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Summary. This article gives property of calculation of matrices.

MML Identifier: MATRIX_4.

The articles [8], [3], [10], [11], [4], [1], [5], [2], [13], [6], [7], [12], and [9] provide
the notation and terminology for this paper.

In this paper ¢ denotes a natural number.

Let K be a field and let M7, My be matrices over K. The functor M; — Mo
yielding a matrix over K is defined by:

(Def 1) M, — My = My + —Ms.
One can prove the following propositions:

(1) For every field K and for every matrix M over K such that len M > 0
holds ——M = M.

(2) For every field K and for every matrix M over K such that len M > 0
(len M) x (width M)
0O ... 0
holds M +—M = | : - :
0 ... 0/,
(3) For every field K and for every matrix M over K such that len M > 0
(len M) x (width M)
0 ... 0
holds M — M = | : .o
0 ... 0 X
(4) Let K be a field and M;, Ms, M3 be matrices over K. Suppose len M; =

len M5 and len My = len M3 and width M7 = width My and width My =
width M3 and len My > 0 and My + Mg = My + Ms. Then My = M>.
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(5) For every field K and for all matrices M7, My over K such that len My >
0 holds My — — My = My + M>.

(6) For every field K and for all matrices M7, My over K such that len M; =

len My and width M7 = width My and len M7 > 0 and M; = My + My
0 0 (len My ) x (width M)

0 ... 0/,
(7) For every field K and for all matrices M;, Ms over K such that

len My = len My and width M7 = width M5 and len M7 > 0 and M;—My =
0 0 (len M1 ) x (width My)

Do holds M1 = Ms.
0 ... 0/,
(8) For every field K and for all matrices M;, Ms over K such that

len M7 = len M5 and width M; = width M5 and len M7 > 0 and M+ My =
(lean)X(WidthMl)

0 ... 0
Do holds My = —M;.
0 ... 0/,
(9) For all natural numbers n, m and for every field K such that n > 0 holds
nxm nxm
0O ... 0 0 ... 0
0 ... 0/ 0 ... 0/,

(10) For every field K and for all matrices M;, My over K such that len M; =

len My and width M; = width My and len My > 0 and My — M7 = Ms
0 0 (len M7 )x (width M7)

holds M1 = : .o
0 ... 0/

(11) For every field K and for all matrices M, My over K such that len M; =
len M5 and width M; = width My and len M; > 0 holds M; = M; — (M —
Mg).

(12) For every field K and for all matrices M;, My over K such that len M; =
len My and width My = width My and len M7 > 0 holds —(M; + My) =
—My + —Ms.

(13) For every field K and for all matrices M;, My over K such that len M; =
len My and width M; = width M3 and len M; > 0 holds M; — (M) — Mj) =
M.

(14) Let K be a field and M;, Ms, M3 be matrices over K. Suppose len M; =
len My and len My = len M3 and width My = width Ms and width My =
width M3 and len M7 > 0 and My — M3 = My — Ms. Then M7 = M.
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(15) Let K be a field and My, Ms, M3 be matrices over K. Suppose len M; =
len My and len My = len M3 and width M7 = width My and width Ms
WidthMg and lenM1 > 0 and M3 — M1 = M3 — Mg. Then M1 = MQ.

(16) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width Ms and width My = width M3
and lenM1 > O, then M1 — M2 — M3 = M1 — Mg — MQ.

(17) Let K be a field and My, My, M3 be matrices over K. If len M; = len Mo
and len My = len M3 and width M; = width Ms and width My = width M3
and len My > 0, then My — M3 = My — My — (Mg — Mg).

(18) Let K be a field and My, Ma, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width Ms and width My = width M3
and len My > 0, then M3 — M — (M3 - Mg) = My — M.

(19) Let K be a field and My, My, Ms, My be matrices over K. Sup-
pose lenM; = lenM> and len My = len M3 and len M3 = len My
and width M; = width My and width My = width M35 and width M3 =
width My and len M7 > 0 and M7 — My = M3 — My. Then My — Mg =
My — My.

(20) For every field K and for all matrices My, My over K such that len M; =
len My and width M; = width Ms and len M; > 0 holds My = M; + (My —
Ms).

