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Summary. First, we introduce the concept of adjacency for a
pair of natural numbers. Second, we extend the concept for two pairs of
natural numbers. The pairs represent points of a lattice in a plane. We
show that if some property is infectious among adjacent points, and some
points have the property, then all points have the property.
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The articles [8], [11], [10], [5], [1], [7], [12], [4], [3], [2], [9], and [6] provide the
notation and terminology for this paper.
In this paper ¢, j, k, k1, k2, n, m, i1, i2, j1, jo are natural numbers.
Let us consider i1, i3. We say that i; and i are adjacent if and only if:
(Def 1) 1o =11 +1ori =19+ 1.
One can prove the following propositions:

(1)  For all i1, i9 such that i; and io are adjacent holds i1 + 1 and iz + 1 are
adjacent.

(2) For all iy, i2 such that i; and iy are adjacent and 1 < i and 1 < iy
holds 71 —' 1 and i3 —' 1 are adjacent.

Let us consider i1, j1, i2, j2. We say that i, j1, i2, and jo are adjacent if

and only if:
(Def. 2) i1 and i are adjacent and j; = js or i1 = ip and j; and jo are adjacent.

The following propositions are true:

(3) For all iy, i9, j1, j2 such that i1, ji, i2, and jo are adjacent holds i1 + 1,
j1+ 1,42+ 1, and js + 1 are adjacent.

(4) Given iy, i2, j1, j2. Suppose i1, j1, i2, and jo are adjacent and 1 < iy
and 1 <9 and 1 < j1 and 1 < jg. Then 11 —,1, jl ! 1, 12 ! 1, and j2 -1
are adjacent.
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Let us consider i, n. The functor Repeat(i,n) yields a finite sequence of
elements of N and is defined as follows:
(Def. 3)  lenRepeat(i,n) = n and for every j such that 1 < j and j < n holds
(Repeat(i,n))(j) = i.
Next we state four propositions:
(5)  For every i holds Repeat(i,0) = e.
(6) Given n, i, j. Suppose i < n and j < n. Then there exists a finite
sequence f1 of elements of N such that
i AQ) =4,
(i)  fi(len f1) = j,
(i) lenfi=i—"j+75-"i+1,
(iv) for all k, k; such that 1 < k and k < len f; and k1 = f1(k) holds
k1 <n, and
(v)  for every i; such that 1 < ; and i3 < len f; holds fi(i1+1) = m;, f1i+1
or fi(i1) = my41f1 + 1.
(7)  Given n, i, j. Suppose ¢ < n and j < n. Then there exists a finite
sequence f1 of elements of N such that
i AQ) =4,
(i)  fi(len f1) = j,
(i) lenfi=i—"j+7-"i+1,
(iv) for all k, k; such that 1 < k and k < len f; and k1 = f1(k) holds
k1 <n, and
(v)  for every i; such that 1 <4y and 4; < len f; holds m;, fi and 7, +1.f1
are adjacent.
(8) Given n, m, i1, ji, i2, jo. Suppose iy < n and j; < m and is < n and
jo < 'm. Then there exist finite sequences f1, fo of elements of N such that
(i) for all i, ky, ko such that i € dom f1 and k1 = f1(¢) and ko = fo(i)
holds k1 < n and kg9 < m,

(i)  f1(1) =11,
(iii fillen fy) = g,
(iv)  fo(1) = ju1,

(vi) len f1 = len fo,

(vii
(vii

len fi =iy —"ig +io =" i1 4+ j1 =" jo +j2 =" j1 + 1, and
for every i such that 1 < i and i < len f; holds m; f1, m; fa, mi+1f1, and
mi+1fo are adjacent.

)
)
iv)
(V; fa(len fo) = jo,
)
)

In the sequel S is a set.
Next we state the proposition
(9) Let Y be a subset of S and let F' be a matrix over 2° of dimension n x
m. Suppose that
(i)  there exist 4, j such that i € Segn and j € Segm and F; ; CY, and
(ii)  for all i1, j1, 12, jo such that i; € Segn and iy € Segn and j; € Segm
and jo € Segm and i1, ji, i2, and jp are adjacent holds F; ; C Y iff
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Fiz,jz cy.
Given ¢, j. If i € Segn and j € Segm, then F; ; C Y.
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Summary. This article introduces the construction of an inverse
limit of many sorted algebras. A few preliminary notions such as an
ordered family of many sorted algebras and a binding of family are for-
mulated. Definitions of a set of many sorted signatures and a set of
signature morphisms are also given.

MML Identifier: MSALIMIT.

The terminology and notation used here are introduced in the following articles:
[21], [25], [12], [22], [26], [9], [28], [10], [5], [23], [8], [18], [27], [11], [3], [7], [24],
(2], [1], [20], [15], [19], [6], [14], [17], [16], [4], and [13].

1. INVERSE LIMITS OF MANY SORTED ALGEBRAS

We adopt the following rules: P denotes a non empty poset, i, j, k denote
elements of P, and S denotes a non void non empty many sorted signature.

Let I be a non empty set, let us consider S, let A; be an algebra family of
I over S, let i be an element of I, and let o be an operation symbol of S. One
can verify that (OPER(A;))(7)(0) is function-like and relation-like.

Let I be a non empty set, let us consider S, let A1 be an algebra family of 1
over S, and let s be a sort symbol of S. Note that (SORTS(A1))(s) is functional.

Let us consider P, S. An algebra family of the carrier of P over S is called
a family of algebras over S ordered by P if it satisfies the condition (Def. 1).

(Def. 1) There exists a many sorted function F' of the internal relation of P such
that for all ¢, j, k if ¢ > j and j > k, then there exists a many sorted
function f; from it(7) into it(j) and there exists a many sorted function
f2 from it(j) into it(k) such that f; = F(j, i) and fo = F(k, j) and F(k,
i) = fao f1 and f; is a homomorphism of it(¢) into it(j).
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In the sequel O is a family of algebras over S ordered by P.
Let us consider P, S, O1. A many sorted function of the internal relation of
P is called a binding of O; if it satisfies the condition (Def. 2).

(Def. 2)  Given i, j, k. Suppose i > j and j > k. Then there exists a many
sorted function f; from O; (i) into O;(j) and there exists a many sorted
function fy from O;(j) into O;(k) such that f; = it(j, i) and fo = it(k,
j) and it(k, i) = fo o f1 and fi is a homomorphism of O (i) into Oy(j).

Let us consider P, S, Oq, let B be a binding of O, and let us consider i,
j. Let us assume that @ > j. The functor bind(B, i, j) yielding a many sorted
function from O1(4) into O1(7) is defined by:

(Def. 3)  bind(B,i,7) = B(j, 7).

In the sequel B will be a binding of O;.

Next we state the proposition

(1) If¢>jand j > k, then bind(B, j, k) o bind(B, 1, j) = bind(B, 1, k).

Let us consider P, S, O; and let I; be a binding of O;. We say that I is
normalized if and only if:

(Def. 4)  For every i holds I3 (7, i) = id (e sorts of 01(i))-

We now state the proposition
(2) Given P, S, O, B, i, j. Suppose i > j. Let f be a many sorted function
from O;(i) into O1(j). If f = bind(B,i,7), then f is a homomorphism of
01(2) into Ol(j)
Let us consider P, S, O1, B. The functor Normalized(B) yields a binding of
01 and is defined as follows:
(Def. 5)  For all 4, j such that i > j holds (Normalized(B))(j, i) = (j = i —
id he sorts of 01(i))> PINA(B, 4, 7) ©idtne sorts of 01(i)))-
Next we state the proposition
(3)  For all 4, j such that ¢ > j and ¢ # j holds B(j, i) = (Normalized(B))(j,
i).
Let us consider P, S, Oy, B. One can verify that Normalized(B) is normal-
ized.
Let us consider P, S, O1. Note that there exists a binding of O which is
normalized.
The following proposition is true
(4)  For every normalized binding Ny of O; and for all 4, j such that i > j
holds (Normalized(Ny)) (4, ¢) = N1(J, ).
Let us consider P, S, O and let B be a binding of O;. The functor l(iLnB
yields a strict subalgebra of [[O; and is defined by the condition (Def. 6).

(Def. 6)  Let s be a sort symbol of S and let f be an element of (SORTS(O1))(s).
Then f € (the sorts of l(inB)(s) if and only if for all 4, j such that i > j

holds (bind(B, 4, 7))(s)(f(i)) = f(j)-
Next we state the proposition
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(5) Let D; be a discrete non empty poset, and given S, and let O; be
a family of algebras over S ordered by Di, and let B be a normalized
binding of O1. Then lim B =[] O;.

2. SETS AND MORPHISMS OF MANY SORTED SIGNATURES

In the sequel z will be a set and A will be a non empty set.
Let X be a set. We say that X is MSS-membered if and only if:

(Def. 7)  If z € X, then x is a strict non empty non void many sorted signature.

One can verify that there exists a set which is non empty and MSS-membered.
The strict many sorted signature TrivialMSSign is defined by:

(Def. 8)  TrivialMSSign is empty and void.

Let us note that TrivialMSSign is empty and void.

One can check that there exists a many sorted signature which is strict,
empty, and void.

The following proposition is true

(6) Let S be a void many sorted signature. Then id (e carrier of s) and
1d (the operation symbols of §) form morphism between S and S.

Let us consider A. The functor MSS-set(A) is defined by the condition
(Def. 9).

(Def. 9) € MSS-set(A) if and only if there exists a strict non empty non void
many sorted signature S such that x = S and the carrier of S C A and
the operation symbols of S C A.

Let us consider A. One can check that MSS-set(A) is non empty and MSS-
membered.
Let A be a non empty MSS-membered set. We see that the element of A is
a strict non empty non void many sorted signature.
The following proposition is true
(7)  Let = be an element of MSS-set(A4). Then id (e carrier of ) and
id (ghe operation symbols of ) fOrm morphism between = and .
Let S1, S2 be many sorted signatures. The functor MSS-morph(S1,.S2) is
defined by:
(Def. 10) = € MSS-morph(Sy, S2) iff there exist functions f, g such that = = (f,
g) and f and g form morphism between S; and Ss.
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On the Trivial Many Sorted Algebras and
Many Sorted Congruences
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Summary. This paper contains properties of many sorted func-
tions between two many sorted sets. Other theorems describe trivial
many sorted algebras. In the last section there are theorems about many
sorted congruences, which are defined on many sorted algebras. I have
also proved facts about natural epimorphism.

MML Identifier: MSUALG_9.

The articles [35], [38], [10], [39], [41], [27], [40], [7], [29], [8], [9], [3], [11], [32],
[6], [36], [12], [31], [2], [37], [30], [1], [4], [34], [33], [5], [13], [20], [28], [22], [23],
[25], [26], [21], [17], [15], [19], [14], [18], [16], and [24] provide the terminology
and notation for this paper.

1. PRELIMINARIES

In this paper a, I will be sets and S will be a non empty non void many
sorted signature.
The scheme MSSExzD deals with a non empty set A and a binary predicate
P, and states that:
There exists a many sorted set f indexed by A such that for every
element 7 of A holds P[i, f(7)]
provided the parameters meet the following condition:
e For every element ¢ of A there exists a set j such that P[i, j].
Let I be a set and let M be a many sorted set indexed by I. Note that there
exists an element of Bool(M) which is locally-finite.
Let I be a set and let M be a non-empty many sorted set indexed by I. Note
that there exists a many sorted subset of M which is non-empty and locally-
finite.

© 1997 Warsaw University - Bialystok
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Let S be a non empty non void many sorted signature, let A be a non-empty
algebra over S, and let o be an operation symbol of S. One can verify that every
element of Args(o, A) is finite sequence-like.

Let S be a non void non empty many sorted signature, let I be a set, let s
be a sort symbol of S, and let F' be an algebra family of I over S. Note that
every element of SORTS(F')(s) is function-like and relation-like.

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set indexed by the carrier of S. Note that FreeGenerator(X)
is free and non-empty.

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set indexed by the carrier of S. One can verify that Free(X)
is free.

Let S be a non empty non void many sorted signature and let A, B be
non-empty algebras over S. One can check that [ A, B is non-empty.

The following propositions are true:

(1) For all sets X, Y and for every function f such that a € dom f and
f(a) € EX, Y § holds f(a) = (pri(f)(a), pr2(f)(a)).

(2)  For every non empty set X and for every set Y and for every function
f from X into {Y'} holds rng f = {Y'}.

(3)  For every non empty finite set A there exists a function f from N into
A such that rng f = A.

(4) Classes(Vy) C {I}.

(5)  For every non empty set I holds Classes(V ) = {I}.

(6)  There exists a many sorted set A indexed by I such that {A} = +——
{a}.

(7)  For every many sorted set A indexed by I there exists a non-empty
many sorted set B indexed by I such that A C B.

(8) Let M be a non-empty many sorted set indexed by I and let B be a
locally-finite many sorted subset of M. Then there exists a non-empty
locally-finite many sorted subset C' of M such that B C C.

(9)  For all many sorted sets A, B indexed by I and for all many sorted
functions F', G from A into {B} holds F' = G.

(10)  For every non-empty many sorted set A indexed by I and for every
many sorted set B indexed by I holds every many sorted function from
A into {B} is onto.

(11) Let A be a many sorted set indexed by I and let B be a non-empty
many sorted set indexed by I. Then every many sorted function from
{A} into B is “1-17.

(12)  For every non-empty many sorted set X indexed by the carrier of S
holds Reverse(X) is “1-1”.

(13)  For every non-empty locally-finite many sorted set A indexed by I holds
there exists many sorted function from I —— N into A which is onto.
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(14) Let S be a non empty many sorted signature, and let A be a non-empty
algebra over S, and let f, g be elements of [] (the sorts of A). Suppose
that for every set ¢ holds (proj(the sorts of A, i))(f) = (proj(the sorts of
4, 1))(g). Then f = g.

(15) Let I be a non empty set, and let s be an element of the car-
rier of S, and let A be an algebra family of I over S, and let f,
g be elements of []Carrier(A,s). If for every element a of I holds
(proj(Carrier(4, s),a))(f) = (proj(Carrier(4, s),a))(g), then f = g.

(16) Let A, B be non-empty algebras over S, and let C' be a strict non-empty
subalgebra of A, and let h; be a many sorted function from B into C.
Suppose hi is a homomorphism of B into C. Let hy be a many sorted
function from B into A. If h; = hs, then hy is a homomorphism of B into

A.

(17) Let A, B be non-empty algebras over S and let F' be a many sorted
function from A into B. If I’ is a monomorphism of A into B, then A
and Im F' are isomorphic.

(18) Let A, B be non-empty algebras over S and let F' be a many sorted
function from A into B. Suppose F' is onto. Let o be an operation symbol
of S and let = be an element of Args(o, B). Then there exists an element
y of Args(o, A) such that F'#y = .

(19) Let A be a non-empty algebra over S, and let o be an operation symbol
of S, and let = be an element of Args(o, A). Then (Den(o, A))(z) € (the
sorts of A)(the result sort of o).

(20) Let A, B, C be non-empty algebras over S, and let F} be a many
sorted function from A into B, and let F be a many sorted function
from A into C. Suppose F}j is an epimorphism of A onto B and F5 is a
homomorphism of A into C. Let G be a many sorted function from B
into C. If G o I = F3, then G is a homomorphism of B into C.

In the sequel A, M will be many sorted sets indexed by I and B, C' will be
non-empty many sorted sets indexed by I.
Let I be a set, let A be a many sorted set indexed by I, let B, C' be non-
empty many sorted sets indexed by I, and let ' be a many sorted function from
A into [B, C]. The functor Mprl(F) yields a many sorted function from A into
B and is defined as follows:
(Def. 1)  For every set i such that ¢ € I holds (Mprl(F))(i) = prl(F(7)).
The functor Mpr2(F’) yielding a many sorted function from A into C'is defined
by:
(Def. 2)  For every set i such that ¢ € I holds (Mpr2(F))(i) = pr2(F(i)).
One can prove the following four propositions:
(21)  For every many sorted function F' from A into [I —— {a},I — {a}]
holds Mprl1(F) = Mpr2(F).
(22)  For every many sorted function F' from A into [B,C] such that F' is
onto holds Mprl(F') is onto.
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(23)  For every many sorted function F' from A into [B,C] such that F is
onto holds Mpr2(F') is onto.

(24)  Let F' be amany sorted function from A into [B,C]. If M € dom,, F'(k),
then for every set ¢ such that ¢ € I holds (F' «¢ M)(i) = (((Mprl(F)) «
M)(i), (Mpr2(F)) ¢ M)(i)).

2. ON THE TRIVIAL MANY SORTED ALGEBRAS

Let S be a non empty many sorted signature. Note that the sorts of the
trivial algebra of S is locally-finite and non-empty.

Let S be a non empty many sorted signature. Note that the trivial algebra
of S is locally-finite and non-empty.

We now state three propositions:

(25) Let A be a non-empty algebra over S, and let F' be a many sorted
function from A into the trivial algebra of S, and let o be an operation
symbol of S, and let & be an element of Args(o, A). Then F'(the result sort
of 0)((Den(o, A))(x)) = 0 and (Den(o, the trivial algebra of S))(F#z) = 0.

(26)  For every non-empty algebra A over S holds every many sorted function
from A into the trivial algebra of S is an epimorphism of A onto the trivial
algebra of S.

(27) Let A be an algebra over S. Given a many sorted set X indexed by

the carrier of S such that the sorts of A = {X}. Then A and the trivial
algebra of S are isomorphic.

3. ON THE MANY SORTED CONGRUENCES

One can prove the following propositions:

(28)  For every non-empty algebra A over S holds every congruence of A is
a many sorted subset of [the sorts of A, the sorts of A .

(29) Let A be a non-empty algebra over S, and let R be a subset of the
carrier of CongrLatt(A), and let F' be a family of many sorted subsets of
[the sorts of A, the sorts of A . If R = F, then (|:F:| is a congruence of
A.

(30) Let A be a non-empty algebra over S and let C' be a congruence of
A. Suppose C = [the sorts of A, the sorts of A ]. Then the sorts of
QuotMSAlg(C) = {the sorts of A }.

(31) Let A, B be non-empty algebras over S and let F' be a many sorted
function from A into B. If F is a homomorphism of A into B, then
MSHomQuot(F') o MSNatHom (A, Congruence(F)) = F.
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(32) Let A be a non-empty algebra over S, and let C' be a congruence of A,
and let s be a sort symbol of S, and let a be an element of (the sorts of
QuotMSAlg(C))(s). Then there exists an element z of (the sorts of A)(s)

such that a = [z],.

