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Summary. This article describes definitions of sine, cosine, hyperbolic sine
and hyperbolic cosine. Some of their basic properties are discussed.

MML Identifier: SIN_C0S3.

The notation and terminology used here are introduced in the following papers:
[9], [4], [10], (1], [8], [2], [3], [5], [7], [11], and [6].

1. DEFINITIONS OF TRIGONOMETRIC FUNCTIONS

We adopt the following convention: x, y denote elements of R, z, z1, 22
denote elements of C, and n denotes a natural number.
The function sing from C into C is defined by:

(Def. 1) sing(z) = W.

The function cosc from C into C is defined by:

(Def. 2) cosc(z) = W.

The function sinh¢ from C into C is defined by:

(Def. 3) sinhc(z) = %’W.

The function cosh¢ from C into C is defined by:

(Def. 4) coshe(z) = %}g(_z).
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2. PROPERTIES OF TRIGONOMETRIC FUNCTIONS ON COMPLEX SPACE

We now state a number of propositions:

(1) For every element z of C holds sing, - sinc, 4 cosc, - cosc, = 1c.
(2) —sing, =sinc_, .
(3) cosc, =cosc_, .
(4) sinc,,y,, = singc,, - cosc,, + cosc,, - sing,, -
(5) sing,, ,, = sing,, - COSC,, — COSC,, - Sinc,, -
(6) €OSC,, 42y = COSC,, - COSC,, — SiNC,, -sinc,, -
(7)  €OSC,,—sy = COSC, - COSC,, +Sinc,, -sing,, -
(8) coshg, - coshe, — sinhg, - sinhe, = 1¢.
(9) —sinh¢, = sinhc_, .
(10) coshc, = coshc_, .
(11) sinhc,,,, = sinhc,, - coshc,, + coshc,, - sinhc,, .
(12) sinhc,, ., = sinhc,, - coshc,, — coshc,, -sinhc,, .
(13) coshc,,_,, = coshc,, - coshc,, —sinhc,, -sinhc,, .
(14) coshc,, 4, = coshc,, - coshc,, +sinhc,, - sinhc,, .
(15) sing;., =i - sinhc, .
(16) cosc;., = coshg, .
(17) sinhg;., =i - sing, .
(18) coshg;., = cosc, -
(19) For all elements z, y of R holds exp(x + yi) = exp(x) - cos(y) + (exp(z) -
sin(y))i.
(20) exp(0c) =1+ 0i.
(21) Sin(COC = Oc.
(22) sinhcg. = Oc.
(23) cosco. = 14 0i.
(24) coshgp. =1+ 0i.
(25) expz = coshc, + sinhc, .
(26) exp(—z) = coshc, —sinhc, .
(27) exp(z+ (2-7+0i)-i) = expz and exp(z + (0 + (2 - 7)i)) = exp 2.
(28) exp(0+ (2-7-n)i) =14 0i and exp((2-7-n+0i)-i) = 1+ 0i.
(29) exp(0+ (=2 -7-n)i) =14 0i and exp((—2-7-n+0i)-i) =1+ 0i.
(30) exp(0+((2:n+1)-m)i) = —1+0i and exp(((2-n+1)-7+07)-i) = —1+0:.
(31) exp(0+(—(2-n+1)-m)i) =—140i and exp((—(2-n+ 1) -7+0i)-i) =

(32) exp(0+((2:n+1)-m)i) =0+1i and exp(((2-n+3) - 7+0i)-i) = 0+ Li.
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(33) exp(0+(—(2-n+3)-m)i) =0+(—1)i and exp((—(2-n + 3) - 7+0i)-i) =
04 (—1)i.

SINC, 4 (2.n-7+0i) = SINC, -
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COSCz+(2:n-w4+0i) = COSCy -
exp(i - z) = cosc, +i - sing,, .
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exp(—i - z) = cosc, —1i - sing,, .
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For every element z of R holds sing,¢; = sin(z) + 0i.
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For every element x of R holds cosc,o; = cos(x) + 0i.
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For every element z of R holds sinhc, o; = sinh(z) + 0i.
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For every element z of R holds coshc,o; = cosh(z) + 0i.

For all elements z, y of R holds =z + yi = (x + 0i) + i - (y + 01).
Sinc 4y = sin(x) - cosh(y) + (cos(z) - sinh(y))i.

SINC g4 (—y)i = sin(x) - cosh(y) + (—cos(z) - sinh(y)).

COSC 4y = €08(x) - cosh(y) + (—sin(x) - sinh(y))i.

COSC a4 (—y)i = €0s() - cosh(y) + (sin(z) - sinh(y))i.
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sinhcy,; = sinh(z) - cos(y) + (cosh(z) - sin(y)).
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sinhc g (—y) = sinh(x) - cos(y) + (—cosh(z) - sin(y))i.

N
Nej

coshc gty = cosh(z) - cos(y) + (sinh(z) - sin(y))i.
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coshey 4 (—y)yi = cosh(x) - cos(y) + (—sinh(z) - sin(y))i.
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For every natural number n and for every element z of C holds (cosc, +i-

sing, )§ = €OSC (n+0i).2 T * SINC (n4-0i).2 -

(52) For every natural number n and for every element z of C holds (cosc, —i-
sing, )§ = €OSC (n+0i).2 —1 * SINC (n4-0i).-2 -

(53) For every natural number n and for every element z of C holds exp(i -
(n+0i) - 2) = (cosc, +1 - sing, ).

(54) For every natural number n and for every element z of C holds
exp(—i- (n+ 0i) - z) = (cosc, —i - sing,).

(55) For all elements x, y of R holds 1;5:0?1' -sinhc gy +% -sinhe g (—y)i =
(sinh(z) - cos(y) + cosh(x) - sin(y)) + 0:.

(56) For all elements z, y of R holds L+(—L)i -cosh 4y o +co8hCyq (—y)i =

2402 240z
(sinh(z) - sin(y) + cosh(x) - cos(y)) + 0i.

(57) sinhc, -sinhc, = COShC(Q*gQ'&f(HOi).
coshe (24.05).» +(1407)
2+0i :
(59) sinhc (240 = (2 + 0i) - sinhc; - coshe, and coshe(ayoi).. = (2 + 07) -
coshc, - coshe, —(1 + 07).

(60) sinhc,, -sinhc,, —sinhc,, - sinhc,, = sinhc,, 4., - sinhc,, _,, and

(58) coshg, - coshe, =

coshc,, - coshc,, —coshc,, - coshc,, = sinhc,, 4., -sinhc,, ., and
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sinhc,, - sinhc,, —sinhc,, -sinhc,, = coshc,, - coshc,, — coshc,, - coshc,, .
(61) coshc,, 4z, - coshe,, _,, = sinhc,, -sinhc,, 4 coshc,, - coshc,, and

coshc,, 42, - coshe,, —,, = coshc,, - coshc,, +sinhc,, - sinhc,, and

sinhc,, - sinhc,, + coshc,, - coshc,, = coshc,, - coshc,, +sinhc,, - sinhc,, .

(62) sinhc(2404).2, +8inhe240i).2, = (2 + 0i) - sinhc,, 4, - coshc,, —,, and
SinhC(2+0i)~z1 — Sinh(C(2+0i)-zg = (2 + Oi) . SinhCzl—zg . COSh(CZ1+22 .
(63) coshc(a40i).2; +coshe(a40iy.2, = (2 + 0i) - coshe,, 4., - coshe,, ., and

coshe (2404)-2, — €08he (240).2, = (2 + 0i) - sinhc,, 4., - sinhc,, 2, -
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