], [11], and [6].
The following propositions are true:
(1) For every set D and for every finite sequence f of elements of D holds
f10=40.
(2) For every set D and for every finite sequence f of elements of D holds
foo=1
Let D be a set and let f, g be finite sequences of elements of D. Then f " g
is a finite sequence of elements of D.
Next we state three propositions:
(3) For every non empty set D and for all finite sequences f, g of elements
of D such that len f > 1 holds mid(f ~ g, 1,len f) = f.
(4) Let D be aset, f be a finite sequence of elements of D, and ¢ be a natural
number. If ¢ > len f, then f; =ep.
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(5) For every non empty set D and for all natural numbers kp, ko holds
mid(sD, k‘l, k’g) =E€p.

Let D be a set, let f be a finite sequence of elements of D, and let ki, ko be
natural numbers. The functor smid(f, k1, k2) yields a finite sequence of elements
of D and is defined as follows:

(Def. 1) smid(f, k1, ]{:2) = fol—'l f((k)g + 1) —/ kl).
One can prove the following propositions:
(6) Let D be a non empty set, f be a finite sequence of elements of D, and
k1, ka be natural numbers. If k1 < ko, then smid(f, k1, k2) = mid(f, k1, k2).
(7) Let D be a non empty set, f be a finite sequence of elements of D, and
k2 be a natural number. Then smid(f, 1, k) = k2.
(8) Let D be a non empty set, f be a finite sequence of elements of D, and
ko be a natural number. If len f < ky, then smid(f, 1, k2) = f.
(9) Let D be a set, f be a finite sequence of elements of D, and ki, ko be
natural numbers. If k; > ko, then smid(f, k1, k2) = 0 and smid(f, k1, k2) =
ED.
(10) For every set D and for every finite sequence f of elements of D and for
every natural number ko holds smid(f,0, ko) = smid(f, 1, ks + 1).
(11) For every non empty set D and for all finite sequences f, g of elements
of D holds smid(f ~g,len f +1,len f +leng) = g.

Let D be a non empty set and let f, g be finite sequences of elements of D.
The functor ovlpart(f, g) yielding a finite sequence of elements of D is defined
by the conditions (Def. 2).

(Def. 2)(i) lenovlpart(f,g) < leng,

(ii)  ovlpart(f,g) = smid(g, 1,lenovlpart(f, g)),
(iii)  ovlpart(f,g) = smid(f, (len f —" lenovlpart(f, g)) + 1,len f), and
(iv)  for every natural number j such that j < leng and smid(g,1,j) =
smid(f, (len f =" j) + 1,1en f) holds j < lenovlpart(f, g).
Next we state the proposition
(12) For every non empty set D and for all finite sequences f, g of elements
of D holds lenovlpart(f,g) < len f.

Let D be a non empty set and let f, g be finite sequences of elements of D.
The functor ovlcon(f, g) yielding a finite sequence of elements of D is defined
as follows:

(Def 3) OVICOH(f?Q) = f - (ngenovlpart(f,g))'
One can prove the following proposition

(13) For every non empty set D and for all finite sequences f, g of elements
of D holds ovleon(f,g) = (f[(len f =" lenovlpart(f,g))) " g.
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Let D be a non empty set and let f, g be finite sequences of elements of D.
The functor ovlldiff(f, g) yields a finite sequence of elements of D and is defined
as follows:

(Def. 4) ovlldiff(f,g) = f[(len f =" len ovlpart(f, g)).

Let D be a non empty set and let f, g be finite sequences of elements of D.
The functor ovirdiff(f, g) yields a finite sequence of elements of D and is defined
by:

(Def 5) OVh'diﬁ(f, g) = Yl|len ovlpart(f,g)-
One can prove the following propositions:

(14) Let D be a non empty set and f, g be finite sequences of elements of
D. Then ovlcon(f, g) = (ovlldiff(f,g)) ~ ovlpart(f, g) ~ ovlrdiff(f, g) and
ovlcon(f, g) = (ovlldiff(f, g)) ~ ((ovlpart(f, g)) ~ ovirdiff(f, g)).

(15) Let D be a non empty set and f be a finite sequence of elements of D.
Then ovlcon(f, f) = f and ovlpart(f, f) = f and ovlldiff(f, f) = 0 and
ovirdiff (f, f) = 0.

(16) For every non empty set D and for all finite sequences f, g of elements
of D holds ovlpart(f ™ g,9) = g and ovlpart(f, f ~g) = f.

(17) Let D be a non empty set and f, g be finite sequences of elements
of D. Then lenovlcon(f,g) = (lenf + leng) — lenovlpart(f,g) and
len ovlcon(f, g) = (len f 4 len g) —' len ovlpart(f, g) and lenovlcon(f, g) =
len f + (len g —' len ovlpart(f, g)).