(33) Let A be an algebra over S and let C1, Cy be equivalence many sorted
relations of A. Suppose C; C Cs. Let ¢ be an element of the carrier of
S and let x, y be elements of (the sorts of A)(i). If (z, y) € C1(7), then
[](cy) € W,y and if A is non-empty, then [y] ) € [2],)-

(34) Let A be a non-empty algebra over S, and let C' be a congruence of A,
and let s be a sort symbol of S, and let x, y be elements of (the sorts
of A)(s). Then (MSNatHom(A, C))(s)(z) = (MSNatHom(A, C))(s)(y) if
and only if (z, y) € C(s).

(35) Let A be a non-empty algebra over S, and let Cy, Cy be congruences
of A, and let G be a many sorted function from QuotMSAlg(C}) into
QuotMSAlg(Cy). Suppose that for every element i of the carrier of S
and for every element x of (the sorts of QuotMSAlg(C1))(i) and for every
element x1 of (the sorts of A)(i) such that « = [z1]¢,) holds G(i)(z) =

[21](¢,)- Then G o MSNatHom(A, C1) = MSNatHom(4, C5).

(36) Let A be a non-empty algebra over S, and let Cq, C3 be congru-
ences of A, and let G be a many sorted function from QuotMSAlg(C1)
into QuotMSAlg(Cs). Suppose that for every element i of the carrier
of S and for every element x of (the sorts of QuotMSAlg(Cy))(i) and
for every element xq of (the sorts of A)(i) such that = [21],) holds
G(i)(z) = [z1](¢,)- Then G is an epimorphism of QuotMSAlg(C1) onto
QuotMSAlg(Cs).

(37) Let A, B be non-empty algebras over S and let F' be a many sorted func-
tion from A into B. Suppose F' is a homomorphism of A into B. Let C
be a congruence of A. Suppose C; C Congruence(F'). Then there exists a
many sorted function H from QuotMSAlg(C7) into B such that H is a ho-
momorphism of QuotMSAlg(Cy) into B and F' = H o MSNatHom (A, C1).
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Summary. This article contains definitions of two category struc-
tures: the category of many sorted signatures and the category of many
sorted algebras. Some facts about these structures are proved.

MML Identifier: MSINST_1.

The papers [22], [10], 23], [24], [7], [8], [17], [25], [9], [6], [2], [5], [18], [1], [21],
[15], [20], [14], [12], [19], [16], [13], [3], [4], and [11] provide the terminology and
notation for this paper.

1. CATEGORY OF MANY SORTED SIGNATURES

In this paper A denotes a non empty set, S denotes a non void non empty
many sorted signature, and x denotes a set.

Let us consider A. The functor MSSCat(A) yields a strict non empty category
structure and is defined by the conditions (Def. 1).

(Def. 1) (i)  The carrier of MSSCat(A) = MSS-set(A),

(ii) for all elements 7, j of MSS-set(A) holds (the arrows of MSSCat(A))(i,
j) = MSS-morph(i, j), and

(i)  for all objects i, j, k of MSSCat(A) such that i € MSS-set(A) and
j € MSS-set(A) and k € MSS-set(A) and for all functions f1, fa, g1, g2
such that (fi, f2) € (the arrows of MSSCat(A))(4, j) and (g1, g2) € (the
arrows of MSSCat(A))(j, k) holds (the composition of MSSCat(A))(i, 7,
k) ({91, 92), (f1, f2)) = {91 - f1, 92 fa)-

Let us consider A. Note that MSSCat(A) is transitive and associative and

has units.
The following proposition is true

© 1997 Warsaw University - Bialystok
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(1)  For every category C such that C' = MSSCat(A) holds every object of
C' is a non empty non void many sorted signature.
Let us consider S. Note that there exists an algebra over S which is strict
and feasible.
Let us consider S, A. The functor MSAlg_set(S, A) is defined by the condition
(Def. 2).
(Def. 2) € MSAlg_set(S, A) if and only if there exists a strict feasible algebra
M over S such that x = M and for every component C' of the sorts of M
holds C' C A.
Let us consider S, A. Observe that MSAlg_set(S, A) is non empty.

2. CATEGORY OF MANY SORTED ALGEBRAS

In the sequel o is an operation symbol of S.

One can prove the following four propositions:

(2) Let x be an algebra over S. Suppose x € MSAlg set(S, A). Then
the sorts of z € (24)the carierof S anq the characteristics of z €
((N_>A)_>A)thc operation symbols of S'

(3) Let Uy, Uy be algebras over S. Suppose the sorts of Uj is transformable
to the sorts of Uy and Args(o,Uy) # 0. Then Args(o, Us) # 0.

(4)  Let Uy, Us, Us be feasible algebras over S, and let F' be a many sorted
function from U; into Us, and let G be a many sorted function from Us
into Us, and let = be an element of Args(o,U;). Suppose that

(i)  Args(o,Uy) # 0,
(ii)  the sorts of U; is transformable to the sorts of Us, and

(iii)  the sorts of Us is transformable to the sorts of Us.

Then there exists a many sorted function Gy from U;j into Us such that
G1 = Go F and Gi1#z = G#(F#x).

(5) Let Uy, Us, Us be feasible algebras over S, and let F' be a many sorted

function from U7 into Us, and let G be a many sorted function from Us

into Us. Suppose that

) the sorts of U; is transformable to the sorts of Us,

i)  the sorts of Us is transformable to the sorts of Us,

) Fis a homomorphism of Uy into Us, and

) G is a homomorphism of Us into Us.

Then there exists a many sorted function Gy from U;j into Us such that

G1 = G o F and (G7 is a homomorphism of Uy into Us.

Let us consider S, A and let i, j be sets. Let us assume that ¢ € MSAlg set(S, A)
and j € MSAlg_set(S, A). The functor MSAlg_morph(S, A, i, j) is defined by the
condition (Def. 3).

(Def. 3) € MSAlg_morph(S, A,i,j) if and only if there exist strict feasible

algebras M, N over S and there exists a many sorted function f from M



EXAMPLES OF CATEGORY STRUCTURES

into N such that M = ¢ and N = j and f = z and the sorts of M is
transformable to the sorts of IV and f is a homomorphism of M into N.

Let us consider S, A. The functor MSAlgCat (S, A) yields a strict non empty

category structure and is defined by the conditions (Def. 4).
(Def. 4) (i)  The carrier of MSAlgCat(S, A) = MSAlg_set(S, A),

(i)  for all elements i, j of MSAlgset(S,A) holds (the arrows of

MSAlgCat(S, A))(i, j) = MSAlg_morph(S, 4,1, 7), and

(i)  for all objects 7, j, k of MSAlgCat(S, A) and for all function yield-

ing functions f, g such that f € (the arrows of MSAlgCat(S, A))(4, j)
and g € (the arrows of MSAlgCat(S, A))(j, k) holds (the composition of
MSAlgCat (S, A))(i, j, k)(g, f) = go f.

Let us consider S, A. One can verify that MSAlgCat (.S, A) is transitive and

associative and has units.

(1]

2]
3]

[4]

[5]
(6]

[7]
8]

[9]
[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]

18]

One can prove the following proposition

(6)

For every category C such that C' = MSAlgCat(S, A) holds every object
of C' is a strict feasible algebra over S.
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The notation and terminology used here are introduced in the following papers:
[21], [28], [14], [2], [26], [17], [29], [8], [9], [3], [7], [27], [11], [1], [19], [6], [12], [13],
[10], [20], [15], [16], [24], [4], [18], [5], [25], [22], and [23].

1. PRELIMINARIES

One can prove the following propositions:

(1)  For all functions f, g and for all sets x, y such that g C f and = ¢ dom g
holds g C f +- (z,y).

(2) For all functions f, g and for every set A such that f|] A =g A and
f and g are equal outside A holds f = g.

(3)  For every function f and for all sets a, b, A such that a € A holds f
and f +- (a,b) are equal outside A.

(4) For every function f and for all sets a, b, A holds a € A or (f+-(a,b))!
A=f1A

(5)  For all functions f, g and for all sets a, b, A such that f| A=g¢gl A
holds (f +- (a,b)) I A= (g + (a,b)) I A.

(6)  For all functions f, g, h such that f C h and g C h holds f+-g C h.

(7)  For arbitrary a, b and for every function f holds a——b C fiff a € dom f
and f(a) =b.

(8)  For every function f and for every set A holds dom(f | (dom f\ A)) =
dom f \ A.

© 1997 Warsaw University - Bialystok
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(9) Let f, g be functions and let D be a set. Suppose D C dom f and

D Cdomg. Then f| D =g D if and only if for arbitrary = such that
x € D holds f(z) = g(z).

(10)  For every function f and for every set D holds f | D = f | (dom f N D).

(11)  Let f, g, h be functions and let A be a set. Suppose f and g are equal
outside A. Then f+-h and g+-h are equal outside A.

(12)  Let f, g, h be functions and let A be a set. Suppose f and g are equal
outside A. Then h+-f and h+-g are equal outside A.

(13)  For all functions f, g, h holds f+-h = g+-h iff f and g are equal outside
dom h.

2. MACROINSTRUCTIONS

A macro instruction is an initial programmed finite partial state of SCMpga .
We follow a convention: m, n denote natural numbers, ¢, j, k denote instruc-
tions of SCMyga, and I, J, K denote macro instructions.
Let I be a programmed finite partial state of SCMpga . The functor Directed (1)
yields a programmed finite partial state of SCMpga and is defined by:
(Def 1) Directed([) = (id(thc instructions of SCMFSA)+'(ha1tSCMFSA’.—>gOtO
insloc(card I))) - I.

The following proposition is true
(14)  dom Directed(I) = dom I.

Let I be a macro instruction. Note that Directed (/) is initial.
Let us consider i. The functor Macro(i) yields a macro instruction and is
defined by:
(Def. 2)  Macro(i) = [insloc(0) +— i, insloc(1) —— haltgcnigg, |-
Let us consider i. One can check that Macro(i) is non empty.
We now state the proposition
(15)  For every macro instruction P and for every n holds n < card P iff
insloc(n) € dom P.
Let I be an initial finite partial state of SCMpgga. Observe that ProgramPart(])
is initial.
One can prove the following propositions:
(16)  dom I misses dom ProgramPart(Relocated(.J, card I)).
(17)  For every programmed finite partial state I of SCMpga holds
card ProgramPart(Relocated (I, m)) = card I.
(18)  haltgcm,s, ¢ rngDirected([).
(19)  ProgramPart(Relocated (Directed (1), m)) = (id she instructions of SCMypga)
+-(haltgcm,g,, ——goto insloc(m+-card I)))-ProgramPart(Relocated (1, m)).
(20)  For all finite partial states I, J of SCMpga holds ProgramPart(/+-J) =
ProgramPart(/)+- ProgramPart(.J).
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(21)  For all finite partial states I, J of SCMpga holds ProgramPart
(Relocated (I+-J,n)) = ProgramPart(Relocated(I,n))
+- ProgramPart(Relocated(J, n)).

(22)  ProgramPart(Relocated (ProgramPart(Relocated(I,m)),n)) =
ProgramPart(Relocated (I, m + n)).

In the sequel s, s1, so denote states of SCMpga .
Let us consider I. The functor Initialized (/) yields a finite partial state of
SCMygga and is defined by:

(Def. 3)  Initialized(I) = I+-(intloc(0)——1)+- Start-At(insloc(0)).

Next we state a number of propositions:
23)  InsCode(i) € {0,6,7,8} or (Exec(i,s))(ICscM,g,) = Next(IC;).
2

=~

ICscMy, € dom Initialized([).

[\
at

IChitialized(r) = insloc(0).
I C Initialized(I).
s and s+-I are equal outside the instruction locations of SCMpga .

N N N N /S /N
[\
(@

— — — ~— ~—

Let s1, s2 be states of SCMpga. Suppose IC(,,) = IC,,) and for
every integer location a holds s1(a) = s2(a) and for every finite sequence
location f holds s1(f) = s2(f). Then s; and s9 are equal outside the
instruction locations of SCMFpga .

(29) If s; and sy are equal outside the instruction locations of SCMpga,
then IC(sl) = IC(SQ).

(30) Suppose s; and sy are equal outside the instruction locations of
SCMrsa. Let a be an integer location. Then s1(a) = sa(a).

(31) Suppose s; and sg are equal outside the instruction locations of
SCMpga. Let f be a finite sequence location. Then s1(f) = sa2(f).

(32) Suppose s; and sg are equal outside the instruction locations of
SCMpga. Then Exec(i, s1) and Exec(i, s2) are equal outside the instruc-
tion locations of SCMFpga .

(33) Initialized(I) I (the instruction locations of SCMpgy ) = I.

The scheme SCMFSA Ez deals with a unary functor F yielding an instruction
of SCMFrga, a unary functor G yielding an integer, a unary functor ‘H yielding
a finite sequence of elements of Z, and an instruction-location A of SCMgga,
and states that:
There exists a state S of SCMrgga such that ICg = A and for every
natural number ¢ holds S(insloc(7)) = F (i) and S(intloc(i)) = G(7)
and S(fsloc(i)) = H(i)

for all values of the parameters.

One can prove the following propositions:

(34)  For every state s of SCMpga holds dom s = Int-Locations U
FinSeq-Locations U{ICgcM,., } U the instruction locations of SCMrga.

(35) Let s be a state of SCMpga and let = be arbitrary. Suppose x € dom s.
Then

23
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(i) =z is an integer location or a finite sequence location, or
(ii) 2 =ICsCMyg,> OF
(iii)  « is an instruction-location of SCMpga .

(36) Let s1, s2 be states of SCMpga. Then for every instruction-location [
of SCMpga holds s1(l) = s2(l) if and only if s1 [ (the instruction locations
of SCMFpsa) = s2 | (the instruction locations of SCMypgyp ).

(37)  For every instruction-location i of SCMpgga holds ¢ ¢ Int-Locations U
FinSeq-Locations and ICgcm,s, ¢ Int-Locations U FinSeq-Locations .

(38) Let sy, sz be states of SCMpgs. Then for every integer location
a holds s1(a) = sa(a) and for every finite sequence location f holds
s1(f) = s2(f) if and only if s; | (Int-Locations U FinSeq-Locations) =
s2 | (Int-Locations U FinSeq-Locations).

(39) Let s1, s2 be states of SCMpga. Suppose s1 and sy are equal outside
the instruction locations of SCMpga .

Then s; | (Int-Locations U FinSeqg-Locations) = s | (Int-Locations U
FinSeq-Locations).

(40)  For all states s, s3 of SCMpga and for every set A holds (sg+-s[A)[ A =

sl A.
(41) Let s1, so2 be states of SCMpgs, and let n be a natu-
ral number, and let ¢ be an instruction of SCMpga.  Suppose

IC(,) + n = IC, and si | (Int-Locations U FinSeq-Locations) =
s2 | (Int-Locations U FinSeq-Locations). Then ICggec(is;) + 7 =
ICExcc(IncAddr(in),so) a0d Exec(i, s1)[ (Int-Locations U FinSeq-Locations) =
Exec(IncAddr(i,n), s2) | (Int-Locations U FinSeqg-Locations).

(42)  For all macro instructions I, J holds I and J are equal outside the
instruction locations of SCMpga .

(43)  For every macro instruction I holds dom Initialized() = domI U
{intloc(0)} U {ICsCcMyss }-

(44)  For every macro instruction I and for arbitrary x such that z €
dom Initialized (/) holds = € dom I or z = intloc(0) or x = ICgcMyq, -

(45)  For every macro instruction I holds intloc(0) € dom Initialized ().

(46)  For every macro instruction I holds (Initialized(I))(intloc(0)) = 1 and
(Initialized(1))(ICscMyg, ) = insloc(0).

(47)  For every macro instruction I holds intloc(0) ¢ dom I and ICgcm,, &
dom I.

(48)  For every macro instruction I and for every integer location a such that
a # intloc(0) holds a ¢ dom Initialized(I).

(49)  For every macro instruction I and for every finite sequence location f
holds f ¢ dom Initialized(I).

(50)  For every macro instruction I and for arbitrary x such that € dom I
holds I(z) = (Initialized(I))(x).
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(51)  For all macro instructions I, J and for every state s of SCMpga such
that Initialized(J) C s holds s+- Initialized(I) = s+-I.

(52)  For all macro instructions I, J and for every state s of SCMpga such
that Initialized(J) C s holds Initialized(I) C s+-I.

(53)  Let I, J be macro instructions and let s be a state of SCMpga. Then
s+- Initialized(I) and s+- Initialized(J) are equal outside the instruction
locations of SCMgga .

3. THE COMPOSITION OF MACROINSTRUCTIONS

Let I, J be macro instructions. The functor I;J yields a macro instruction
and is defined by:

(Def. 4)  I;J = Directed(I)+- ProgramPart(Relocated (., card I)).

Let I, J be macro instructions. Note that I;.J is initial.
Next we state several propositions:

(54)  Let I, J be macro instructions and let I be an instruction-location of
SCMpgga. If I € dom I and I(1) # haltSCMFSAv then (I;J)(1) = I(1).

(55)  For all macro instructions I, J holds Directed(I) C I;J.
(56)  For all macro instructions I, J holds dom I C dom(I;J).
(57)  For all macro instructions I, J holds I+-(I;J) = I;J.
(58)

For all macro instructions I, J holds Initialized(I)+-(I;J) =
Initialized(I;J).

4. THE COMPOSTION OF INSTRUCTION AND MACROINSTRUCTIONS

Let us consider i, J. The functor i;J yielding a macro instruction is defined
as follows:

(Def. 5)  4;J = Macro(i);J.
Let us consider I, j. The functor I;j yields a macro instruction and is defined
by:
(Def. 6)  I;j = I;Macro(j).
Let us consider 4, j. The functor i;j yields a macro instruction and is defined
by:
(Def. 7)  4;j = Macro(i); Macro(j).
The following propositions are true:
(59) i35 = Macro(i);].
(60)  4;j = i; Macro(j).
(61) card(I;J) = card I + card J.
(62)  (L;J):K = I;(J;K).
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(I;J);k = I;(J;k)
(I;5); K = I;(j;K)
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Summary. We introduce some terminology for reasoning about
memory used in programs in general and in macro instructions (intro-
duced in [26]) in particular. The usage of integer locations and of finite
sequence locations by a program is treated separately. We define some
functors for selecting memory locations needed for local (temporary) vari-
ables in macro instructions. Some semantic properties of the introduced
notions are given in terms of executions of macro instructions.
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and [26] provide the terminology and notation for this paper.

1. PRELIMINARIES

One can prove the following three propositions:
(1)  For all sets z, y, a and for every function f such that f(z) = f(y) holds
fla) = (f - (iddom s +- (z,9)))(a).
(2) For all sets z, y and for every function f such that if z € dom f, then
y € dom f and f(z) = f(y) holds f = f - (idgom r +- (2, ¥)).
(3)  For all sets A, B and for every function f from A into B holds dom f C
A.
Let A be a finite set and let B be a set. Note that every function from A
into B is finite.
Let A be a finite set, let B be a set, and let f be a function from A into
Fin B. Observe that Union f is finite.
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In the sequel N will be a non empty set with non empty elements.