(21) For every field K and for all matrices M;, My over K such that len M; =
len My and width M7 = width My and len M; > 0 holds My = (M;+ Ms)—
M.

(22) For every field K and for all matrices M;, My over K such that len My =
len My and width M7 = width Mj and len My > 0 holds My = (M — Ms)+
Ms.

(23) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len Ms
and len My = len M3 and width M; = width Ms and width My = width M3
and len M; > 0, then My + M3 = M; + My + (M3 — My).

(24) Let K be a field and My, Ma, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width Ms and width My = width M3
and len M; > 0, then (Ml + Mg) — M3 = (Ml — Mg) + M.

(25) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M7 = width My and width My = width Mj3
and len M; > 0, then (Ml — MQ) + M3 = (Mg — Mg) + M;.

(26) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width Ms and width My = width M3
and len M7 > 0, then My + M3 = (Ml + Mg) — (M2 — M3>

(27) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len Mo
and len My = len M3 and width M; = width Ms and width My = width M3
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and len My > 0, then M; — M3 = (Ml + Mg) — (Mg + Mg)

(28) Let K be a field and My, My, Ms, My be matrices over K. Sup-
pose lenM; = lenM; and lenMy; = len M3 and len M3 = len My
and width M; = width M> and width My = width M3 and width M3 =
width My and len M7 > 0 and M7 + My = M3 + My. Then My — Mg =
My — M.

(29) Let K be a field and My, My, Ms, My be matrices over K. Sup-
pose lenM; = lenMs and len My = len M3 and len M3 = len My
and width M; = width M> and width My = width M3 and width M3 =
width My and len M7 > 0 and M7 — M3 = My — Msy. Then My + My =
M3 + My.

(30) Let K be a field and M;, My, Ms, M, be matrices over K. Sup-
pose lenM; = lenM> and lenMs = lenMs and len M3 = len My
and width M; = width M5 and width My = width M3 and width M3 =
width My and len M7 > 0 and My + My = M3 — My. Then M; + My =
Mz — Ms.

(31) Let K be a field and M;, Ma, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width Ms and width My = width M;3
and len My > 0, then M; — (M2 + Mg) = My — My — Ms.

(32) Let K be a field and M;, Ms, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width My and width My = width M;3
and len My > 0, then M7 — (M2 — Mg) = (Ml — Mg) + Ms.

(33) Let K be a field and M;, Ms, M3 be matrices over K. If len M; = len My
and len My = len M3 and width M; = width My and width My = width M;3
and len My > 0, then My — (M2 — Mg) =M + (Mg — MQ)

(34) Let K be a field and My, Ms, M3 be matrices over K. If len M} = len My
and len My = len M3 and width M7 = width M5 and width My = width M3
and len My > 0, then My — M3 = (Ml — Mg) + (M2 — M3)

(35) Let K be a field and My, Ms, M3 be matrices over K. If len M} = len My
and len My = len M3 and width M7 = width Ms and width My = width M3
and len M7 > 0 and —M; = — M, then M| = M.

(36) For every field K and for every matrix M over K such that len M > 0
(len M) x (width M)

0 ... 0
and —-M = | : Lo

0 ... 0/,

0 ... 0 (len M) x (width M)
holds M = | Lo

0 ... 0

K
(37) For every field K and for all matrices M;, My over K such that len M; =
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len M5 and width M7 = width My and lenM; > 0 and M; + —My =
0 0 (len M1 ) x (width My)

: . : holds M1 :Mg.
0 ... 0/,

(38) For every field K and for all matrices M;, My over K such that len My =
len M5 and width M7 = width My and len M7 > 0 holds M7 = My + My +
— M.

(39) For every field K and for all matrices M;, My over K such that len My =
len My and width M; = width My and len My > 0 holds My = My + (My+
—My).

(40) For every field K and for all matrices M;, My over K such that len My =
len M5 and width My = width Ms and len M7 > 0 holds My = —Msy+ M+
M.

(41) For every field K and for all matrices M;, My over K such that len M; =
len My and width M; = width My and len M; > 0 holds —(—M; + Ms) =
My + — M.

(42) For every field K and for all matrices M;, My over K such that len My =
len My and width M7 = width My and len M7 > 0 holds M; + My =
—(=M; + —My).