(18) For every non empty set D and for all finite sequences f, g of elements
of D holds len ovlpart(f, g) < len f and len ovlpart(f, g) < leng.

Let D be a non empty set and let C7 be a finite sequence of elements of
D. We say that C separates uniquely if and only if the condition (Def. 6) is
satisfied.

(Def. 6) Let f be a finite sequence of elements of D and ¢, j be natural numbers.
Suppose 1 < i and ¢ < j and (j +1lenCy) —' 1 < len f and smid(f, 7, (i +
len Cy) —'1) = smid(f, j, (j +1len Cy) —'1) and smid(f, i, (i+1lenCy) —'1) =
Cy. Then j —'i > lenCy.

The following proposition is true
(19) Let D be a non empty set and Cy be a finite sequence of elements of D.
Then C separates uniquely if and only if len ovlpart((C1)1,C1) = 0.

Let D be a non empty set, let f, g be finite sequences of elements of D, and
let n be a natural number. We say that g is a substring of f if and only if:

(Def. 7) If leng > 0, then there exists a natural number i such that n < i and
i <len f and mid(f,i, (i =" 1) +leng) = g.

We now state four propositions:
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(20) Let D be a non empty set, f, g be finite sequences of elements of D, and
n be a natural number. If len g = 0, then ¢ is a substring of f.

(21) Let D be a non empty set, f, g be finite sequences of elements of D, and
n, m be natural numbers. If m > n and ¢ is a substring of f, then g is a
substring of f.

(22) For every non empty set D and for every finite sequence f of elements
of D such that 1 <len f holds f is a substring of f.

(23) Let D be a non empty set and f, g be finite sequences of elements of D.
If ¢ is a substring of f, then g is a substring of f.

Let D be a non empty set and let f, g be finite sequences of elements of D.
We say that g is a preposition of f if and only if:
(Def. 8) Ifleng > 0, then 1 < len f and mid(f,1,leng) = g.
One can prove the following four propositions:

(24) Let D be a non empty set and f, g be finite sequences of elements of D.
If len g = 0, then g is a preposition of f.

(25) For every non empty set D holds every finite sequence f of elements of
D is a preposition of f.

(26) Let D be a non empty set and f, g be finite sequences of elements of D.
If ¢ is a preposition of f, then leng < len f.

(27) Let D be a non empty set and f, g be finite sequences of elements of D.
If leng > 0 and g is a preposition of f, then g(1) = f(1).

Let D be a non empty set and let f, g be finite sequences of elements of D.
We say that g is a postposition of f if and only if:
(Def. 9) Rev(g) is a preposition of Rev(f).
Next we state several propositions:

(28) Let D be a non empty set and f, g be finite sequences of elements of D.
If len g = 0, then g is a postposition of f.

(29) Let D be a non empty set and f, g be finite sequences of elements of D.
If ¢ is a postposition of f, then len g < len f.

(30) Let D be a non empty set, f, g be finite sequences of elements of D, and
n be a natural number. Suppose g is a postposition of f. If len g > 0, then
leng < len f and mid(f, (len f + 1) —"leng,len f) = g.

(31) Let D be a non empty set, f, g be finite sequences of elements of D,
and n be a natural number such that if leng > 0, then leng < len f and
mid(f, (len f + 1) —"leng,len f) = g. Then g is a postposition of f.

(32) Let D be a non empty set, f, g be finite sequences of elements of D, and
n be a natural number. If len g = 0, then g is a preposition of f.

(33) Let D be a non empty set, f, g be finite sequences of elements of D, and
n be a natural number. If 1 <len f and g is a preposition of f, then g is
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a substring of f.

(34) Let D be a non empty set, f, g be finite sequences of elements of D,
and n be a natural number. Suppose g is not a substring of f. Let ¢ be a
natural number. If n <4 and 0 < 4, then mid(f,4, (i =" 1) +leng) # g.

Let D be a non empty set, let f, g be finite sequences of elements of D, and
let n be a natural number. The functor instr(n, f) yielding a natural number is
defined by the conditions (Def. 10).

(Def. 10)(i)  If instr(n, f) # 0, then n < instr(n, f) and ¢ is a preposition of
Jlinstr(n,f)—"1 and for every natural number j such that j > n and j > 0
and g is a preposition of f|;_s; holds j > instr(n, f), and

(ii)  if instr(n, f) = 0, then g is not a substring of f.

Let D be a non empty set and let f, C be finite sequences of elements of D.
The functor adder(f, C}) yields a finite sequence of elements of D and is defined
by:

(Def. 11) addcr(f, C1) = ovlcon(f, Ch).