The following proposition is true

(4)  Let S be a definite AMI over N and let p be a programmed finite partial
state of S. Then rngp C the instructions of S.

Let us mention that Int-Locations is non empty.

Let us mention that FinSeq-Locations is non empty.

2. UNIQUENESS OF INSTRUCTION COMPONENTS

For simplicity we adopt the following rules: a, b, ¢, a1, ao, b1, by will be
integer locations, [, I, lo will be instructions-locations of SCMygsa, f, f1, fo
will be finite sequence locations, and i, 7 will be instructions of SCMFpga .

The following propositions are true:

(5) If a1:=by = ag:=bg, then a1 = az and by = bs.
(6) If AddTo(ay,b;) = AddTo(ag,bs), then a; = ag and by = be.
(7)  If SubFrom(aq,b;) = SubFrom(as, bs), then a; = as and by = bs.
(8) If MultBy(aq,b1) = MultBy(ag, b2), then a1 = as and by = bs.
(9) If Divide(ay, by) = Divide(az, b2), then a1 = as and by = bs.
(10)  If goto I3 = goto ly, then I} = Is.
(11) Ifif a3 = 0 goto I3 = if as = 0 goto Iy, then a; = ag and [ = ls.
(12) Ifif a3 > 0 goto [; = if as > 0 goto o, then a1 = as and I = Is.
(13)  If bi:=f14, = ba:=f2,,, then a1 = az and by = by and f1 = fo.
(14) If f1a1::b1 = f2a222b2, then a1 = as and by = by and f; = fo.
(15)  If aj:=lenf; = ag:=lenfs, then a3 = as and f; = fo.
(16) If f1:=(0,...,0) = fo:=(0,...,0), then a; = ag and f1 = fo.
a1 T

3. INTEGER LOCATIONS USED IN MACROS

Let i be an instruction of SCMpga. The functor UsedIntLoc(i) yields an
element of FinInt-Locations and is defined as follows:

(Def. 1) (i)  There exist integer locations a, b such that i = a:=b or i =
AddTo(a,b) or i = SubFrom(a,b) or i = MultBy(a,b) or i = Divide(a, b)
but UsedIntLoc(i) = {a, b} if InsCode(i) € {1,2,3,4,5},

(ii)  there exists an integer location @ and there exists an instruction-
location [ of SCMpgga such that ¢ = if a = 0 goto ! or 7« = if a >
0 goto [ but UsedIntLoc(i) = {a} if InsCode(i) = 7 or InsCode(i) = 8,

(iii)  there exist integer locations a, b and there exists a finite sequence
location f such that i = b:=f, or ¢ = f,:=b but UsedIntLoc(i) = {a, b} if
InsCode(i) = 9 or InsCode(i) = 10,
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(iv)  there exists an integer location a and there exists a finite sequence
location f such that i = a:=lenf or i = f:=(0,...,0) but UsedIntLoc(i) =
——

{a} if InsCode(i) = 11 or InsCode(i) = 12,
(v)  UsedIntLoc(z) = 0, otherwise.
Next we state several propositions:
(17)  UsedIntLoc(haltgcm,, ) = 9
(18) If i = a:=b or i = AddTo(a,b) or i = SubFrom(a,b) or i« = MultBy(a, b)
or i = Divide(a, b), then UsedIntLoc(i) = {a,b}.
(19)  UsedIntLoc(goto 1) = 0.
(20) Ifi=if a =0 goto! ori = if a > 0 goto [, then UsedIntLoc(i) =
{a}.
(21) Ifi=b:=f, or i = fg:=b, then UsedIntLoc(i) = {a,b}.
(22) Ifi=a:=lenf ori= f:=(0,...,0), then UsedIntLoc(i) = {a}.
——
Let p be a programmed finite partial state of SCMpga. The functor
UsedIntLoc(p) yields a subset of Int-Locations and is defined by the condition
(Def. 2).
(Def. 2)  There exists a function U; from the instructions of SCMpga into
Fin Int-Locations such that for every instruction ¢ of SCMpga holds
U (i) = UsedIntLoc(i) and UsedIntLoc(p) = Union(U; - p).
Let p be a programmed finite partial state of SCMpga. Note that
UsedIntLoc(p) is finite.
We follow the rules: p, r denote programmed finite partial states of SCMpga,
I, J denote macro instructions, and k, m, n denote natural numbers.
Next we state a number of propositions:
(23) If i € rngp, then UsedIntLoc(i) C UsedIntLoc(p).
(24)  UsedIntLoc(p+-r) C UsedIntLoc(p) U UsedIntLoc(r).
(25) If domp misses domr, then UsedIntLoc(p+-r) = UsedIntLoc(p) U
UsedIntLoc(r).

(26)  UsedIntLoc(p) = UsedIntLoc(Shift(p, k)).

(27)  UsedIntLoc(i) = UsedIntLoc(IncAddr(i, k)).

(28)  UsedIntLoc(p) = UsedIntLoc(IncAddr(p, k)).

(29)  UsedIntLoc(I) = UsedIntLoc(ProgramPart(Relocated (I, k))).
(30)  UsedIntLoc(/) = UsedIntLoc(Directed(1)).

(31)  UsedIntLoc(I;J) = UsedIntLoc(I) U UsedIntLoc(J).

(32)  UsedIntLoc(Macro(i)) = UsedIntLoc(7).

(33)  UsedIntLoc(i;J) = UsedIntLoc(i) U UsedIntLoc(J).

(34)  UsedIntLoc(I;5) = UsedIntLoc(I) U UsedIntLoc(j).

(35)  UsedIntLoc(i;5) = UsedIntLoc(i) U UsedIntLoc(5).
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4. FINITE SEQUENCE LOCATIONS USED IN MACROS

Let i be an instruction of SCMpga. The functor UsedInt™ Loc(i) yielding an
element of Fin FinSeqg-Locations is defined by:

(Def. 3) (i)  There exist integer locations a, b and there exists a finite sequence
location f such that i = b:=f, or i = f,:=b but UsedInt* Loc(i) = {f} if
InsCode(i) = 9 or InsCode(i) = 10,

(ii)  there exists an integer location a and there exists a finite sequence lo-
cation f such that i = a:=lenf or i = f:=(0,...,0) but UsedInt* Loc(i) =

a

{f} if InsCode(i) = 11 or InsCode(i) = 12,
(i)  UsedInt* Loc(i) = @, otherwise.
One can prove the following propositions:

(36) Ifi = haltgcm,g, or ¢ = a:=bor i = AddTo(a,b) or i = SubFrom(a, b)
or i = MultBy(a, b) or i = Divide(a,b) ori = goto lor ¢ = if a = 0 goto [
or i = if a > 0 goto [, then UsedInt* Loc(i) = ().

(37)  If i =b:=f, or i = fu:=b, then UsedInt* Loc(i) = {f}.

(38) If i =a:=lenf ori= f:=(0,...,0), then UsedInt* Loc(i) = {f}.

——
Let p be a programmed finite partial state of SCMpga. The functor
UsedInt* Loc(p) yields a subset of FinSeq-Locations and is defined by the
condition (Def. 4).

(Def. 4)  There exists a function U; from the instructions of SCMpga into
Fin FinSeqg-Locations such that for every instruction i of SCMgga holds
U1 (i) = UsedInt™ Loc(i) and UsedInt® Loc(p) = Union(U; - p).
Let p be a programmed finite partial state of SCMpga. Note that
UsedInt* Loc(p) is finite.
The following propositions are true:

(39) If i € rngp, then UsedInt™ Loc(i) C UsedInt™ Loc(p).
(40)  UsedInt* Loc(p+-r) C UsedInt® Loc(p) U UsedInt™ Loc(r).

(41) If domp misses domr, then UsedInt™ Loc(p+-r) = UsedInt* Loc(p) U
UsedInt* Loc(r).

UsedInt™ Loc(p) = UsedInt™ Loc(Shift(p, k)).

UsedInt™ Loc(i) = UsedInt™ Loc(IncAddr(i, k)).

UsedInt* Loc(p) = UsedInt* Loc(IncAddr(p, k)).

UsedInt™ Loc(I) = UsedInt™ Loc(ProgramPart (Relocated (I, k))).
UsedInt* Loc(I) = UsedInt™ Loc(Directed([)).

(
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UsedInt* Loc(Macro(i)) = UsedInt™ Loc(z).
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(51)  UsedInt* Loc(i;5) = UsedInt* Loc(i) U UsedInt* Loc(7).

5. CHOOSING AN INTEGER LOCATION NOT USED IN A PROGRAM

Let I; be an integer location. We say that I is read-only if and only if:
(Def. 5)  I; = intloc(0).

We introduce I is read-write as an antonym of Iy is read-only.

Let us observe that intloc(0) is read-only.

One can check that there exists an integer location which is read-write.

In the sequel L will be a finite subset of Int-Locations.

Let L be a finite subset of Int-Locations. The functor FirstNotIn(L) yields
an integer location and is defined by:

(Def. 6)  There exists a non empty subset s; of N such that FirstNotIn(L) =
intloc(min s;) and s; = {k : k ranges over natural numbers, intloc(k) ¢
L}.
Next we state two propositions:
(52)  FirstNotIn(L) ¢ L.
(63)  If FirstNotIn(L) = intloc(m) and intloc(n) ¢ L, then m < n.
Let p be a programmed finite partial state of SCMgga. The functor
FirstNotUsed(p) yields an integer location and is defined by:

(Def. 7)  There exists a finite subset sa of Int-Locations such that sy =
UsedIntLoc(p) U {intloc(0)} and FirstNotUsed(p) = FirstNotIn(sz).

Let p be a programmed finite partial state of SCMpgs. Observe that
FirstNotUsed(p) is read-write.

We now state several propositions:
(54)  FirstNotUsed(p) ¢ UsedIntLoc(p).

(65) If a:=b € rngp or AddTo(a,b) € rngp or SubFrom(a,b) € rngp or
MultBy(a,b) € rngp or Divide(a,b) € rngp, then FirstNotUsed(p) # a
and FirstNotUsed(p) # b.

(56) If ifa = 0Ogotol € rngp or if a > 0 gotol € rngp, then
FirstNotUsed(p) # a.

(57) If bi=f, € mgp or f,:=b € rngp, then FirstNotUsed(p) # a and
FirstNotUsed(p) # b.

(58) If a:=lenf € rngp or f:=(0,...,0) € rngp, then FirstNotUsed(p) # a.
——

a
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6. CHOOSING A FINITE SEQUENCE LOCATION NOT USED IN A PROGRAM

In the sequel L is a finite subset of FinSeq-Locations.
Let L be a finite subset of FinSeqg-Locations. The functor First* NotIn(L)
yielding a finite sequence location is defined by:

(Def. 8)  There exists a non empty subset s; of N such that First* NotIn(L) =
fsloc(min s1) and s; = {k : k ranges over natural numbers, fsloc(k) ¢ L}.
We now state two propositions:
(59)  First* NotIn(L) ¢ L.
(60) If First* NotIn(L) = fsloc(m) and fsloc(n) ¢ L, then m < n.

Let p be a programmed finite partial state of SCMpga. The functor
First* NotUsed(p) yields a finite sequence location and is defined by:

(Def. 9)  There exists a finite subset s of FinSeqg-Locations such that s =
UsedInt* Loc(p) and First* NotUsed(p) = First* NotIn(sg).

One can prove the following propositions:
(61)  First* NotUsed(p) ¢ UsedInt™ Loc(p).
(62) If b:=f, € rngp or f:=b € rngp, then First* NotUsed(p) # f.
(63) Ifa:=lenf € rngpor f:=(0,...,0) € rngp, then First* NotUsed(p) # f.
<

a

7. SEMANTICS

In the sequel s, t will be states of SCMFpga.

We now state a number of propositions:

dom I N dom Start-At(insloc(n)) = 0.

ICscMys, € dom(/+- Start-At(insloc(n))).

(14 Start-At(insloc(n)))(ICgcMys, ) = insloc(n).

If I+ Start-At(insloc(n)) C s, then IC4 = insloc(n).

If ¢ ¢ UsedIntLoc(i), then (Exec(i, s))(c) = s(c).

If I+ Start-At(insloc(0)) C s and for every m such that m <
n holds IC(computation(s))(m) € domI and a ¢ UsedIntLoc([), then
(Computation(s))(n)(a) = s(a).

(70)  If f ¢ UsedInt® Loc(i), then (Exec(i,s))(f) = s(f).

(71)  If I+ Start-At(insloc(0)) € s and for every m such that m < n
holds IC (computation(s))(m) € domI and f ¢ UsedInt® Loc(), then
(Computation(s))(n)(f) = s(f).

(72) If s | UsedIntLoc(i) = t | UsedIntLoc(i) and s | UsedInt™ Loc(i) =
t I UsedInt” Loc(i) and ICs; = IC;, then ICgyec(is) = ICgxec(i,) and
Exec(i, s) | UsedIntLoc(i) = Exec(i,t) | UsedIntLoc(i) and Exec(i,s) |
UsedInt* Loc(i) = Exec(i, t) | UsedInt™ Loc(3).
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(73)  Suppose [+-Start-At(insloc(0)) C s and I+- Start-At(insloc(0)) C ¢
and s | UsedIntLoc(I) = t | UsedIntLoc(l) and s | UsedInt™ Loc(I) =
t | UsedInt* Loc(I) and for every m such that m < n holds
IC(Computation(s))(m) € dom /. Then
(i)  for every m such that m < n holds IC (Computation(t))(m) € dom I, and
(ii) for every m such that m < n holds IC(computation(s))(m) =
IC (Computation(t))(m) and for every a such that a € UsedIntLoc([)
holds (Computation(s))(m)(a) = (Computation(t))(m)(a) and for ev-
ery f such that f € UsedInt™ Loc(I) holds (Computation(s))(m)(f) =
(Computation(t))(m)(f).
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Summary. We examine the topological property of cells (rect-
angles) in a plane. First, some Fraenkel expressions of cells are shown.
Second, it is proved that cells are closed. The last theorem asserts that
the closure of the interior of a cell is the same as itself.

MML Identifier: GOBRD11.

The articles [7], [11], [19], [20], [24], [23], [8], [1], [21], [15], [25], [17], [18], [5],
[4], 2], [22], [9], [10], [26], [16], [3], [6], [12], [14], and [13] provide the notation
and terminology for this paper.

We adopt the following convention: i, j, ji, jo will be natural numbers, r, s,

ro, S1, So will be real numbers, and G; will be a non empty topological space.

Next we state two propositions:

(1)  For every subset A of the carrier of G; and for every point p of G such
that p € A and A is connected holds A C Component(p).

(2) Let A, B, C be subsets of the carrier of G;. Suppose C is a component
of G; and A C C and B is connected and AN B # (. Then B C C.

In the sequel G2 denotes a non empty topological space.

Next we state three propositions:

(3) Let A, B be subsets of the carrier of G3. Suppose A is a component of
G5 and B is a component of G3. Then AU B is a union of components
of GQ.

(4)  For all subsets By, Bg, V of the carrier of G; such that V' # () holds
Down(B; U By, V) = Down(Bj1, V) UDown(Bsg, V).

(5)  For all subsets By, B, V of the carrier of Gy such that V' # () holds
Down(B; N By, V) = Down (B, V) N Down(Bg, V).

In the sequel f will denote a non constant standard special circular sequence
and G will denote a Go-board.

We now state a number of propositions:
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(6)  (L(f))c#0.
(7)  Given j1, j2. Suppose j; = lenthe Go-board of f and jo = widththe
Go-board of f. Then the carrier of €2 = (J{cell(the Go-board of f,
i,J) i< g1 A J < jak
(8)  For all subsets P;, P» of the carrier of % such that P, = {[r,s] : s < s1}
and Py = {[ra, s2] : s3> s1} holds P, = —P.
(9)  For all subsets Py, P» of the carrier of €2 such that P, = {[r,s] : s > s1}
and Py, = {[ra, s2] : s2 < s1} holds P, = —P;.
(10)  For all subsets Pp, P of the carrier of £% such that Py = {[s,7] : s > 51}
and Py = {[s2,72] : 2 < s1} holds P, = —P.
(11)  For all subsets Pp, P of the carrier of €3 such that Py = {[s,7] : s < 51}
and Py = {[s2,72] : s3> s1} holds P, = —P.
(12)  For every subset P of the carrier of £2 and for every s; such that
P ={[r,s] : s < s1} holds P is closed.

(13)  For every subset P of the carrier of £2 and for every s; such that
P ={[r,s] : s1 < s} holds P is closed.

(14)  For every subset P of the carrier of £% and for every s; such that
P ={[s,r] : s < s1} holds P is closed.

(15)  For every subset P of the carrier of £2 and for every s; such that
P ={[s,r] : s1 < s} holds P is closed.

(16)  For every j holds hstrip(G, j) is closed.

(17)  For every i holds vstrip(G, i) is closed.

(18)  wstrip(G,0) = {[r,s] : 7 < (G11)1}-

(19)  wstrip(G,len G) = {[r,s] : (Gieng,1)1 < T}

(20) If1 < andi <lenG, then vstrip(G,i) = {[r,s] : (Gi1)1 <r A r <
(Git1,1)1}-

(21)  hstrip(G,0) = {[r,s] : s < (G1,1)2}-

(22)  hstrip(G, width G) = {[r, 5] : (G1 widgthc)2 < s}

(23) If1 < jandj < widthG, then hstrip(G, j) = {[r,s] : (G1j)2 <s A s <
(Grj+1)2}-

(24)  cell(G,0,0) ={[r,s] : v < (G11)1 A s <(G11)2}

(25)  cell(G,0,widthG) = {[r,s] : 7 < (G1,1)1 N (G1widthg)2 < s}

(26) If1 <jandj < widthG, then cell(G,0,7) = {[r,s] : r < (G11)1 A
(Grj)2 <s A s<(Gij+1)2}

(27) CGH(G, len G,O) = {[Tv 5] : (GlenG,l)l <r A s< (GI,I)Z}'

(28)  cell(G,len G, width G) = {[r,s] : (Glenc1)1 <7 A (Gl widthG)2 < S}

(29) If1<jandj < widthG, then cell(G,lenG,j) = {[r,s] : (Glenc,1)1 <
r A (Grj)2 <s A s<(Grj+1)2}-
(30) If1 <iandi <lenG, then cell(G,i,0) = {[r,s] : (Gi1)1 <r A r <

(Giz1,1)1 A s < (Gi1)2}-
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(31) If1 < i and i < lenG, then cell(G,i,widthG) = {[r,s] : (Gi1)1 <
r A r < (Gip)r A (Grwiama)2 < s}

(32) Ifl<iandi<lenGand1l < jandj < widthG, then cell(G, 1, j) = {[r,
s (Gir <r A r < (Gigr)1 A (Grj)2 <s A s < (Grjq1)2})-

(33)  For all ¢, j holds cell(G, 1, j) is closed.