(43) For every field K and for all matrices My, My over K such that len M; =
len My and width M; = width My and len M; > 0 holds —(M; — M) =
My — M.

(44) For every field K and for all matrices My, My over K such that len M; =
len Ms and width M7 = width M5 and len My > 0 holds —M; — My =
— My — M.

(45) For every field K and for all matrices My, My over K such that len M; =
len M5 and width M7 = width My and len M7 > 0 holds My = —My —
(=M — My).

(46) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len Ms
and len My = len M3 and width M; = width Ms and width My = width M3
and len My > 0, then — My — My — M3 = —M; — Mg — M.

(47) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len Ms
and len My = len M3 and width M; = width Ms and width My = width M3
and len My > 0, then — My — My — M3 = —Ms — Mg — M;.

(48) Let K be a field and My, Ms, M3 be matrices over K. If len My = len Ms
and len My = len M3 and width M; = width Ms and width My = width M3
and len My > 0, then — My — My — M3 = —Ms — My — M;.

(49) Let K be a field and My, Ms, M3 be matrices over K. If len M; = len M»
and len My = len M3 and width M; = width Ms and width My = width M3
and len M7 > 0, then M3 — My — (Mg — Mg) = —(M1 — MQ).
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(50) For every field K and for every matrix M over K such that len M > 0
0 0 (len M) x (width M)

holds | @ -.. M =—M.
0 ... 0/,

(51) For every field K and for all matrices My, My over K such that len My =
len My and width M7 = width My and len M7 > 0 holds M; + My =
My — — M.

(52) For every field K and for all matrices M;, My over K such that len M; =
len My and width M; = width My and len M; > 0 holds M; = M; — (M2 +
—Moy).

(53) Let K be a field and My, Ms, M3 be matrices over K. Suppose len M; =
len My and len My = len M3 and width My = width My and width My =
width M3 and len My > 0 and My — Mg = My + —Ms. Then M7, = M.

(54) Let K be a field and My, Ma, M3 be matrices over K. Suppose len M; =
len My and len My = len M3 and width M, = width My and width My =
width M3 and len My > 0 and Mg — My = Mg + —Ms5. Then My = Ms.

(55) Let K be a field and A, B be matrices over K. If len A = len B and
width A = width B, then the indices of A = the indices of B.

(56) Let K be a field and x, y, z be finite sequences of elements of the carrier
of K. If lenz =leny and leny = lenz, then (r +y)ez=zez+yez.

(57) Let K be a field and z, y, z be finite sequences of elements of the carrier
of K.If lenz =leny and leny =lenz, then ze (z +y) =zex + z 0.

(58) Let D be anon empty set and M be a matrix over D. Suppose len M > 0.
Let n be a natural number. Then M is a matrix over D of dimension n x
width M if and only if n = len M.

(59) Let K be a field, j be a natural number, and A, B be matrices over K.
Suppose len A = len B and width A = width B and there exists a natural
number j such that (i, j) € the indices of A. Then Line(A + B,i) =
Line(A, i) + Line(B, 7).

(60) Let K be a field, j be a natural number, and A, B be matrices over
K. Suppose len A = len B and width A = width B and there exists a
natural number 4 such that (i, j) € the indices of A. Then (A + B)g; =
ADJ + BD,j~

(61) Let V} be a field and P;, P, be finite sequences of elements of the carrier
of Vi. If len P; = len Py, then Z(Pl + PQ) = ZPI + ZPQ

(62) Let K be a field and A, B, C be matrices over K. If len B = len C' and
width B = widthC' and width A = len B and len A > 0 and len B > 0,
then A-(B+C)=A-B+ A-C.

(63) Let K be a field and A, B, C be matrices over K. If len B = len C' and



CALCULATION OF MATRICES OF FIELD ELEMENTS. ... 391

width B = widthC and len A = width B and len B > 0 and len A > 0,
then (B+C)-A=B-A+C-A.

(64) Let K be a field, n, m, k be natural numbers, M; be a matrix over K

of dimension n x m, and My be a matrix over K of dimension m x k.
Suppose width M7 = len M5 and 0 < len M; and 0 < len Ms. Then M - Mo
is a matrix over K of dimension n x k.
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