Let D be a non empty set and let r, C'y be finite sequences of elements of
D. We say that r is terminated by C; if and only if:

(Def. 12) IflenCy > 0, then lenr > len Cy and instr(1,r) = (lenr + 1) —' len Cy.
The following proposition is true

(35) For every non empty set D holds every finite sequence f of elements of
D is terminated by f.
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Summary. As an extension of [13], we introduce the Cauchy sequence of
complex unitary space and describe its properties.

MML Identifier: CLVECT_3.

The terminology and notation used in this paper are introduced in the following
papers: [22], [3], [20], [9], [5], [12], [10], [11], [15], [2], 18], [4], [1], [21], [16], [17],
[14], [13], [19], [6], [7], and [8].
For simplicity, we follow the rules: X denotes a complex unitary space, s1,
s2, s3 denote sequences of X, Ry denotes a sequence of real numbers, C', Ca, C3
denote complex sequences, z, 21, 2o denote Complexes, r denotes a real number,
and k, n, m denote natural numbers.
The scheme Rec Func Ex CUS deals with a complex unitary space A, a point
B of A, and a binary functor F yielding a point of A, and states that:
There exists a function f from N into the carrier of A such that
f(0) = B and for every element n of N and for every point z of A
such that z = f(n) holds f(n+ 1) = F(n,z)

for all values of the parameters.

Let us consider X, s;. The functor (3 n_,(s1)())ken yields a sequence of
X and is defined as follows:

(Def. 1) (30 _o(s1)(a))ken(0) = s1(0) and for every n holds (3"5 _(s1)(@))wen(n+
1) = (X azo(s1)(@))ren(n) + s1(n+1).
One can prove the following propositions:
(1) (Ca=o(s2)(a))ren + (Xog=0(s3)(a))xen = (Roq—o(s2 + s3)(a))xen-
(2)  (Xazo(s2)(@))wen — (Xoa—o(83)(@))ren = (3a—o(s2 — s3)(at))wen-
(3) (a—o(z - s1)(a))wen = 2+ (3o0—o(51)(a))wen-
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(4) (Cn_o(=s1)(@)ren = —(Xno(51)(@))ren-
(5) 21+ (Xnzo(s2)(@))wen + 22 - (Fon—o(s3)(a))sen = (Don—o(z1 - 52 + 22 -
53)(@))nen-

Let us consider X, s1. We say that s; is summable if and only if:

(Def. 2) (30 _o(s1)())ken is convergent.

The functor ) s; yields a point of X and is defined as follows:

(Def. 8) Y2 s1 = Hn((S0_o(s1)(@))en):

Next we state several propositions:

(6) If sy is summable and s3 is summable, then sy + s3 is summable and
S(sa+s3)=> 852+ 83.

(7) If sp is summable and s3 is summable, then so — s3 is summable and
Z(SQ — 83) = 282 — 283.

(8) If s; is summable, then z - s; is summable and Y (z-s1) =2 ) s1.

(9) If s7 is summable, then s; is convergent and lim s; = Ox.

1

(10) Suppose X is Hilbert. Then s; is summable if and only if for every r
such that r > 0 there exists k such that for all n, m such that n > k and

> k holds [|(2a-o(s1)(@))wen(n) — (a=o(s1)(@))ren(m)|| < 7.
(11) If 51 is summable, then (3 _,(s1)(a))xen is bounded.
(12) If for every n holds sa(n) = s1(0), then (3o _o(s1 T 1)(@))ken =
(Xa=o(s1)(@))ren T1 — s2.
(13) If s; is summable, then for every k£ holds s; T k£ is summable.
(14) If there exists k such that s; T k is summable, then s; is summable.

Let us consider X, s1, n. The functor > "_ s1(x) yielding a point of X is
defined by:

(Def. 4) 320 _gs1(k) = (Ca=o(s1)(a))ren(n).

One can prove the following propositions:

(15) Yon_gs1(k) = 1(0).

(16) Sor_ps1(k) = Yo_gs1(k) + s1(1).
(17)  Son_ps1(k) = 51(0) + s1(1).

(18) Srtgsi(r) = Sn_gsi(k) +s1(n+1).
(19) si(n+1) = :*ésl<> Yoo s1(%)
(20) s1(1) = Y psgs1(k) = Xop_g s1(k).

Let us consider X, s1, n, m. The functor Y ;" s1(x) yielding a point of
X is defined by:

(Def. 5) Yy s1(k) = S0 s1() — X s (k).
One can prove the following four propositions:

(21) YN_iisi(k) = si(1).