(34) 1<lenG and 1 < widthG.

(35) For all 4, j such that i < lenG and j < width G holds cell(G,i,7) =
Int cell(G, i, 7).
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Summary. We define the semantics of macro instructions (intro-
duced in [26]) in terms of executions of SCMrga. In a similar way, we
define the semantics of macro composition. Several attributes of macro
instructions are introduced (paraclosed, parahalting, keeping 0) and their
usage enables a systematic treatment of the composition of macro intruc-
tions. This article is continued in [1].

MML Identifier: SCMFSA6B.

The notation and terminology used in this paper are introduced in the following
articles: [20], [30], [14], [3], [28], [31], [9], [10], [4], [21], [8], [29], [12], [2], [19],
(7], [13], [11], [15], [16], [25], [5], [18], [6], [27], [22], [23], [24], [26], and [17].

1. PRELIMINARIES

The following propositions are true:

(1)  For all functions f, g and for all sets x, y such that z ¢ dom f and
fCgholds f C g+ (x,y).

(2)  For every function f and for all sets z, y, A such that z ¢ A holds

(3)  For all functions f, g and for every set A such that ANdom f C ANdom g
holds (f+-gl A) | A=g| A.

I This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
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2. PROPERTIES OF START-AT

For simplicity we follow a convention: m, n will denote natural numbers, x
will denote a set, ¢ will denote an instruction of SCMgga, I, J will denote macro
instructions, a will denote an integer location, f will denote a finite sequence
location, [, ;7 will denote instructions-locations of SCMgpga, and s, s1, so will
denote states of SCMpga .

We now state a number of propositions:

Start-At(insloc(0)) C Initialized(I).

If I+- Start-At(insloc(n)) C s, then I C s.

(I+- Start-At(insloc(n))) | (the instruction locations of SCMgga) = 1.
If z € dom I, then I(z) = (I+- Start-At(insloc(n)))(x).

If Initialized(I) C s, then I+- Start-At(insloc(0)) C s.

a ¢ dom Start-At([).

f ¢ dom Start-At(1).

l1 ¢ dom Start-At(l).

a ¢ dom(/+- Start-At(l))
f ¢ dom(I+- Start-At(l))
s+-I+- Start-At(insloc(0)) = s+- Start-At(insloc(0))+-1.

N
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= O © 0 3 O Ot
N e e e e e e e N N N
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==
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3. PROPERTIES OF AMI STRUCTURES

In the sequel N will denote a non empty set with non empty elements.
Next we state two propositions:

(15) If s = Following(s), then for every n holds (Computation(s))(n) = s.

(16)  Let S be a halting von Neumann definite AMI over N and let s be a state
of S. If s is halting, then Result(s) = (Computation(s))(LifeSpan(s)).

Let us consider N, let S be a von Neumann definite AMI over N, let s be a
state of S, let [ be an instruction-location of S, and let ¢ be an instruction of S.
Then s +- (1,4) is a state of S.

Let s be a state of SCMFpga, let I3 be an integer location, and let k be an
integer. Then s +- (l2, k) is a state of SCMpga .

We now state the proposition

(17)  Let S be a steady-programmed von Neumann definite AMI over N, and

let s be a state of S, and given n. Then s | (the instruction locations of
S) = (Computation(s))(n) | (the instruction locations of S).
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4. EXECUTION OF MACRO INSTRUCTIONS

Let I be a macro instruction and let s be a state of SCMgga. The functor
IExec(1, s) yielding a state of SCMpygy is defined as follows:

(Def. 1)  IExec(I,s) = Result(s+- Initialized(I))+-s | (the instruction locations
of SCMFS A)-

Let I be a macro instruction. We say that I is paraclosed if and only if:

(Def. 2)  For every state s of SCMpga and for every natural number n such that
I+ Start-At(insloc(0)) C s holds IC(computation(s))(n) € dom I.

We say that I is parahalting if and only if:

(Def. 3)  I+- Start-At(insloc(0)) is halting.

We say that [ is keeping 0 if and only if:

(Def. 4)  For every state s of SCMpgs such that I+ Start-At(insloc(0)) C s
and for every natural number & holds (Computation(s))(k)(intloc(0)) =
s(intloc(0)).

Let us note that there exists a macro instruction which is parahalting.
Next we state two propositions:
(18)  For every parahalting macro instruction I such that I+- Start-At(insloc
(0)) C s holds s is halting.
(19)  For every parahalting macro instruction I such that Initialized(I) C s
holds s is halting.
Let I be a parahalting macro instruction. One can verify that Initialized (/)
is halting.
We now state two propositions:
(20) sz +- (IC,),goto (IC,))) is not halting.
(21)  Suppose that
) s1 and sy are equal outside the instruction locations of SCMyga,
) I g S1,
(iii) I C s9, and
) for every m such that m < n holds IC(computation(sz))(m) € dom I.

Given m. Suppose m < n. Then (Computation(sy))(m) and

(Computation(sg))(m) are equal outside the instruction locations of

SCMpgsa .-

One can check that every macro instruction which is parahalting is also
paraclosed and every macro instruction which is keeping 0 is also paraclosed.
The following propositions are true:
(22) Let I be a parahalting macro instruction and let a be a read-write
integer location. If a ¢ UsedIntLoc(I), then (IExec(1,s))(a) = s(a).
(23) For every parahalting macro instruction I such that f ¢
UsedInt* Loc(I) holds (IExec(I, s))(f) = s(f).
(24) I IC,; =1 and s(I) = goto [, then s is not halting.
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One can verify that every macro instruction which is parahalting is also non
empty.
One can prove the following propositions:
(25)  For every parahalting macro instruction I holds dom I # (.
(26)  For every parahalting macro instruction I holds insloc(0) € dom I.

(27)  Let J be a parahalting macro instruction. Suppose J+- Start-At(insloc
(0)) C s1. Let n be a natural number. Suppose ProgramPart(Relocated
(J,n)) C s2 and ICy,,) = insloc(n) and s; [ (Int-Locations U
FinSeq-Locations) = s | (Int-LocationsU FinSeqg-Locations). Let
i be a natural number. Then IC(computation(s1))i) + " =

IC (Computation(ss))(i) and IncAddr(Curlnstr((Computation(s1))(i)),n) =
CurInstr((Computation(sz))(i)) and (Computation(sy))(¢)[ (Int-Locations

UFinSeq-Locations) = (Computation(sz))(i) | (Int-Locations
U FinSeq-Locations).

(28)  Let I be a parahalting macro instruction. Suppose I+- Start-At(insloc
(0)) € s1 and I+- Start-At(insloc(0)) C s9 and s; and sy are equal outside
the instruction locations of SCMpga. Let k£ be a natural number. Then
(Computation(sy))(k) and (Computation(s2))(k) are equal outside the
instruction locations of SCMpga and Curlnstr((Computation(sy))(k)) =
CurlInstr((Computation(ss))(k)).

(29) Let I be a parahalting macro instruction. Suppose I+- Start-At(insloc
(0)) C s1 and I+- Start-At(insloc(0)) C s9 and s; and sz are equal outside
the instruction locations of SCMypga. Then LifeSpan(s;) = LifeSpan(ss)
and Result(s;) and Result(s2) are equal outside the instruction locations
of SCMypga4.

(30)  For every parahalting macro instruction I holds ICygyec(rs)
ICResult(s+- Initialized([))-

(31)  For every non empty macro instruction I holds insloc(0) € dom I and
insloc(0) € dom Initialized(I) and insloc(0) € dom(I+- Start-At(insloc(0))).

(32) 2 € domMacro(i) iff x = insloc(0) or z = insloc(1).

(33)  (Macro(i))(insloc(0)) = i and (Macro(i))(insloc(1)) = haltgcm,.., and
(Initialized (Macro(4)))(insloc(0)) = ¢ and (Initialized (Macro(i)))(insloc(1))
= haltgcn,,, and (Macro(i)+- Start-At(insloc(0)))(insloc(0)) = i.

(34)  If Initialized(I) C s, then IC; = insloc(0).

Let us observe that there exists a macro instruction which is keeping 0 and
parahalting.
One can prove the following proposition

(35) For every keeping 0 parahalting macro instruction I holds
(IExec(I, s))(intloc(0)) = 1.
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5. THE COMPOSITION OF MACRO INSTRUCTIONS

We now state several propositions:

(36) Let I be a paraclosed macro instruction and let J be a macro
instruction.  Suppose I+-Start-At(insloc(0)) C s and s is halting.
Given m. Suppose m < LifeSpan(s). Then (Computation(s))(m) and
(Computation(s+-(I;.J)))(m) are equal outside the instruction locations
of SCMrpsga.

(37) For every paraclosed macro instruction I such that s+-I is halt-
ing and Directed(I) C s and Start-At(insloc(0)) < s holds
IC(Computation(s))(LifeSpan(s+~I)+l) = inSIOC(Card I)

(38) Let I be a paraclosed macro instruction. If s+-I is halt-
ing and Directed(/) C s and Start-At(insloc(0)) C s, then
(Computation(s))(LifeSpan(s+-1))I (Int-Locations U FinSeq-Locations) =
(Computation(s))(LifeSpan(s+-1)+1)[ (Int-Locations U FinSeq-Locations).

(39) Let I be a parahalting macro instruction. Suppose Initialized() C
s. Let k be a natural number. If ¥ < LifeSpan(s), then
Curlnstr((Computation(s+- Directed([l)))(k)) # haltgcmyg, -

(40)  Let I be a paraclosed macro instruction. Suppose s+-(I+- Start-At
(insloc(0))) is halting. Let J be a macro instruction and let k£ be a nat-
ural number. Suppose k < LifeSpan(s+-(I+- Start-At(insloc(0)))). Then
(Computation(s+-(I+- Start-At(insloc(0)))))(k) and (Computation(s+-
((I;J)+- Start-At(insloc(0)))))(k) are equal outside the instruction loca-
tions of SCMFpga .

Let I, J be parahalting macro instructions. Note that I;J is parahalting.
Next we state two propositions:

(41)  Let I be a keeping 0 macro instruction. Suppose s+-(I+- Start-At(insloc
(0))) is not halting. Let J be a macro instruction and let k& be a nat-
ural number. Then (Computation(s+-(I+- Start-At(insloc(0)))))(k) and
(Computation(s+-((I;J)+- Start-At(insloc(0))))) (k) are equal outside the
instruction locations of SCMpga .

(42) Let I be a keeping 0 macro instruction. Suppose s+-I is
halting. Let J be a paraclosed macro instruction. Suppose
(I;J)+- Start-At(insloc(0)) C s. Let k£ be a natural number. Then
(Computation(Result(s+-I)+-(J+- Start-At(insloc(0)))))(k)+- Start-At
(IC(Computation(Rcsult(s+-I)+-(J+~Start-At(insloc(O)))))(k) + card I) and
(Computation(s+-(I;.J)))(LifeSpan(s+-I) + 1 + k) are equal outside the
instruction locations of SCMgga .

Let I, J be keeping 0 macro instructions. Note that I;J is keeping 0.
The following two propositions are true:

(43) Let I be a keeping 0 parahalting macro instruction and let J be a

parahalting macro instruction. Then LifeSpan(s+- Initialized(I;J)) =
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LifeSpan(s+- Initialized (1)) + 1 + LifeSpan(Result(s+- Initialized (I))+-
Initialized(J)).
Let I be a keeping 0 parahalting macro instruction and let

J be a parahalting macro instruction. Then IExec([;J,s) =
[Exec(J, IExec(1, 5))+- Start-At (ICgyec (s, 1Exec(r,s)) + card I).
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Summary. We prove here the first part of Jordan’s theorem for
special polygons, i.e., the complement of a special polygon is the union of
two components (a left component and a right component). At this stage,
we do not know if the two components are different from each other.

MML Identifier: GOBRD12.

The articles [7], [11], [5], [21], [24], [23], [8], [1], [16], [25], [18], [19], [4], [3], [2],
[22], [9], [10], [26], [17], [6], [12], [15], [20], [14], and [13] provide the notation
and terminology for this paper.

We adopt the following convention: i, j, k1, ks, i1, 42, j1, jo will be natural
numbers and f will be a non constant standard special circular sequence.

The following propositions are true:

(1) (L) #0.

(2) For all 4, j such that i < lenthe Go-board of f and j < widththe

Go-board of f holds Int cell(the Go-board of f, i,5) C (L(f))C.
(3) Given i, j. Suppose i < lenthe Go-board of f and j < widththe

Go-board of f. Then Down(Int cell(the Go-board of f, 4, ), (L(f))¢) =
cell(the Go-board of f, 4,7) N (L(f))°.
(4) Given i, j. Suppose i < lenthe Go-board of f and j < widththe Go-

board of f. Then Down(Int cell(the Go-board of f, 4, j), (L(f))¢) is con-
nected and Down(Int cell(the Go-board of f, i,7), (L(f))¢) = Int cell(the
Go-board of f, i, j).

(5)  (L(f)¢ = U{Down(Int cell(the Go-board of f, i,5), (L(f))°) : i <
len the Go-board of f A j < widththe Go-board of f}.
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(6)  Down(LeftComp(f), (£(f))¢) U Down(RightComp(f), (L(f))¢) is a
union of components of (£2) T (L(f))¢ and Down(LeftComp(f), (£(f))) =
LeftComp(f) and Down(RightComp(f), (£(f))¢) = RightComp(f).

(7)  Given iy, j1, i2, jo. Suppose that

(i) i1 <lenthe Go-board of f,
(ii))  j1 < widththe Go-board of f,
(iii)  i2 < lenthe Go-board of f,
(iv)  jo < widththe Go-board of f, and
(v) i1, j1, i2, and jo are adjacent.

Then Int cell(the Go-board of f, i1, 1) C LeftComp(f) U RightComp(f)
if and only if Intcell(the Go-board of f, i2,j2) C LeftComp(f) U
RightComp(f).

(8) Let Fy, F5 be finite sequences of elements of N. Suppose that

(i) len Fy = len Fy,

(ii)  there exists i such that i € dom F; and Int cell(the Go-board of f,
mi By, mi Fy) C LeftComp(f) U RightComp(f),

(iii)  for every ¢ such that 1 < ¢ and ¢ < len F} holds m; Fy, m;Fy, miy1F7,
and ;41 F» are adjacent, and

(iv)  for all 4, k1, ko such that ¢ € dom F} and k1 = Fi(i) and ko = Fy(1)
holds k; < lenthe Go-board of f and ko < widththe Go-board of f.
Given i. If i € dom F}, then Intcell(the Go-board of f, m;Fy,mFy) C
LeftComp( f) U RightComp( f).

(9) There exist i, j such that ¢ < lenthe Go-board of f and j < widththe
Go-board of f and Intcell(the Go-board of f, i,j7) C LeftComp(f) U
RightComp(f).

(10)  For all i, j such that i < lenthe Go-board of f and j < widththe
Go-board of f holds Int cell(the Go-board of f, i,7) C LeftComp(f) U
RightComp(f).

(11)  (L(f))° = LeftComp(f) U RightComp(f).
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Summary. This article is a continuation of [27] and [2]. First,
we recast the semantics of the macro composition in more convenient
terms. Then, we introduce terminology and basic properties of macros
constructed out of single instructions of SCMgrga. We give the complete
semantics of composing a macro instruction with an instruction and for
composing two machine instructions (this is also done in terms of macros).
The introduced terminology is tested on the simple example of a macro
for swapping two integer locations.

MML Identifier: SCMFSA6C.

The papers [23], [31], [15], [4], [29], [18], [32], [10], [11], [5], [24], [9], [30], [13],
3], (21], 8], [14], [12], [22], [16], [17], [26], [6], [20], [7], [28], [25], [27], [19], and
[1] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity we adopt the following rules: ¢ will denote an instruction of
SCMpgsa, a, b will denote integer locations, f will denote a finite sequence
location, [ will denote an instruction-location of SCMpgga, and s, s1, so will
denote states of SCMFpga .

The following propositions are true:

I This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
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(1) Let I be a keeping 0 parahalting macro instruction and let J
be a parahalting macro instruction. Then (IExec(I;J,s))(a) =
(IExec(J,1Exec(I, s)))(a).

(2) Let I be a keeping 0 parahalting macro instruction and let J
be a parahalting macro instruction.  Then (IExec(I;J,s))(f) =
(IExec(J, IExec(1, s)))(f)-

2. PARAHALTING AND KEEPING 0 MACRO INSTRUCTIONS

Let ¢ be an instruction of SCMpga. We say that i is parahalting if and only

if:

(Def. 1)  Macro(i) is parahalting.

We say that ¢ is keeping 0 if and only if:

(Def. 2)  Macro(i) is keeping 0.

Let us observe that haltgcm,, is keeping 0 and parahalting.
Let us note that there exists an instruction of SCMpgga which is keeping 0
and parahalting.
Let i be a parahalting instruction of SCMpga. Observe that Macro(i) is
parahalting.
Let i be a keeping 0 instruction of SCMpga. Observe that Macro(i) is
keeping 0.
Let a, b be integer locations. One can check the following observations:
*  a:=b is parahalting,
*  AddTo(a,b) is parahalting,
*  SubFrom(a,b) is parahalting,
*  MultBy(a, b) is parahalting, and
x  Divide(a, b) is parahalting.
Let f be a finite sequence location. Note that b:=f, is parahalting and f,:=b is
parahalting and keeping 0.
Let a be an integer location and let f be a finite sequence location. Note
that a:=lenf is parahalting and f:=(0,...,0) is parahalting and keeping 0.

Let a be a read-write integer locationaand let b be an integer location. One
can verify the following observations:
*  a:=b is keeping 0,
*  AddTo(a,b) is keeping 0,
*  SubFrom(a,b) is keeping 0, and
*  MultBy(a,b) is keeping 0.
Let a, b be read-write integer locations. Note that Divide(a,b) is keeping 0.
Let a be an integer location, let f be a finite sequence location, and let b be
a read-write integer location. Observe that b:=f, is keeping 0.
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Let f be a finite sequence location and let b be a read-write integer location.
Observe that b:=lenf is keeping O.

Let ¢ be a parahalting instruction of SCMgga and let J be a parahalting
macro instruction. One can verify that ¢;J is parahalting.

Let I be a parahalting macro instruction and let j be a parahalting instruc-
tion of SCMpga. Note that I;j is parahalting.

Let i be a parahalting instruction of SCMpggs and let j be a parahalting
instruction of SCMgga. Note that ;57 is parahalting.

Let i be a keeping 0 instruction of SCMrgga and let J be a keeping 0 macro
instruction. Observe that ;J is keeping O.

Let I be a keeping 0 macro instruction and let j be a keeping 0 instruction
of SCMpga. One can check that I;5 is keeping 0.

Let ¢, j be keeping 0 instructions of SCMpga. One can check that i;j is
keeping 0.

