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Summary. In this article, we defined the Riemann definite integral of
partial function from R to R. Then we have proved the integrability for the
continuous function and differentiable function. Moreover, we have proved an
elementary theorem of calculus.

MML Identifier: INTEGRA5.

The articles [12], [13], [1], [2], [6], (3], [5], [14], [7], [16], [9], [10], [4], [11], [8], and
[15] provide the notation and terminology for this paper.

1. SOME USEFUL PROPERTIES OF FINITE SEQUENCE

For simplicity, we adopt the following convention: ¢ denotes a natural number, a,
b, r1, ro denote real numbers, A denotes a closed-interval subset of R, C' denotes
a non empty set, and X denotes a set.

One can prove the following propositions:

(1) Let F, Fy, F5 be finite sequences of elements of R and given ry, ro. If
Fy=(ri)"For Fy =F"(r1) and if F» = (rg) " F or Fy = F' ™ (ry), then
Z(Fl — Fg) =71 —To.

(2) Let Fy, F5 be finite sequences of elements of R. If len F}| = len F5, then
len(Fi + F») = lenF} and len(F} — Fy) = lenFy and ) (F1 + F») =
ZFl + ZFQ and Z(Fl — FQ) = ZFl — ZFQ

(3) Let Fy, Fy be finite sequences of elements of R. If len F; = len F5 and
for every ¢ such that i € dom Fy holds Fy (i) < Fa(i), then > Fy < ) Fb.
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2. INTEGRABILITY FOR PARTIAL FUNCTION OF R, R

Let C be a non empty subset of R and let f be a partial function from R to R.
The functor f [ C yielding a partial function from C to R is defined as follows:

(Def. 1) f]C=f|C.
Next we state two propositions:

(4) For all partial functions f, g from R to R and for every non empty subset
CofRholds (f1C)(gC)=(fg)|C.

(5) For all partial functions f, g from R to R and for every non empty subset
CofRholds (f+g)|C=f]C+g|C.

Let A be a closed-interval subset of R and let f be a partial function from
R to R. We say that f is integrable on A if and only if:

(Def. 2) f | A is integrable on A.

Let A be a closed-interval subset of R and let f be a partial function from

R to R. The functor / f(x)dx yields a real number and is defined by:
A

(Def. 3) /f(x)d:n = integral f [ A.
A

The following propositions are true:

(6) For every partial function f from R to R such that A C dom f holds
f 1 A is total.

(7) For every partial function f from R to R such that f is upper bounded
on A holds f [ A is upper bounded on A.

(8) For every partial function f from R to R such that f is lower bounded
on A holds f [ A is lower bounded on A.

(9) For every partial function f from R to R such that f is bounded on A
holds f [ A is bounded on A.

3. INTEGRABILITY FOR CONTINUOUS FUNCTION

The following propositions are true:
(10) For every partial function f from R to R such that f is continuous on A
holds f is bounded on A.
(11) For every partial function f from R to R such that f is continuous on A
holds f is integrable on A.

(12) Let f be a partial function from R to R and D be an element of divs A.
Suppose A C X and f is differentiable on X and ffX is bounded on
A. Then lower sum(f{y [ A,D) < f(supA) — f(inf A) and f(sup A) —
f(inf A) < upper_sum(fiy I 4, D).
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(13) Let f be a partial function from R to R. Suppose A C X and f is
differentiable on X and ff y is integrable on A and ff y is bounded on A.

Then /fFX(SL‘)dZE = f(sup A) — f(inf A).
A

(14) For every partial function f from R to R such that f is non-decreasing
on A and A C dom f holds rng(f[A) is bounded.

(15) Let f be a partial function from R to R. If f is non-decreasing on A and
A C dom f, then infrng(f[A) = f(inf A) and suprng(flA) = f(sup A).

(16) For every partial function f from R to R such that f is monotone on A
and A C dom f holds f is integrable on A.

(17) Let f be a partial function from R to R and A, B be closed-interval
subsets of R. If f is continuous on A and B C A, then f is integrable on
B.

(18) Let f be a partial function from R to R, A, B, C' be closed-interval
subsets of R, and given X. Suppose A C X and f is differentiable on X
and ffX is continuous on A and inf A = inf B and sup B = inf C and

supC = sup A. Then B C A and C C A and /ffX(m)dx = /ffX(x)dac—l—
A B

[ fixta)da.
C

Let a, b be elements of R. Let us assume that a < b. The functor [a, V|
yields a closed-interval subset of R and is defined as follows:

(Def. 4) [a,b'] = [a,].
Let a, b be elements of R and let f be a partial function from R to R. The

b
functor / f(x)dx yields a real number and is defined by:
a

. f(x)dzx, if a < b,
(Def. 5) / f(z)dz = { Y]

- / f(z)dz, otherwise.
['b,a']
We now state three propositions:
(19) Let f be a partial function from R to R, A be a closed-interval subset of

b
R, and given a, b. If A = [a, b], then /f(:z:)d:z‘ = /f(:n)dx.
A a

(20) Let f be a partial function from R to R, A be a closed-interval subset of
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b
R, and given a, b. If A = [b, a], then —/ f(x)dx = /f(x)dx.
A a

(21) Let f, g be partial functions from R to R and X be an open subset

of R. Suppose that f is differentiable on X and g is differentiable on X
and A C X and fjy is integrable on A and fiy is bounded on A and

gix is integrable on A and gix is bounded on A. Then /ffX g(x)dx =
A

F(sup ) glsup 4) = f(int 4) - gt 4) ~ [ 7 gl (2)da.
A
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