(22) Ximpyrqrs1(k) = si(n+1).
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(23) Suppose X is Hilbert. Then s; is summable if and only if for every r
such that r > 0 there exists k such that for all n, m such that n > k and
m >k holds ||>r_s1(k) — Y ong si(k)|| <.
(24) Suppose X is Hilbert. Then s; is summable if and only if for every r
such that r > 0 there exists k such that for all n, m such that n > k and
m > k holds HZZL:nH s1(r)]| <.
Let us consider C1, n. The functor Y 1, C1 (k) yielding a Complex is defined
as follows:

(Def. 6) 30— C1(k) = (Xazo(C1)(@))ren(n).
Let us consider C1, n, m. The functor » ;" .| C1(k) yielding a Complex is
defined by:

(DeL. 7) S0 1) = o Ci () — Sy Ca ().
Let us consider X, s;. We say that s; is absolutely summable if and only if:
(Def. 8) ||s1]| is summable.
The following propositions are true:
(25) If sy is absolutely summable and s3 is absolutely summable, then sg + s3
is absolutely summable.
(26) 1If s is absolutely summable, then z - s; is absolutely summable.
(27) 1If for every n holds ||si||(n) < Ri(n) and R; is summable, then s; is
absolutely summable.
(28) If for every n holds s1(n) # Ox and Ri(n) = W and R; is conver-
gent and lim Ry < 1, then s; is absolutely summable.
(29) If r > 0 and there exists m such that for every n such that n > m holds
|Is1(n)|| > r, then s1 is not convergent or lims; # Ox.
(30) 1If for every n holds s1(n) # 0x and there exists m such that for every n

such that n > m holds W > 1, then s; is not summable.

(31) If for every n holds s;(n) # Ox and for every n holds R;i(n) = W

and R, is convergent and lim R; > 1, then s; is not summable.

(32) If for every n holds Ri(n) = %/||si(n)| and R; is convergent and
lim Ry < 1, then s; is absolutely summable.

(33) 1If for every n holds Ry(n) = {/||s1]|(n) and there exists m such that for
every n such that n > m holds Ry(n) > 1, then s; is not summable.

(34) 1If for every n holds Ri(n) = i/||s1]|(n) and R; is convergent and
lim R; > 1, then s; is not summable.

(35)  (>on_ollsill(e))ken is non-decreasing.

(36) For every n holds (3 n_olls1/(e))ken(n) > 0.

(37)  For every n holds [|(325—o(s1)(a))ren(n)]| < (Ca=olls1ll(@))xen(n)-
(38)  For every n holds [[3_%_q s1(r)]| < 2o5_ollsill(%)-
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(39) For all n, m holds [|(325_o(s1)(c))wen(m) — (3a—o(s1)(@))ren(n)]l <
| a=ollsll(@)ren(m) — (g=olls1ll(@))sen(n)]-

(40) For all n, m holds [>2Zgs1(r) — 2 k_os1(R)ll < [DZollsill(%) —
> k=olls1ll(£)]-

(41)  For all n, m holds (1325, 1 s1(R)]| < [z sl (m)]-

(42) If X is Hilbert, then if s; is absolutely summable, then s; is summable.

Let us consider X, s1, C7. The functor C] - s1 yields a sequence of X and is
defined by:

(Def. 9) For every n holds (C] - s1)(n) = Cy(n) - s1(n).
Next we state several propositions:
01~(82+83) =C1-s59+C1-s3
(C2+Cg)'81 =0y 81+ C3- 5.
(CQ Cg) + 81 = CQ . (C3 . 81).
(2C1)-s1=2-(Cy-s1).
Cl =81 = (—Cl) + 51
If C is convergent and s; is convergent, then C] - s is convergent.
If C; is bounded and s; is bounded, then C; - s1 is bounded.

If Cy is convergent and s; is convergent, then Cy - sy is convergent and
lm(C - s1) = lim C - lim s7.
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Let us consider C. We say that C] is Cauchy if and only if:

(Def. 10) For every r such that r > 0 there exists k such that for all n, m such
that n > k and m > k holds |C1(n) — C1(m)| < r.
We introduce C is a Cauchy sequence as a synonym of C7 is Cauchy.
Next we state four propositions:
(51) If X is Hilbert, then if s; is Cauchy and C; is Cauchy, then C} - s; is
Cauchy.

(52)  For every n holds (325 _o((C1 —C1T1)- (325-0(51)(@))ren)(@))ren(n) =
(>a=0(C1 - s1)(@))wen(n + 1) — (C1 - (3o5—o(s1)(@))ren) (n + 1).

(563) For every n holds (D n_o(Ci - s1)(@))gen(n + 1) = (C1 -
(> a=0(s1)(@))ren) (n+1) = (3200 ((C1T1=C1)- (325 =0 (81) (@) ken) (@) ) wen (n).

(54) For every n holds Z”+1(C’1 51)(k) = (C1- Oa_o(s1)(@))ken)(n+1) —
D oremo((C1 11 =C1) - (3oa—o(51)())ren) (K).
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