3. SEMANTICS OF COMPOSITIONS

Let s be a state of SCMpga. The functor Initialize(s) yielding a state of
SCMpggy is defined as follows:
(Def. 3)  Initialize(s) = s+-(intloc(0)——1)+- Start-At(insloc(0)).
The following propositions are true:
(3) (1) ICInitialize(s) = inSIOC(O)a

ii)  (Initialize(s))(intloc(0)) = 1,

) for every read-write integer location a holds (Initialize(s))(a) = s(a),

(iv)  for every f holds (Initialize(s))(f) = s(f), and

) for every [ holds (Initialize(s))(l) = s(I).

(4) s; and sy are equal outside the instruction locations of SCMpga
iff s; I (Int-Locations UFinSeq-Locations U{ICscM,e, }) = 2 |
(Int-Locations U FinSeq-Locations U{ICscM g, })-

(5) If s1 | (Int-Locations U FinSeq-Locations) = s5 | (Int-Locations U
FinSeq-Locations), then Exec(i, s1)[ (Int-Locations U FinSeq-Locations) =
Exec(i, s2) | (Int-Locations U FinSeq-Locations).

(6)  For every parahalting instruction ¢ of SCMpga holds Exec(4, Initialize
(s)) = IExec(Macro(i), ).

(7)  Let I be a keeping 0 parahalting macro instruction and let j be
a parahalting instruction of SCMpga. Then (IExec(I;j,s))(a) =
(Exec(j, [Exec(I, s)))(a).

(8) Let I be a keeping 0 parahalting macro instruction and let j be
a parahalting instruction of SCMpgs. Then (IExec(I;j,s))(f) =
(Exec(j, IBxec(7, 5)))(f).
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Let ¢ be a keeping 0 parahalting instruction of SCMpga and let j
be a parahalting instruction of SCMpga. Then (IExec(i;j,s))(a) =
(Exec(j, Exec(i, Initialize(s))))(a).

Let ¢ be a keeping 0 parahalting instruction of SCMrpgs and let j
be a parahalting instruction of SCMpga. Then (IExec(isj,s))(f) =
(Exec(j, Exec(i, Initialize(s))))(f).

4. AN EXAMPLE: SWAP

Let a, b be integer locations. The functor swap(a,b) yields a macro instruc-
tion and is defined as follows:

(Def. 4)

swap(a, b) = (FirstNotUsed (Macro(a:=b)):=a);(a:=b);(b:= FirstNotUsed
(Macro(a:=b))).

Let a, b be integer locations. Observe that swap(a, b) is parahalting.
Let a, b be read-write integer locations. Note that swap(a,b) is keeping 0.
We now state two propositions:

(11)

(12)

1]
2]

[3]
[4]

[5]
(6]
[7]
8]
[9]
[10]
[11]
[12]

[13]
[14]

For all read-write integer locations a, b holds (IExec(swap(a, b), s))(a) =
s(b) and (IExec(swap(a,b), s))(b) = s(a).
UsedInt* Loc(swap(a, b)) = 0.
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The notation and terminology used in this paper have been introduced in the
following articles: [20], [28], [12], [4], [25], [29], [10], [11], [7], [5], [9], [27], [15],
[26], [18], [6], [3], [19], [8], [13], [14], [22], [17], [24], [21], [1], [23], [16], and [2].
In this paper m is a natural number.
Next we state two propositions:
(1)  For every finite sequence p of elements of the instructions of SCMpsa
holds dom Load(p) = {insloc(m) : m < lenp}.
(2)  For every finite sequence p of elements of the instructions of SCMpsa
holds rng Load(p) = rngp.
Let p be a finite sequence of elements of the instructions of SCMpga. Ob-
serve that Load(p) is initial and programmed.
We now state several propositions:
(3)  For every instruction i of SCMpga holds Load((i)) = insloc(0)——1.
(4) For every instruction ¢ of SCMpga holds domMacro(i) =
{insloc(0), insloc(1)}.
(5)  For every instruction i of SCMpga holds Macro(i) = Load((3,
haltscomyg, ))-
(6)  For every instruction i of SCMpga holds card Macro(i) = 2.
(7)  For every instruction i of SCMpsa holds if i = haltgcom,g,, then
(Directed (Macro(4)))(insloc(0)) = goto insloc(2) and if i # haltgcmy,, »
then (Directed(Macro(i)))(insloc(0)) = 1.
(8)  For every instruction i of SCMyga holds (Directed (Macro(i)))(insloc(1))
= goto insloc(2).
Let a be an integer location and let k£ be an integer. Observe that a:=k is
initial and programmed.

© 1997 Warsaw University - Bialystok
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Let a be an integer location and let k be an integer. Observe that a:=k is
parahalting.
We now state the proposition

(9) Let s be a state of SCMFpga, and let a be a read-write integer location,
and let k be an integer. Then
(i) (IExec(a:=k,s))(a) =k,
(ii)  for every read-write integer location b such that b # a holds
(IExec(a:=k, s))(b) = s(b), and
(iii)  for every finite sequence location f holds (IExec(a:=k, s))(f) = s(f).
Let f be a finite sequence location and let p be a finite sequence of elements
of Z. One can check that f:=p is initial and programmed.
Let f be a finite sequence location and let p be a finite sequence of elements
of Z. Observe that f:=p is parahalting.
The following proposition is true

(10) Let s be a state of SCMpsa, and let f be a finite sequence location,
and let p be a finite sequence of elements of Z. Then
() (Bxec(f:=p,s))(f) =p,
(ii)  for every read-write integer location a such that a # intloc(1) and
a # intloc(2) holds (IExec(f:=p, s))(a) = s(a), and
(iii) for every finite sequence location g such that g # f holds
(IExec(f:=p, s))(g) = s(9)-
Let ¢ be an instruction of SCMpga and let a be an integer location. We say
that i does not refer a if and only if the condition (Def. 1) is satisfied.
(Def. 1)  Let b be an integer location, and let [ be an instruction-location of
SCMgsya, and let f be a finite sequence location. Then
b:=a # i,
AddTo(b,a) # i,
SubFrom(b, a) # i,
MultBy (b, a) # 1,
Divide(b, a) # 1,
Divide(a,b) # 1,

,\/_\
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(vii) if a =0 goto [ # 1,
(viii)  if a > 0 goto [ # i,
(iX b:=fa 7& i,
(x)  fer=a #1,
(xi)  fa:=b# 1, and
(xii)  f:=(0,...,0) #i.
——

a
Let I be a programmed finite partial state of SCMFpga and let a be an integer
location. We say that I does not refer a if and only if:

(Def. 2)  For every instruction ¢ of SCMyga such that ¢ € rng I holds i does not
refer a.
Let ¢ be an instruction of SCMpga and let a be an integer location. We say
that i does not destroy a if and only if the condition (Def. 3) is satisfied.
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(Def. 3)  Let b be an integer location and let f be a finite sequence location. Then
a:=b # ¢ and AddTo(a, b) # i and SubFrom(a,b) # i and MultBy(a, b) # i
and Divide(a, b) # ¢ and Divide(b,a) # i and a:=f, # i and a:=lenf # i.
Let I be a finite partial state of SCMpga and let a be an integer location.
We say that I does not destroy a if and only if:
(Def. 4)  For every instruction ¢ of SCMpsa such that ¢ € rng I holds ¢ does not
destroy a.
Let I be a finite partial state of SCMpga. We say that I is good if and only
if:
(Def. 5) I does not destroy intloc(0).
Let I be a finite partial state of SCMpga. We say that I is halt-free if and
only if:
(Def. 6)  haltgcm,s, ¢ mgl.
Let us observe that there exists a macro instruction which is halt-free and
good.
The following propositions are true:
(11)  For every integer location a holds haltgcm,, does not destroy a.
(12)  For all integer locations a, b, ¢ such that a # b holds b:=c does not
destroy a.
(13)  For all integer locations a, b, ¢ such that a # b holds AddTo(b, c) does
not destroy a.
(14)  For all integer locations a, b, ¢ such that a # b holds SubFrom(b, ¢) does
not destroy a.
(15)  For all integer locations a, b, ¢ such that a # b holds MultBy (b, ¢) does
not destroy a.
(16) For all integer locations a, b, ¢ such that a # b and a # ¢ holds
Divide(b, ¢) does not destroy a.
(17)  For every integer location a and for every instruction-location [ of
SCMpga holds goto I does not destroy a.
(18)  For all integer locations a, b and for every instruction-location [ of
SCMpga holds if b =0 goto [ does not destroy a.
(19)  For all integer locations a, b and for every instruction-location [ of
SCMygga holds if b > 0 goto [ does not destroy a.
(20) Let a, b, ¢ be integer locations and let f be a finite sequence location.
If a # b, then b:=f. does not destroy a.
(21)  For all integer locations a, b, ¢ and for every finite sequence location f
holds f.:=b does not destroy a.
(22) Let a, b be integer locations and let f be a finite sequence location. If
a # b, then b:=lenf does not destroy a.
(23)  For all integer locations a, b and for every finite sequence location f
holds f:=(0,...,0) does not destroy a.
——

b
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Let I be a finite partial state of SCMpga and let s be a state of SCMpgga.
We say that I is closed on s if and only if:

(Def. 7)  For every natural number & holds

IC(Computation(s+~(I+~ Start-At(insloc(0))))) (k) € dom [.
We say that I is halting on s if and only if:

(Def. 8)  s+-(I+- Start-At(insloc(0))) is halting.
We now state several propositions:

(24)  For every macro instruction I holds I is paraclosed iff for every state s
of SCMFpga holds I is closed on s.

(25)  For every macro instruction I holds I is parahalting iff for every state
s of SCMFgsa holds [ is halting on s.

(26)  Let i be an instruction of SCMFpgy, and let a be an integer location, and
let s be a state of SCMpga. If i does not destroy a then (Exec(i,s))(a) =
s(a).

(27) Let s be a state of SCMpga, and let I be a macro instruc-
tion, and let a be an integer location. Suppose I does not de-
stroy @ and I is closed on s. Let k£ be a natural number. Then
(Computation(s+-(I+- Start-At(insloc(0)))))(k)(a) = s(a).

(28)  Stopgcmyg, does not destroy intloc(0).

One can verify that there exists a macro instruction which is parahalting and
good.

One can check that Stopgcy,g, 18 parahalting and good.

One can check that every macro instruction which is paraclosed and good is
also keeping 0.

One can prove the following two propositions:

(29) For every integer location a and for every integer k& holds
rng aSeq(a, k) C {a:=intloc(0), AddTo(a, intloc(0)), SubFrom(a, intloc(0))}.

(30)  For every integer location a and for every integer k holds rng(a:=k) C
{haltgcmy, , @:= intloc(0), AddTo(a, intloc(0)), SubFrom(a, intloc(0)) }.

Let a be a read-write integer location and let k be an integer. One can check
that a:=k is good.

Let a be a read-write integer location and let k& be an integer. Observe that
a:=k is keeping 0.
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One can prove the following propositions:

(1)  For all functions f, g such that dom f misses dom g holds f+-g = g+-f.

(2)  For all functions f, g and for every set D such that dom g misses D
holds (f+-g) I D= f| D.

(3) For every state s of SCMpga holds dom(s | (the instruction locations
of SCMFpgya)) = the instruction locations of SCMpga .

(4) For every state s of SCMpga such that s is halting and
for every natural number k such that LifeSpan(s) < k& holds
Curlnstr((Computation(s))(k)) = haltgcng , -

(5) For every state s of SCMpga such that s is halting and for every nat-
ural number k such that LifeSpan(s) < k holds IC computation(s))(k) =
IC(Computation(s))(LifeSpan(s)) :

(6) Let s1, s2 be states of SCMrpga. Then s; and sy are
equal outside the instruction locations of SCMpgga if and only if
IC,) = IC(,) and s1 | (Int-Locations U FinSeq-Locations) = sy |
(Int-Locations U FinSeq-Locations).

(7)  For every state s of SCMpga and for every macro instruction I holds
ICIEXCC(I,S) = ICRosuIt(s+-Initializcd([))'

(8)  For every state s of SCMpsgs and for every macro instruction I holds
Initialize(s)+- Initialized (I) = s+- Initialized ().

(9) For every macro instruction I and for every instruction-location [ of
SCMpga holds I C I+- Start-At(1).
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(10) For every state s of SCMpsa and for every instruction-
location [ of SCMpga holds s | (Int-Locations U FinSeqg-Locations) =
(s+- Start-At(l)) | (Int-Locations U FinSeq-Locations).

(I11) Let s be a state of SCMpga, and let I be a macro instruc-
tion, and let [ be an instruction-location of SCMpga. Then
s | (Int-Locations U FinSeq-Locations) = (s+-(I+- Start-At(l))) |
(Int-Locations U FinSeq-Locations).

(12) Let s be a state of SCMpga and let [ be an instruction-location of
SCMpgga. Then dom(s | (the instruction locations of SCMpgya)) misses
dom Start-At(l).

(13)  For every state s of SCMrpga and for every macro instruction I holds
s+- Initialized (I) = Initialize(s)+-(I+- Start-At(insloc(0))).

(14)  Let s be a state of SCMyga, and let I, I be macro instructions, and
let [ be an instruction-location of SCMpgga. Then s+-(I;+- Start-At(1))

and s+-(Ia+- Start-At(l)) are equal outside the instruction locations of
SCMFsa.

(15)  dom(Stopgcmyg, ) = {insloc(0)}.
(16)  insloc(0) € dom(Stopgcnyg, ) and Stopganyg , (insloc(0)) = haltgcom,g, -

(17)  card(Stopscnpe,) = 1-

Let P be a programmed finite partial state of SCMpga and let [ be an
instruction-location of SCMpga. The functor Directed (P, 1) yields a programmed
finite partial state of SCMpga and is defined as follows:

(Def 1) DireCted(Pﬂ l) = (id(the instructions of SCMFSA)—F’(haltSCMFSA';)gOtO l))
P.

One can prove the following proposition

(18) For every programmed finite partial state I of SCMpga holds
Directed(I) = Directed (I, insloc(card I)).

Let P be a programmed finite partial state of SCMpga and let | be an
instruction-location of SCMpga. One can check that Directed(P,[) is halt-free.

Let P be a programmed finite partial state of SCMpga. Note that Directed(P)
is halt-free.

Next we state several propositions:

(19)  For every programmed finite partial state P of SCMpga and for every
instruction-location [ of SCMpga holds dom Directed (P, ) = dom P.

(20) Let P be a programmed finite partial state of SCMpgga and let
[ be an instruction-location of SCMpgs. Then Directed(P,l) =
P+-(haltgcn,g,, ——goto 1) - P.

(21) Let P be a programmed finite partial state of SCMpga, and let [ be
an instruction-location of SCMFpga, and let z be arbitrary. Suppose x €
dom P. Then if P(x) = haltgcm,.,, then (Directed(P,[))(x) = goto
and if P(z) # haltgcm,.,, then (Directed(P,1))(z) = P(x).
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(22)  Let i be an instruction of SCMrpga, and let a be an integer location,
and let n be a natural number. If 7 does not destroy a, then IncAddr(i,n)
does not destroy a.

(23) Let P be a programmed finite partial state of SCMpga, and let n be a
natural number, and let a be an integer location. If P does not destroy
a, then ProgramPart(Relocated (P, n)) does not destroy a.

(24)  For every good programmed finite partial state P of SCMyga and for
every natural number n holds ProgramPart(Relocated (P, n)) is good.

(25)  Let I, J be programmed finite partial states of SCMrpga and let a be
an integer location. Suppose I does not destroy a and J does not destroy
a. Then I+-J does not destroy a.

(26)  For all good programmed finite partial states I, J of SCMpgga holds
I+-J is good.

(27)  Let I be a programmed finite partial state of SCMrpga, and let [ be an
instruction-location of SCMpggya, and let a be an integer location. If [
does not destroy a, then Directed(/,1) does not destroy a.

Let I be a good programmed finite partial state of SCMgga and let [ be an
instruction-location of SCMpga. Note that Directed(7,1) is good.

Let I be a good macro instruction. Note that Directed() is good.

Let I be a macro instruction and let [ be an instruction-location of SCMFpga .
One can verify that Directed(7,!) is initial.

Let I, J be good macro instructions. Observe that I;J is good.

Let [ be an instruction-location of SCMpga. The functor Goto(l) yields a
halt-free good macro instruction and is defined by:

(Def. 2)  Goto(l) = insloc(0)——goto I.

Let s be a state of SCMpga and let I be a finite partial state of SCMpga.
We say that I is psuedo-closed on s if and only if the condition (Def. 3) is
satisfied.

(Def. 3)  There exists a natural number k such that

IC(Computation(s+~(I+~Start—At(insloc(O)))))(k:) = insloc(card I) and for every
natural number n such that n < k holds
IC(Computation(s+~(I+~ Start-At(insloc(0)))))(n) € dom I.
Let I be a finite partial state of SCMpga. We say that [ is psuedo-paraclosed
if and only if:

(Def. 4)  For every state s of SCMpga holds I is psuedo-closed on s.

Let us observe that there exists a macro instruction which is psuedo-paraclosed.

Let s be a state of SCMpga and let I be a macro instruction. Let us assume
that I is psuedo-closed on s. The functor psuedo — LifeSpan(s, I) yielding a
natural number is defined by:

(Def 5) IC(Computation (s+-(I+- Start-At(insloc(0)))))(psuedo—LifeSpan (s,I)) — insloc(card I)

and for every natural number n such that

IC(Computation(s+-(I+- Start-At(insloc(0)))))(n) 9—5 dom I holds
psuedo — LifeSpan(s, I) < n.
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We now state a number of propositions:

(28)  For all macro instructions I, J and for arbitrary x such that x € dom I
holds (I;J)(z) = (Directed(I))(x).

(29)  For every instruction-location I of SCMpga holds card Goto(l) = 1.

(30) Let P be a programmed finite partial state of SCMpgy and let x
be arbitrary. Suppose x € dom P. Then if P(z) = haltgcm,g,, then
(Directed(P))(z) = goto insloc(card P) and if P(r) # haltgcm,, then
(Directed(P))(xz) = P(x).

(31) Let s be a state of SCMpga and let I be a macro instruction. Sup-
pose I is psuedo-closed on s. Let m be a natural number. If n <

psuedo — LifeSpan(s, I)7 then IC(Computation(s—i--(I—i-- Start-At(insloc(0)))))(n) €
dom ] and Curlnstr((Computation(s+-(I+- Start-At(insloc(0)))))(n)) #

haltscmg, -

(32) Let s be a state of SCMpgn and let I, J be macro in-
structions. Suppose [ is psuedo-closed on s. Let k& be a
natural number. Suppose k < psuedo — LifeSpan(s,I). Then

(Computation(s+-(I+- Start-At(insloc(0)))))(k) and (Computation(s+-
((I;J)+- Start-At(insloc(0))))) (k) are equal outside the instruction loca-
tions of SCMpga.

(33)  For every programmed finite partial state I of SCMpga and for every
instruction-location [ of SCMpga holds card Directed(I,1) = card I.

(34)  For every macro instruction I holds card Directed(I) = card I.

(35) Let s be a state of SCMpgs and let I be a macro instruction.
Suppose I is closed on s and halting on s. Let k& be a natural
number. Suppose k < LifeSpan(s+-(/+- Start-At(insloc(0)))). Then
(Computation(s+-(I+- Start-At(insloc(0)))))(k) and (Computation(s+-
(Directed(I)+- Start-At(insloc(0)))))(k) are equal outside the instruction
locations of SCMpga and Curlnstr((Computation(s+-(Directed (I)+-
Start-At(insloc(0)))))(k)) # haltgcmyg, -

(36) Let s be a state of SCMpga and let I be a macro instruction. Suppose
I is closed on s and halting on s.

Then IC(Computation(s+-(Directed([)+~ Start-At(insloc(0))))) (LifeSpan (s+-(I+- Start-At
(insloc(0))))+1) = insloc(card I') and (Computation(s+-(I+- Start-At(insloc
(0)))))(LifeSpan(s+-(I+- Start-At(insloc(0))))) I (Int-Locations

U FinSeq-Locations) = (Computation(s+-(Directed (I)+- Start-At(insloc
(0)))))(LifeSpan(s+-(I+- Start-At(insloc(0)))) + 1) | (Int-Locations U
FinSeq-Locations).

(37) Let s be a state of SCMypga and let I be a macro instruction. If I is
closed on s and halting on s, then Directed(I) is psuedo-closed on s.

(38) Let s be a state of SCMypga and let I be a macro instruction. If I is

closed on s and halting on s, then psuedo — LifeSpan(s, Directed(I)) =
LifeSpan(s+-(I+- Start-At(insloc(0)))) + 1.
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(39) Let I be a programmed finite partial state of SCMpga and let [ be an
instruction-location of SCMpgga. If I is halt-free, then Directed(7,1) = I.

(40) For every macro instruction I such that I is halt-free holds
Directed(I) = I.
(41)  For all macro instructions I, J holds Directed(I);J = I;J.

(42)  Let s be a state of SCMpga and let I, J be macro instructions. Suppose
I is closed on s and halting on s. Then
(i)  for every natural number k such that & < LifeSpan(s+-(I+- Start-At

(iIlSlOC(O) ) ) ) holds IC (Computation (s+-(Directed(I)+- Start-At(insloc(0))))) (k) —

IC(Computation(s+-((I;J)—l—-Start-At(insloc(O)))))(k) and CurInstr((Computation
(s+-(Directed(I)+- Start-At(insloc(0)))))(k)) = Curlnstr((Computation

(s+-((I;J)+- Start-At(insloc(0))))) (k)),

(i)  (Computation(s+-(Directed(I)+- Start-At(insloc(0)))))(LifeSpan(s-+-
(I+- Start-At(insloc(0)))) + 1) | (Int-Locations U FinSeq-Locations) =
(Computation(s+-((I;J)+- Start-At(insloc(0))))) (LifeSpan(s+-(I+-
Start-At(insloc(0)))) + 1) I (Int-Locations U FinSeq-Locations), and

(111) IC(Computation(s+-(Directed([)+~ Start-At(insloc(0))))) (LifeSpan (s+-(I+- Start-At
(insloc(0))))+1) — IC(Computation(s+-((I;J)—l—- Start-At(insloc(0))))) (LifeSpan (s+-(I+-
Start-At(insloc(0))))+1) -

(43)  Let s be astate of SCMpga and let I, J be macro instructions. Suppose
I is closed on Initialize(s) and halting on Initialize(s). Then
(i)  for every natural number k such that k& < LifeSpan(s+- Initialized(I))
holds IC(Computation(s+-Initializcd(Dirccted(I))))(k) =
IC (Computation (s+- Iitialized(I5.7))) (k) and Curlnstr((Computation(s+- Initialized
(Directed(1))))(k)) = Curlnstr((Computation(s+- Initialized(I;.J)))(k)),

(ii)  (Computation(s+- Initialized (Directed([]))))(LifeSpan(s+- Initialized
(I))+1)] (Int-Locations U FinSeqg-Locations) = (Computation(s+- Initialized
(I;J)))(LifeSpan(s+- Initialized (I))+1)[ (Int-Locations U FinSeq-Locations),
and

(111) IC(Computation(s+- Initialized (Directed([))))(LifeSpan(s+- Initialized(I))+1) —
IC(Computation(s+~ Initialized(Z;J)))(LifeSpan(s+- Initialized (I))+1) -

(44) Let s be a state of SCMpga and let I be a macro in-
struction. Suppose [ is closed on Initialize(s) and halting on
Initialize(s). Let k£ be a natural number. Suppose k <
LifeSpan(s+- Initialized(/)). Then (Computation(s+-Initialized([)))(k)
and (Computation(s+- Initialized(Directed(I))))(k) are equal outside the
instruction locations of SCMpga and Curlnstr((Computation(s—+-
Initialized (Directed(1))))(k)) # haltgcmyg, -

(45) Let s be a state of SCMpga and let I be a macro instruc-
tion. Suppose [ is closed on Initialize(s) and halting on Initialize(s).
Then IC(Computation(s+~ Initialized (Directed(I))))(LifeSpan(s+- Initialized(I))+1) —
insloc(card I') and (Computation(s+- Initialized(I)))(LifeSpan(s-+-
Initialized(I))) | (Int-Locations U FinSeq-Locations) = (Computation(s+-
Initialized (Directed (1))))(LifeSpan(s+- Initialized (I))+1) | (Int-Locations



70

NORIKO ASAMOTO

U FinSeq-Locations).

(46)  Let I be a macro instruction and let s be a state of SCMpga. Suppose
I is closed on s and halting on s. Then I;Stopgcp,, is closed on s and
I;Stopgemyg,, 18 halting on s.

(47)  For every instruction-location | of SCMpga holds insloc(0) €
dom Goto(l) and (Goto(l))(insloc(0)) = goto I.

(48)  Let I be a programmed finite partial state of SCMpga and let x be
arbitrary. If z € dom I, then I(x) is an instruction of SCMpga.

(49) Let I be a programmed finite partial state of SCMpga, and
let x be arbitrary, and let k¥ be a natural number. If = €
dom ProgramPart(Relocated (7, k)), then (ProgramPart(Relocated(I, k)))
(x) = (Relocated (I, k))(z).

(50)  For every programmed finite partial state I of SCMpga and for ev-
ery natural number & holds ProgramPart(Relocated (Directed(I),k)) =
Directed (ProgramPart(Relocated (I, k)), insloc(card I + k)).

(51) Let I, J be programmed finite partial states of SCMpgga and let
[ be an instruction-location of SCMpss. Then Directed(I+-J,1) =
Directed (I, 1)+ Directed(J, 1).

(52)  For all macro instructions I, J holds Directed(I;J) = I; Directed(J).

(53) Let I be a macro instruction and let s be a state of
SCMpsa. If I is closed on Initialize(s) and halting on Initialize(s),
then IC(Computation(s+- Initialized(I;StopSCMFSA)))(LifeSpan(s+~ Initialized(I))+1) —
insloc(card I).

(54) Let I be a macro instruction and let s be a state of SCMgga.
Suppose I is closed on Initialize(s) and halting on Initialize(s).
Then (Computation(s+-Initialized(7)))(LifeSpan(s+- Initialized(I))) |
(Int-Locations U FinSeq-Locations) = (Computation(s+- Initialized (I;
Stopscmps, ) (LifeSpan(s+- Initialized (7)) + 1) [ (Int-Locations U
FinSeq-Locations).

(55) Let I be a macro instruction and let s be a state of SCMpgga.
If T is closed on Initialize(s) and halting on Initialize(s), then
s+- Initialized (I;Stopgcmy,, ) is halting.

(56) Let I be a macro instruction and let s be a state of SCMpgga.
If T is closed on Initialize(s) and halting on Initialize(s), then
LifeSpan(s+- Initialized (I;Stopgopyg, ) = LifeSpan(s+- Initialized (1)) +
1.

(57) Let s be a state of SCMpga and let I be a macro instruc-
tion. If I is closed on Initialize(s) and halting on Initialize(s), then
IExec(I;Stopgompg, » §) = [Exec(l, s)+- Start-At(insloc(card I)).

(58) Let I, J be macro instructions and let s be a state of
SCMEsa . Suppose [ is closed on s and halting on s.
Then [; Goto(insloc(card J + 1));J;Stopgemyg, 1S closed on s and
I; Goto(insloc(card J + 1));J;Stopgcnyg,, 18 halting on s.
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(59) Let I, J be macro instructions and let s be a state of SCMpgga.
If I is closed on s and halting on s, then s+-((I; Goto(insloc(card J +
1));J;St0pscnpg 4 )+ Start-At(insloc(0))) is halting.

(60) Let I, J be macro instructions and let s be a state of SCMpgga.
If T is closed on Initialize(s) and halting on Initialize(s), then
s+ Initialized (I; Goto(insloc(card J + 1));J;Stopscyg, ) is halting.

(61) Let I, J be macro instructions and let s be a state of SCMpgga.
If I is closed on Initialize(s) and halting on Initialize(s), then

ICIEXCC(I; Goto(insloc(card J+1));J;StopSCMFSA,s) = inSIOC(Card I+ card J + 1)

(62) Let I, J be macro instructions and let s be a state of
SCMpsa. Suppose [ is closed on Initialize(s) and halting on
Initialize(s). Then IExec(l; Goto(insloc(card J + 1));.J;Stopgcnmpg > ) =
IExec(I, s)+- Start-At(insloc(card I 4 card J + 1)).
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One can prove the following propositions:

(1) For every state s of SCMpsa holds ICgcm,, € doms.

(2) For every state s of SCMpga and for every instruction-location [ of
SCMpga holds [ € dom s.

(3) For every macro instruction I and for every state s of SCMpga such
that I is closed on s holds insloc(0) € dom I.

(4)  For every state s of SCMypga and for all instructions-locations Iy, lo of
SCMFrsa holds s+ Start-At(ly)+- Start-At(ly) = s+- Start-At(l2).

(5)  For every state s of SCMpga and for every macro instruction I holds
Initialize(s) | (Int-Locations U FinSeq-Locations) = (s+- Initialized(1)) |
(Int-Locations U FinSeq-Locations).

(6) Let s1, s2 be states of SCMpga and let I be a macro
instruction. If s; ' (Int-Locations U FinSeqg-Locations) = sg |
(Int-Locations U FinSeq-Locations), then if I is closed on si, then I is
closed on ss.

(7) Let s1, sy be states of SCMpgsy and let I, J be macro in-
structions.  Suppose s; | (Int-Locations U FinSeq-Locations) = sg |
(Int-Locations U FinSeq-Locations). Then s1+-(/+- Start-At(insloc(0)))
and so+-(J+- Start-At(insloc(0))) are equal outside the instruction lo-
cations of SCMFpga.

(8) Let s1, sy be states of SCMpgpn and let I be a macro in-
struction.  Suppose s1 | (Int-Locations U FinSeq-Locations) = s |
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(Int-Locations U FinSeq-Locations). Suppose [ is closed on s; and halt-
ing on s1. Then [ is closed on s9 and halting on ss.

(9) For every state s of SCMpga and for all macro instructions I, J holds
I is closed on Initialize(s) iff I is closed on s+- Initialized(.J).

(10) Let s be a state of SCMpga, and let I, J be macro instructions, and
let [ be an instruction-location of SCMgga. Then I is closed on s if and
only if I is closed on s+-(I+- Start-At(l)).

(11)  Let s1, s2 be states of SCMpsa and let I be a macro instruction.
Suppose I+ Start-At(insloc(0)) € s; and I is closed on s;. Let n
be a natural number. Suppose ProgramPart(Relocated(I,n)) C sg
and IC(,,) = insloc(n) and s; | (Int-Locations U FinSeq-Locations) =
s | (Int-Locations U FinSeq-Locations). Let ¢ be a natural num-
ber. Then IC(Computation(sl))(i) +n = IC(Computation(sg))(i) and
IncAddr(Curlnstr((Computation(sy))(i)),n) = Curlnstr((Computation
(s2))(4)) and (Computation(si))(7) | (Int-Locations U FinSeqg-Locations)
= (Computation(sz))(7) | (Int-Locations U FinSeq-Locations).

(12) Let s be a state of SCMpga, and let i be a keeping 0 parahalt-
ing instruction of SCMpgga, and let J be a parahalting macro in-
struction, and let a be an integer location. Then (IExec(i;J,s))(a) =
(IExec(J, Exec(i, Initialize(s))))(a).

(13) Let s be a state of SCMpga, and let i be a keeping 0 parahalt-
ing instruction of SCMpga, and let J be a parahalting macro instruc-
tion, and let f be a finite sequence location. Then (IExec(i;J, s))(f) =
(IExec(J, Exec(i, Initialize(s))))(f).

Let a be an integer location and let I, J be macro instructions. The functor
if =0(a,l,J) yields a macro instruction and is defined by:
(Def. 1)  if =0(a,I,J) = (if a =0 goto insloc(card J+3));J; Goto(insloc(card
I+ 1))’I7St0pSCMFSA
The functor if > 0(a, I, J) yields a macro instruction and is defined by:
(Def. 2)  if >0(a,I,J) = (if a > 0 goto insloc(card J+3));J; Goto(insloc(card
I + 1))7I7St0pSCMFsA

Let a be an integer location and let I, J be macro instructions. The functor
if <O0(a,I,J) yields a macro instruction and is defined as follows:

(Def. 3) if <0(a,I,J) =1if =0(a,J,if > 0(a,J,I)).
The following propositions are true:

(14)  For all macro instructions I, J and for every integer location a holds
cardif = 0(a,I,J) = card I + card J + 4.

(15)  For all macro instructions I, J and for every integer location a holds
cardif > 0(a,I,J) = card I + card J + 4.

(16) Let s be a state of SCMpga, and let I, J be macro instructions, and
let a be a read-write integer location. Suppose s(a) = 0 and I is closed on



CONDITIONAL BRANCH MACRO INSTRUCTIONS OF ...

s and halting on s. Then if = 0(a, I, J) is closed on s and if = 0(a, I, J)
is halting on s.

(17)  Let s be a state of SCMyga, and let I, J be macro instructions, and
let a be a read-write integer location. Suppose s(a) = 0 and I is closed on
Initialize(s) and halting on Initialize(s). Then IExec(if = 0(a, I, J),s) =
IExec(1, s)+- Start-At(insloc(card I + card J + 3)).

(18) Let s be a state of SCMpga, and let I, J be macro instructions, and let
a be a read-write integer location. Suppose s(a) # 0 and J is closed on s
and halting on s. Then if = 0(a, I, J) is closed on s and if = 0(a, I, J)
is halting on s.

(19)  Let I, J be macro instructions, and let a be a read-write integer location,
and let s be a state of SCMpga. Suppose s(a) # 0 and J is closed on
Initialize(s) and halting on Initialize(s). Then IExec(if = 0(a, I, J),s) =
IExec(J, s)+- Start-At(insloc(card I + card J + 3)).

(20) Let s be a state of SCMpsa, and let I, J be parahalting macro
instructions, and let a be a read-write integer location. Then if =
0(a,I,J) is parahalting and if s(a) = 0, then IExec(if = 0(a,I,J),s) =
IExec(1, s)+- Start-At(insloc(card I + card J + 3)) and if s(a) # 0, then
IExec(if = 0(a,I,J),s) = IExec(J, s)+- Start-At(insloc(card I 4 card J +
3)).

(21)  Let s be a state of SCMyga, and let I, J be parahalting macro instruc-
tions, and let a be a read-write integer location. Then

(1) ICigxec(if=0(a,1,7),s) = insloc(card I + card J + 3),
(ii) if s(a) = 0, then for every integer location d holds (IExec(if =
0(a,I,J),s))(d) = (IExec(1,s))(d) and for every finite sequence location
f holds (IExec(if = 0(a,I,J),s))(f) = (IExec(I,s))(f), and
(i)  if s(a) # 0, then for every integer location d holds (IExec(if =
0(a,I,J),s))(d) = (IExec(J, s))(d) and for every finite sequence location
f holds (IExec(if = 0(a,I,J),s))(f) = (IExec(J,s))(f).

(22) Let s be a state of SCMpga, and let I, J be macro instructions, and
let a be a read-write integer location. Suppose s(a) > 0 and [ is closed on
s and halting on s. Then if > 0(a,I,J) is closed on s and if > 0(a, I, J)
is halting on s.

(23)  Let I, J be macro instructions, and let a be a read-write integer location,
and let s be a state of SCMpga. Suppose s(a) > 0 and I is closed on
Initialize(s) and halting on Initialize(s). Then IExec(if > 0(a, I, J),s) =
IExec(1, s)+- Start-At(insloc(card I + card J + 3)).

(24) Let s be a state of SCMpga, and let I, J be macro instructions, and let
a be a read-write integer location. Suppose s(a) < 0 and J is closed on s
and halting on s. Then i¢f > 0(a, I, J) is closed on s and if > 0(a,I,J)
is halting on s.

(25)  Let I, J be macro instructions, and let a be a read-write integer location,
and let s be a state of SCMpga. Suppose s(a) < 0 and J is closed on

()



76

NORIKO ASAMOTO

Initialize(s) and halting on Initialize(s). Then IExec(if > 0(a,I,J),s) =
IExec(J, s)+- Start-At(insloc(card I + card J + 3)).

(26) Let s be a state of SCMpga, and let I, J be parahalting macro
instructions, and let a be a read-write integer location. Then ¢f >
O(a, I,J) is parahalting and if s(a) > 0, then IExec(if > 0(a,I,J),s) =
IExec(1, s)+- Start-At(insloc(card I + card J 4 3)) and if s(a) < 0, then
IExec(if > 0(a,I,J),s) = IExec(J, s)+- Start-At(insloc(card I 4 card J +
3)).

(27)  Let s be a state of SCMpga, and let I, J be parahalting macro instruc-
tions, and let a be a read-write integer location. Then

(1) ICimxec(if>0(a,1,7),s) = insloc(card I + card J + 3),
(i)  if s(a) > 0, then for every integer location d holds (IExec(if >
0(a,I,J),s))(d) = (IExec(I, s))(d) and for every finite sequence location
f holds (IExec(if > 0(a,I,J),s))(f) = (IExec(I,s))(f), and
(i)  if s(a) < 0, then for every integer location d holds (IExec(if >
0(a,I,J),s))(d) = (IExec(J, s))(d) and for every finite sequence location
f holds (IExec(if > 0(a,I,J),s))(f) = (IExec(J,s))(f).

(28) Let s be a state of SCMpga, and let I, J be macro instructions, and
let a be a read-write integer location. Suppose s(a) < 0 and I is closed on
s and halting on s. Then if < 0(a,I,J) is closed on s and if < 0(a, I, J)
is halting on s.

(29) Let s be a state of SCMpga, and let I, J be macro instructions, and
let a be a read-write integer location. Suppose s(a) < 0 and [ is closed on
Initialize(s) and halting on Initialize(s). Then IExec(if < 0(a,I,J),s) =
IExec(I, s)+- Start-At(insloc(card I + card J + card J + 7)).

(30) Let s be a state of SCMFpga, and let I, J be macro instructions, and let
a be a read-write integer location. Suppose s(a) = 0 and J is closed on s
and halting on s. Then if < 0(a,I,J) is closed on s and if < 0(a, I,.J)
is halting on s.

(31)  Let s be a state of SCMFpga, and let I, J be macro instructions, and let
a be a read-write integer location. Suppose s(a) = 0 and J is closed on
Initialize(s) and halting on Initialize(s). Then IExec(if < 0(a,I,J),s) =
IExec(J, s)+- Start-At(insloc(card I + card J + card J + 7)).

(32)  Let s be a state of SCMpga, and let I, J be macro instructions, and let
a be a read-write integer location. Suppose s(a) > 0 and J is closed on s
and halting on s. Then if < 0(a, I, J) is closed on s and if < 0(a,I,J)
is halting on s.

(33) Let s be a state of SCMypga, and let I, J be macro instructions, and let
a be a read-write integer location. Suppose s(a) > 0 and J is closed on
Initialize(s) and halting on Initialize(s). Then IExec(if < 0(a,I,J),s) =
IExec(J, s)+- Start-At(insloc(card I + card J + card J + 7)).

(34) Let s be a state of SCMpga, and let I, J be parahalting macro instruc-
tions, and let a be a read-write integer location. Then
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(i) if <O0(a,I,J) is parahalting,
(i) ifs(a) <0, thenIExec(if < 0(a,I,J),s) = IExec(I, s)+- Start-At(insloc
(card I 4 card J + card J + 7)), and
(ii) if s(a) > 0, then IExec(if < 0(a, I,J),s) = IExec(J, s)+- Start-At(insloc
(card I 4 card J + card J + 7)).
Let I, J be parahalting macro instructions and let a be a read-write integer
location. Observe that if = 0(a,I,J) is parahalting and if > 0(a,I,J) is
parahalting.
Let a, b be integer locations and let I, J be macro instructions. The functor
if =0(a,b,1,J) yields a macro instruction and is defined as follows:
(Def. 4)  if =0(a,b,I,J) = SubFrom(a,b);if = 0(a,I,J).

The functor if > 0(a,b, I, J) yields a macro instruction and is defined by:
(Def. 5)  if > 0(a,b,I,J) = SubFrom(a,b);if > 0(a,I,.J).

We introduce if < 0(b,a,I,J) as a synonym of if > 0(a,b,I,J).

Let I, J be parahalting macro instructions and let a, b be read-write inte-
ger locations. One can check that if = 0(a,b,I,J) is parahalting and if >
0(a,b,1,J) is parahalting.

Next we state several propositions:

(35) For every state s of SCMpga and for every macro instruction I
holds Result(s+- Initialized(/)) [ (Int-Locations U FinSeq-Locations) =
IExec(I, s) | (Int-Locations U FinSeg-Locations).

(36) Let s be a state of SCMpga, and let I be a macro instruction, and let
a be an integer location. Then Result(s+- Initialized(I)) and IExec(1, s)
are equal outside the instruction locations of SCMpga.

(37)  Let sq1, s2 be states of SCMypgp, and let i be an instruction of SCMpga,
and let a be an integer location. Suppose that
) for every integer location b such that a # b holds s1(b) = sa(b),
) for every finite sequence location f holds s1(f) = sa(f),
) i does not refer a, and
) IC(Sl) — IC(SQ)'
Then
(v)  for every integer location b such that a # b holds (Exec(i,s1))(b) =
(Exec(i, s2))(b),
(vi)  for every finite sequence location f holds (Exec(i,s1))(f) =
(Exec(i,s2))(f), and
(Vll) ICExec(i,sl) = ICEXCC(i,Sz)'
(38)  Let s1, so be states of SCMFpsa, and let I be a macro instruction, and
let a be an integer location. Suppose that
) I does not refer a,
) for every integer location b such that a # b holds s1(b) = sa(b),
) for every finite sequence location f holds s1(f) = s2(f), and
) I is closed on s; and halting on s.
Let k£ be a natural number. Then
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(v)  for every integer location b such that a # b holds (Computation(sj—+-
(I+- Start-At(insloc(0)))))(k)(b) = (Computation(sg+-(I+- Start-At
(insloc(0))))) (k)(b)

(vi)  for every finite sequence location f holds (Computation(s;+-(I+-
Start-At(insloc(0)))))(k)(f) = (Computation(sg+-(I+- Start-At

(insloc(0)))))(k)(f),
(Vll) IC(Computation(sl—l—-(I—l-v Start-At(insloc(0))))) (k) —
IC(Computation(52 +-(I+- Start-At(insloc(0))))) (k) » and

(viii)  Curlnstr((Computation(sy+-(I+- Start-At(insloc(0)))))(k)) =
Curlnstr((Computation(se+-(I+- Start-At(insloc(0)))))(k)).

(39) Let s be a state of SCMpgga, and let I, J be macro instructions, and
let [ be an instruction-location of SCMpgga. Then I is closed on s and
halting on s if and only if [ is closed on s+:(/+- Start-At(l)) and halting
on s+-(I+- Start-At(l)).

(40)  Let s1, s be states of SCMpga, and let I be a macro instruction, and

let a be an integer location. Suppose that

) I does not refer a,

) for every integer location b such that a # b holds s1(b) = s2(b),

(iii)  for every finite sequence location f holds s1(f) = s2(f), and

) I is closed on s; and halting on s.

Then I is closed on so and halting on ss.

(41)  Let s1, s2 be states of SCMpga, and let I be a macro instruction, and
let a be an integer location. Suppose that

(i)  for every read-write integer location d such that a # d holds s;(d) =
SQ(d),

(ii)  for every finite sequence location f holds s1(f) = s2(f),

(iii) I does not refer a, and

(iv) I is closed on Initialize(s1) and halting on Initialize(sy).

Then

(v)  for every integer location d such that a # d holds (IExec(I, s1))(d) =
(IExec(I, s2))(d),

(vi)  for every finite sequence location f holds (IExec(I,s1))(f) =
(IExec(I, s2))(f), and

(Vll) ICIEXOC(I,sl) = ICIEXCC(I,SQ)'

(42)  Let s be a state of SCMpga, and let I, J be parahalting macro instruc-
tions, and let a, b be read-write integer locations. Suppose I does not
refer a and J does not refer a. Then

(1) ICigxec(if=0(a,b,1,7),s) = insloc(card I + card J + 5),

(i)  if s(a) = s(b), then for every integer location d such that a # d
holds (IExec(if = 0(a,b,1,J),s))(d) = (IExec(l,s))(d) and for ev-
ery finite sequence location f holds (IExec(if = 0(a,b,1,J),s))(f) =
(IExec(I, s))(f), and

(i)  if s(a) # s(b), then for every integer location d such that a # d
holds (IExec(if = 0(a,b,1,J),s))(d) = (IExec(J,s))(d) and for ev-
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ery finite sequence location f holds (IExec(if = 0(a,b,1,J),s))(f) =
(IExec(J, s))(f)-

(43)  Let s be a state of SCMyga, and let I, J be parahalting macro instruc-
tions, and let a, b be read-write integer locations. Suppose I does not
refer a and J does not refer a. Then

(1) ICigxec(if>0(ab,1,7),s) = insloc(card I + card J + 5),

(i) if s(a) > s(b), then for every integer location d such that a # d
holds (IExec(if > 0(a,b,I,J),s))(d) = (IExec(I,s))(d) and for ev-
ery finite sequence location f holds (IExec(if > 0(a,b,I,J),s))(f) =
(IExec(I,s))(f), and

(iii)  if s(a) < s(b), then for every integer location d such that a # d
holds (IExec(if > 0(a,b,1,J),s))(d) = (IExec(J,s))(d) and for ev-
ery finite sequence location f holds (IExec(if > 0(a,b,1,J),s))(f) =
(TExec(, 5))(/).
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1. REEXAMINATION OF POSET CONCEPTS

The scheme RelStrEx deals with a non empty set A and a binary predicate
P, and states that:
There exists a non empty strict relational structure L such that the
carrier of L = A and for all elements a, b of L holds a < b iff Pla, b]
for all values of the parameters.
Let A be a non empty relational structure. Let us observe that A is reflexive
if and only if:
(Def. 1)  For every element z of A holds z < z.
Let A be a relational structure. Let us observe that A is transitive if and
only if:
(Def. 2)  For all elements z, y, z of A such that 2 <y and y < z holds z < z.
Let us observe that A is antisymmetric if and only if:

(Def. 3)  For all elements x, y of A such that © <y and y < x holds x = y.
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One can check that every non empty relational structure which is complete
has l.u.b.’s and g.l.b.’s and every non empty reflexive relational structure which
is trivial is also complete, transitive, and antisymmetric.

Let x be a set and let R be a binary relation on {x}. Observe that ({z}, R)
is trivial.

Let us observe that there exists a relational structure which is strict, trivial,
non empty, and reflexive.

Let L be a non empty 1-sorted structure. Observe that there exists a subset
of L which is finite and non empty.

One can prove the following propositions:

(1) Let Py, P, be relational structures. Suppose the relational structure of
P, = the relational structure of P,. Let a1, b1 be elements of P; and asg,
by be elements of P, such that a; = ay and b; = by. Then

(i) if a3 < by, then ag < b, and
(ii) if a1 < by, then as < bo.

(2) Let Py, P, be relational structures. Suppose the relational structure of
P; = the relational structure of Py. Let X be a set, a; be an element of
Pp, and ao be an element of P such that a; = as. Then

(i) if X <ay, then X < ag, and
(ii) if X > ay, then X > ao.

(3) Let P, P, be non empty relational structures. Suppose the relational
structure of P, = the relational structure of P, and P; is complete. Then
P is complete.

(4) Let L be a transitive relational structure and z, y be elements of L.
Suppose = < y. Let X be a set. Then

(i) ify <X, then z < X, and
(i) if 2 > X, then y > X.

(5) Let L be a non empty relational structure, X be a set, and = be an

element of L. Then
(i) x> X iff x > X N (the carrier of L), and
(i) x < X iff < X N (the carrier of L).
(6)  For every relational structure L and for every element a of L holds ) < a
and 0 > a.
(7)  Let L be a relational structure and a, b be elements of L. Then
(i) a<{b}iff a <b, and

(i) a>{b}iff b<a.

(8)  Let L be a relational structure and a, b, ¢ be elements of L. Then
(i) a<{byc}iff a<banda<c and

(i) a>{bc}iff b<aandc<a.

(9) Let L be a relational structure and X, Y be sets. Suppose X C Y. Let
x be an element of L. Then

(i) ifz <Y, then z < X, and

(i) if 2 > Y, then z > X.
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(10) Let L be a relational structure, X, Y be sets, and x be an element of
L. Then
(i) fz<Xand z <Y, then z < X UY, and
(i) ifx>Xandz>Y, thenx > X UY.
(11) Let L be a non empty transitive relational structure, X be a set, and
x, y be elements of L. If X <z and x <y, then X <.

(12) Let L be a non empty transitive relational structure, X be a set, and
x, y be elements of L. If X > x and x > y, then X > y.

Let L be a non empty relational structure. Note that €1} is non empty.

2. LEAST UPPER AND GREATEST LOWER BOUNDS

Let L be a relational structure. We say that L is lower-bounded if and only
if:
(Def. 4)  There exists an element = of L such that x < the carrier of L
We say that L is upper-bounded if and only if:
(Def. 5)  There exists an element z of L such that x > the carrier of L
Let L be a relational structure. We say that L is bounded if and only if:
(Def. 6) L is lower-bounded upper-bounded.
The following proposition is true
(13)  Let P, P, be relational structures such that the relational structure of
P = the relational structure of P». Then
(i) if P; is lower-bounded, then P; is lower-bounded, and
(ii)  if Py is upper-bounded, then P, is upper-bounded.
One can verify the following observations:
*  every non empty relational structure which is complete is also bounded,

*  every relational structure which is bounded is also lower-bounded and
upper-bounded, and
%  every relational structure which is lower-bounded and upper-bounded
is also bounded.
One can verify that there exists a non empty poset which is complete.
Let L be a relational structure and let X be a set. We say that sup X exists
in L if and only if the condition (Def. 7) is satisfied.
(Def. 7)  There exists an element a of L such that
(i) X <a,
(ii)  for every element b of L such that X < b holds b > a, and
(iii)  for every element c of L such that X < ¢ and for every element b of L
such that X < b holds b > ¢ holds ¢ = a.

We say that inf X exists in L if and only if the condition (Def. 8) is satisfied.
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(Def. 8)  There exists an element a of L such that
(i) X >a,
(ii)  for every element b of L such that X > b holds b < a, and

(iii)  for every element c of L such that X > ¢ and for every element b of L
such that X > b holds b < ¢ holds ¢ = a.

One can prove the following propositions:

(14)  Let Ly, Lo be relational structures. Suppose the relational structure of
L1 = the relational structure of Ly. Let X be a set. Then
(i) if sup X exists in L1, then sup X exists in Lo, and
(ii)  if inf X exists in Ly, then inf X exists in Lj.

(15)  Let L be an antisymmetric relational structure and X be a set. Then
sup X exists in L if and only if there exists an element a of L such that
X < a and for every element b of L such that X < b holds a < b.

(16) Let L be an antisymmetric relational structure and X be a set. Then
inf X exists in L if and only if there exists an element a of L such that
X > a and for every element b of L such that X > b holds a > b.

(17)  Let L be a complete antisymmetric non empty relational structure and
X be a set. Then sup X exists in L and inf X exists in L.

(18)  Let L be a non empty antisymmetric relational structure and a, b, ¢ be
elements of L. Then ¢ = a Ub and sup {a,b} exists in L if and only if
¢ > a and ¢ > b and for every element d of L such that d > a and d > b
holds ¢ < d.

(19) Let L be a non empty antisymmetric relational structure and a, b, ¢ be
elements of L. Then ¢ = alb and inf {a, b} exists in L if and only if ¢ < a
and ¢ < b and for every element d of L such that d < a and d < b holds
c>d.

(20) Let L be a non empty antisymmetric relational structure. Then L has
Lu.b.’s if and only if for all elements a, b of L holds sup {a, b} exists in L.

(21) Let L be a non empty antisymmetric relational structure. Then L has
g.l.b.’s if and only if for all elements a, b of L holds inf {a, b} exists in L.

(22) Let L be an antisymmetric relational structure with L.u.b.’s and «a, b, ¢
be elements of L. Then ¢ = a LIb if and only if the following conditions
are satisfied:

(i) c>a,
(i) ¢>b, and
(ili)  for every element d of L such that d > a and d > b holds ¢ < d.

(23) Let L be an antisymmetric relational structure with g.l.b.’s and a, b, ¢
be elements of L. Then ¢ = a M b if and only if the following conditions
are satisfied:

(i) c<a,
(i) ¢<b, and
(ili)  for every element d of L such that d < a and d < b holds ¢ > d.
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(24) Let L be an antisymmetric reflexive relational structure with Lu.b.’s
and a, b be elements of L. Then a = a U b if and only if a > b.
(25) Let L be an antisymmetric reflexive relational structure with g.l.b.’s
and a, b be elements of L. Then a = aMb if and only if a < b.
Let L be a non empty relational structure and let X be a set. The functor
Ll;, X yielding an element of L is defined as follows:

(Def. 9) X < || X and for every element a of L such that X < aholds | |; X <a
if sup X exists in L.

The functor [ | X yielding an element of L is defined as follows:

(Def. 10) X > [ ]z X and for every element a of L such that X > aholdsa < [ |1 X
if inf X exists in L.

We now state a number of propositions:

(26) Let L1, Lo be non empty relational structures. Suppose the relational
structure of L1 = the relational structure of Ls. Let X be a set. If sup
X exists in Ly, then | |, X =[], X.

(27)  Let L1, Lo be non empty relational structures. Suppose the relational
structure of L; = the relational structure of L. Let X be a set. If inf X
exists in Ly, then [ |, X = [ |1, X.

(28)  For every complete non empty poset L and for every set X holds | |; X =
I_l([LL) X and |_‘LX = |_‘([LL)X-

(29) For every complete lattice L and for every set X holds ||, X =
l_lPosot(L) X and I_lLX = ’_IPoset(L)X'

(30) Let L be a non empty antisymmetric relational structure, a be an ele-
ment of L, and X be a set. Then a = ||; X and sup X exists in L if and
only if a > X and for every element b of L such that b > X holds a < b.

(31) Let L be a non empty antisymmetric relational structure, a be an ele-
ment of L, and X be a set. Then a = [ | X and inf X exists in L if and
only if a < X and for every element b of L such that b < X holds a > b.

(32) Let L be a complete antisymmetric non empty relational structure, a
be an element of L, and X be a set. Then a = [ |; X if and only if the
following conditions are satisfied:

(i) a> X, and
(ii)  for every element b of L such that b > X holds a < b.

(33) Let L be a complete antisymmetric non empty relational structure, a
be an element of L, and X be a set. Then a = [ | X if and only if the
following conditions are satisfied:

(i) a<X, and
(ii) for every element b of L such that b < X holds a > b.

(34) Let L be a non empty relational structure and X, Y be sets. Suppose
X CY and sup X exists in L and sup Y exists in L. Then | |, X < ||, Y.

(35) Let L be a non empty relational structure and X, Y be sets. Suppose
X CY and inf X exists in L and inf YV exists in L. Then [ |1 X > [ LY.
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(36) Let L be a non empty antisymmetric transitive relational structure and
X, Y be sets. Suppose sup X exists in L and sup Y exists in L and sup
X UY exists in L. Then | (X UY) =[], X U] Y.

(37) Let L be a non empty antisymmetric transitive relational structure and
X, Y Dbe sets. Suppose inf X exists in L and inf Y exists in L and inf
XUY existsin L. Then [ (X UY) =[] X N[ ]|.Y.

Let L be a non empty relational structure and let X be a subset of the
carrier of L. We introduce sup X as a synonym of | |; X. We introduce inf X as
a synonym of [ 5 X.

We now state several propositions:

(38)  Let L be a non empty reflexive antisymmetric relational structure and
a be an element of L. Then sup {a} exists in L and inf {a} exists in L.

(39) Let L be a non empty reflexive antisymmetric relational structure and
a be an element of L. Then sup{a} = a and inf{a} = a.

(40)  For every poset L with g.l.b.’s and for all elements a, b of L holds
inf{a,b} =anb.

(41)  For every poset L with lLu.b.’s and for all elements a, b of L holds
sup{a,b} = alUb.

(42) Let L be a lower-bounded antisymmetric non empty relational struc-
ture. Then sup () exists in L and inf the carrier of L exists in L.

(43)  Let L be an upper-bounded antisymmetric non empty relational struc-
ture. Then inf () exists in L and sup the carrier of L exists in L.

Let L be a non empty relational structure. The functor L yielding an
element of L is defined by:
(Def. 11)  Lp =[], 0.
The functor T yields an element of L and is defined by:
(Def. 12) T = [10.
The following propositions are true:
(44)  For every lower-bounded antisymmetric non empty relational structure
L and for every element x of L holds L7 < z.
(45)  For every upper-bounded antisymmetric non empty relational structure
L and for every element x of L holds z < Tp.

(46) Let L be a non empty relational structure and X, Y be sets. Suppose
that for every element x of L holds z > X iff x > Y. If sup X exists in L,
then sup Y exists in L.

(47)  Let L be a non empty relational structure and X, Y be sets. Suppose
sup X exists in L and for every element x of L holds x > X iff x > Y.
Then I_lLX = I_lL Y

(48) Let L be a non empty relational structure and X, Y be sets. Suppose
that for every element x of L holds x < X iff x <Y. If inf X exists in L,
then inf Y exists in L.
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(49) Let L be a non empty relational structure and X, Y be sets. Suppose
inf X exists in L and for every element x of L holds z < X iff x < Y.
Then [ 1 X = [ LY.

(50)  Let L be a non empty relational structure and X be a set. Then

(i) sup X exists in L iff sup X N (the carrier of L) exists in L, and
(ii) inf X exists in L iff inf X N (the carrier of L) exists in L.

(51)  Let L be a non empty relational structure and X be a set. Suppose sup
X exists in L or sup X N (the carrier of L) exists in L. Then | |; X =
LI, (X N (the carrier of L)).

(52) Let L be a non empty relational structure and X be a set. Suppose
inf X exists in L or inf X N (the carrier of L) exists in L. Then [ 1 X =
[ (X N (the carrier of L)).

(53) Let L be a non empty relational structure. If for every subset X of L
holds sup X exists in L, then L is complete.

(54) Let L be a non empty poset. Then L has l.u.b.’s if and only if for every
finite non empty subset X of L holds sup X exists in L.

(55)  Let L be a non empty poset. Then L has g.1.b.’s if and only if for every
finite non empty subset X of L holds inf X exists in L.

3. RELATIONAL SUBSTRUCTURES

We now state the proposition
(56)  For every set X and for every binary relation R on X holds R = R|? X.
Let L be a relational structure. A relational structure is said to be a relational
substructure of L if:
(Def. 13)  The carrier of it C the carrier of L and the internal relation of it C the
internal relation of L.

Let L be a relational structure and let S be a relational substructure of L.
We say that S is full if and only if:

(Def. 14)  The internal relation of S = (the internal relation of L) |? (the carrier
of S).
Let L be a relational structure. Note that there exists a relational substruc-
ture of L which is strict and full.
Let L be a non empty relational structure. Observe that there exists a
relational substructure of L which is non empty, full, and strict.
One can prove the following two propositions:

(57) Let L be a relational structure and X be a subset of the carrier of L.
Then (X, (the internal relation of L)|?(X)) is a full relational substructure
of L.

(58)  Let L be arelational structure and S1, Sy be full relational substructures
of L. Suppose the carrier of S; = the carrier of Sy. Then the relational
structure of S; = the relational structure of Ss.
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Let L be a relational structure and let X be a subset of the carrier of L. The
functor sub(X) yields a full strict relational substructure of L and is defined by:

(Def. 15)  The carrier of sub(X) = X.
The following propositions are true:
(59) Let L be a non empty relational structure and S be a non empty re-

lational substructure of L. Then every element of S is an element of
L.

(60) Let L be a relational structure, S be a relational substructure of L, a,
b be elements of L, and z, y be elements of S. If x = a and y = b and
x <y, then a <b.

(61) Let L be a relational structure, S be a full relational substructure of
L, a, b be elements of L, and x, y be elements of S. Suppose x = a and
y=2>band a <band x € the carrier of S and y € the carrier of S. Then
z < y.

(62) Let L be a non empty relational structure, S be a non empty full rela-
tional substructure of L, X be a set, a be an element of L, and = be an
element of S such that x = a. Then

(i) ifa <X, then z < X, and
(i) if a > X, then z > X.

(63) Let L be a non empty relational structure, S be a non empty relational
substructure of L, X be a subset of S, a be an element of L, and = be an
element of S such that x = a. Then

(i) ifz <X, then a < X, and

(i) if z > X, then a > X.

Let L be a reflexive relational structure. Note that every full relational
substructure of L is reflexive.

Let L be a transitive relational structure. Note that every full relational
substructure of L is transitive.

Let L be an antisymmetric relational structure. Note that every full relational
substructure of L is antisymmetric.

Let L be a non empty relational structure and let S be a relational substruc-
ture of L. We say that S is meet-inheriting if and only if the condition (Def. 16)
is satisfied.

(Def. 16)  Let z, y be elements of L. Suppose = € the carrier of S and y € the
carrier of S and inf {z,y} exists in L. Then inf{x,y} € the carrier of S.

We say that S is join-inheriting if and only if the condition (Def. 17) is satisfied.

(Def. 17)  Let z, y be elements of L. Suppose = € the carrier of S and y € the
carrier of S and sup {x,y} exists in L. Then sup{x,y} € the carrier of S.

Let L be a non empty relational structure and let S be a relational substruc-
ture of L. We say that S is infs-inheriting if and only if:

(Def. 18)  For every subset X of S such that inf X exists in L holds [ |1 X € the
carrier of §.

We say that S is sups-inheriting if and only if:
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(Def. 19)  For every subset X of S such that sup X exists in L holds | |; X € the
carrier of S.

Let L be a non empty relational structure. One can check that every rela-
tional substructure of L which is infs-inheriting is also meet-inheriting and every
relational substructure of L which is sups-inheriting is also join-inheriting.

Let L be a non empty relational structure. Note that there exists a relational
substructure of L which is infs-inheriting, sups-inheriting, non empty, full, and
strict.

Now we present two schemes. The scheme InfsInheritingSch concerns a non
empty transitive relational structure A, a non empty full relational substructure
B of A, a subset C of B, and a unary predicate P, and states that:

Inf C exists in B and | |3C = [ |4C
provided the following conditions are met:
e For every subset Y of B such that P[Y] and inf YV exists in .A holds
[ 4Y € the carrier of B,

e PI[C],

e Inf C exists in A.

The scheme SupsInheritingSch deals with a non empty transitive relational
structure A, a non empty full relational substructure B of A, a subset C of B,
and a unary predicate P, and states that:

Sup C exists in B and | |[gC =|]4C
provided the following conditions are satisfied:
e For every subset Y of B such that P[Y] and sup Y exists in A holds
LI4Y € the carrier of B,

e P[C],

e Sup C exists in A.

One can prove the following propositions:

(64) Let L be a non empty transitive relational structure, S be an infs-
inheriting non empty full relational substructure of L, and X be a subset
of S. If inf X exists in L, then inf X exists in S and [ ]sX = [ [t X.

(65) Let L be a non empty transitive relational structure, S be a sups-
inheriting non empty full relational substructure of L, and X be a subset
of S. If sup X exists in L, then sup X exists in S and | |¢ X = | |; X.

(66) Let L be a non empty transitive relational structure, S be a meet-
inheriting non empty full relational substructure of L, and x, y be elements
of S. Suppose inf {z,y} exists in L. Then inf {x,y} exists in S and
[Ns{z, v} = MNef=z, v}

(67) Let L be a non empty transitive relational structure, S be a join-
inheriting non empty full relational substructure of L, and x, y be el-
ements of S. Suppose sup {z,y} exists in L. Then sup {z,y} exists in S

and | g{z,y} = U {z,y}.

Let L be an antisymmetric transitive relational structure with g.l.b.’s. Note
that every non empty meet-inheriting full relational substructure of L has g.1.b.’s.
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Let L be an antisymmetric transitive relational structure with Lu.b.’s. Ob-

serve

L.u.b.

that every non empty join-inheriting full relational substructure of L has
9
S.

The following four propositions are true:

(68)

(69)

[1]
2]

3]

[4]
[5]

6]

7

8
[10]
[11]
12
13
[14]
[15]
[16]

[17]

Let L be a complete non empty poset, S be an infs-inheriting non
empty full relational substructure of L, and X be a subset of S. Then
[sX =T L X.

Let L be a complete non empty poset, S be a sups-inheriting non empty
full relational substructure of L, and X be a subset of S. Then | |¢ X =

L X.

Let L be a poset with g.1.b.’s, S be a meet-inheriting non empty full
relational substructure of L, x, y be elements of S, and a, b be elements
of L. If a=x and b =y, then z My =alb.

Let L be a poset with l.u.b.’s, S be a join-inheriting non empty full
relational substructure of L, x, y be elements of S, and a, b be elements
of L. Ifa=x and b=y, then z Uy = alUb.
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Summary. Notation and facts necessary to start with the formal-
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1. DIRECTED SUBSETS

Let L be a relational structure and let X be a subset of L. We say that X
is directed if and only if:

(Def. 1)  For all elements z, y of L such that z € X and y € X there exists an
element z of L such that z € X and z < z and y < z.
We say that X is filtered if and only if:

(Def. 2)  For all elements z, y of L such that z € X and y € X there exists an
element z of L such that z € X and z < x and z < y.
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Next we state two propositions:

(1) Let L be a non empty transitive relational structure and X be a subset
of L. Then X is non empty directed if and only if for every finite subset
Y of X there exists an element x of L such that x € X and x > Y.

(2) Let L be a non empty transitive relational structure and X be a subset
of L. Then X is non empty filtered if and only if for every finite subset
Y of X there exists an element x of L such that x € X and x <Y.

Let L be a relational structure. One can verify that (), is directed and filtered.

Let L be a relational structure. Observe that there exists a subset of L which
is directed and filtered.

One can prove the following three propositions:

(3) Let L1, Ly be relational structures. Suppose the relational structure of
L1 = the relational structure of Ly. Let X1 be a subset of L; and X5 be
a subset of L. If X7 = X9 and X is directed, then X5 is directed.

(4)  Let Ly, Ly be relational structures. Suppose the relational structure of
L1 = the relational structure of Ly. Let X7 be a subset of L; and X5 be
a subset of Lo. If X7 = X5 and X, is filtered, then X5 is filtered.

(5)  For every non empty reflexive relational structure L and for every ele-
ment x of L holds {z} is directed and filtered.

Let L be a non empty reflexive relational structure. Note that there exists a
subset of L which is directed, filtered, non empty, and finite.

Let L be a relational structure with l.u.b.’s. Note that € is directed.

Let L be an upper-bounded non empty relational structure. Observe that
Q is directed.

Let L be a relational structure with g.1.b.’s. One can check that €2, is filtered.

Let L be a lower-bounded non empty relational structure. Note that €2 is
filtered.

Let L be a non empty relational structure and let S be a relational substruc-
ture of L. We say that S is filtered-infs-inheriting if and only if:

(Def. 3)  For every filtered subset X of S such that X # () and inf X exists in L
holds [ | X € the carrier of S.

We say that S is directed-sups-inheriting if and only if:

(Def. 4)  For every directed subset X of S such that X # ) and sup X exists in
L holds | |; X € the carrier of S.

Let L be a non empty relational structure. Observe that every relational
substructure of L which is infs-inheriting is also filtered-infs-inheriting and ev-
ery relational substructure of L which is sups-inheriting is also directed-sups-
inheriting.

Let L be a non empty relational structure. Observe that there exists a
relational substructure of L which is infs-inheriting, sups-inheriting, non empty,
full, and strict.

We now state two propositions:
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(6) Let L be a non empty transitive relational structure, S be a filtered-
infs-inheriting non empty full relational substructure of L, and X be a
filtered subset of S. Suppose X # () and inf X exists in L. Then inf X
exists in S and [ [sX = [ |1 X.

(7)  Let L be a non empty transitive relational structure, S be a directed-
sups-inheriting non empty full relational substructure of L, and X be a
directed subset of S. Suppose X # () and sup X exists in L. Then sup X
exists in S and | |¢ X =[]} X.

2. NETS

Let L1, Ly be non empty 1-sorted structures, let f be a map from L; into
Lo, and let = be an element of L;. Then f(z) is an element of Lo.

Let Ly, Ly be relational structures and let f be a map from Lq into Lo. We
say that f is antitone if and only if:

(Def. 5)  For all elements z, y of Ly such that < y and for all elements a, b of
Lo such that a = f(z) and b = f(y) holds a > b.

Let L be a 1-sorted structure. We consider net structures over L as extensions
of relational structure as systems

( a carrier, a internal relation, a mapping ),
where the carrier is a set, the internal relation is a binary relation on the carrier,
and the mapping is a function from the carrier into the carrier of L.

Let L be a 1-sorted structure, let X be a non empty set, let O be a binary
relation on X, and let F' be a function from X into the carrier of L. Note that
(X, 0, F) is non empty.

Let N be a relational structure. We say that IV is directed if and only if:

(Def. 6)  Qp is directed.

Let L be a 1-sorted structure. Note that there exists a strict net structure
over L which is non empty, reflexive, transitive, antisymmetric, and directed.

Let L be a 1-sorted structure. A prenet over L is a directed non empty net
structure over L.

Let L be a 1-sorted structure. A net in L is a transitive prenet over L.

Let L be a non empty 1l-sorted structure and let N be a non empty net
structure over L. The functor netmap (N, L) yields a map from N into L and is
defined by:

(Def. 7)  netmap(N, L) = the mapping of N.
Let ¢ be an element of the carrier of N. The functor N(i) yielding an element
of L is defined by:

(Def. 8) N (i) = (the mapping of N)(i).

Let L be a non empty relational structure and let N be a non empty net
structure over L. We say that N is monotone if and only if:

(Def. 9)  netmap(XV, L) is monotone.
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We say that N is antitone if and only if:
(Def. 10)  netmap(JV, L) is antitone.

Let L be a non empty 1-sorted structure, let N be a non empty net structure
over L, and let X be a set. We say that IV is eventually in X if and only if:

(Def. 11)  There exists an element ¢ of N such that for every element j of N such
that i < j holds N(j) € X.

We say that IV is often in X if and only if:

(Def. 12)  For every element i of N there exists an element j of N such that i < j
and N(j) € X.

Next we state three propositions:

(8) Let L be a non empty 1-sorted structure, N be a non empty net struc-
ture over L, and X, Y be sets such that X C Y. Then
(i) if N is eventually in X, then N is eventually in Y, and
(ii)  if NV is often in X, then N is often in Y.

(9) Let L be a non empty 1-sorted structure, N be a non empty net struc-
ture over L, and X be a set. Then N is eventually in X if and only if N
is not often in (the carrier of L)\ (X).

(10) Let L be a non empty 1-sorted structure, N be a non empty net struc-
ture over L, and X be a set. Then N is often in X if and only if IV is not
eventually in (the carrier of L) \ (X).

Let L be a non empty relational structure and let N be a non empty net
structure over L. We say that N is eventually-directed if and only if:

(Def. 13)  For every element ¢ of N holds N is eventually in {N(j) : j ranges over
elements of N, N(i) < N(j)}.

We say that N is eventually-filtered if and only if:

(Def. 14)  For every element ¢ of N holds N is eventually in {N(j) : j ranges over
elements of N, N (i) > N(j)}.

One can prove the following propositions:

(11) Let L be a non empty relational structure and N be a non empty net
structure over L. Then N is eventually-directed if and only if for every
element ¢ of IV there exists an element j of N such that for every element
k of N such that j < k holds N(i) < N(k).

(12) Let L be a non empty relational structure and N be a non empty net
structure over L. Then N is eventually-filtered if and only if for every
element ¢ of IV there exists an element j of N such that for every element
k of N such that j <k holds N(i) > N(k).

Let L be a non empty relational structure. Observe that every prenet over
L which is monotone is also eventually-directed and every prenet over L which
is antitone is also eventually-filtered.

Let L be a non empty reflexive relational structure. Observe that there exists
a prenet over L which is monotone, antitone, and strict.
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3. LOWER AND UPPER SUBSETS

Let L be a relational structure and let X be a subset of the carrier of L. The
functor | X yielding a subset of L is defined by:
(Def. 15)  For every element = of L holds z € | X iff there exists an element y of
L such that y > z and y € X.
The functor 71X yielding a subset of L is defined as follows:
(Def. 16)  For every element x of L holds x € 71X iff there exists an element y of
L such that y <z and y € X.
One can prove the following three propositions:
(13)  Let L1, Lo be relational structures. Suppose the relational structure of
L1 = the relational structure of L. Let X be a subset of the carrier of
L1 and Y be a subset of the carrier of Lo. If X =Y, then | X = |Y and
1X =1Y.
(14)  Let L be a non empty relational structure and X be a subset of L. Then
1X = {z : v ranges over elements of L, \/;. cjement of . T <Y A y € X}.
(15)  Let L be a non empty relational structure and X be a subset of L. Then
TX = {z : z ranges over elements of L, V. cjement oz T>Y N y € X}
Let L be a non empty reflexive relational structure and let X be a non empty
subset of the carrier of L. Note that | X is non empty and TX is non empty.
We now state the proposition
(16)  For every reflexive relational structure L and for every subset X of the
carrier of L holds X C | X and X C TX.
Let L be a non empty relational structure and let x be an element of the
carrier of L. The functor |x yields a subset of L and is defined by:
(Def. 17) |z = [{z}.
The functor Tz yields a subset of L and is defined by:
(Def. 18) Tz = T{z}.
Next we state several propositions:
(17)  For every non empty relational structure L and for all elements x, y of
Lholdsy € |z iff y <=z.
(18)  For every non empty relational structure L and for all elements x, y of
Lholdsy ez iff z <y.
(19) Let L be a non empty reflexive antisymmetric relational structure and
x, y be elements of the carrier of L. If |z = |y, then x = y.
(20) Let L be a non empty reflexive antisymmetric relational structure and
x, y be elements of the carrier of L. If Tx = Ty, then x = y.
(21)  For every non empty transitive relational structure L and for all ele-
ments x, y of L such that z <y holds |x C |y.
(22)  For every non empty transitive relational structure L and for all ele-
ments x, y of L such that z < y holds Ty C Tx.



98 GRZEGORZ BANCEREK

Let L be a non empty reflexive relational structure and let = be an element
of the carrier of L. Note that |z is non empty and directed and Tz is non empty
and filtered.

Let L be a relational structure and let X be a subset of L. We say that X
is lower if and only if:

(Def. 19)  For all elements z, y of L such that z € X and y < x holds y € X.
We say that X is upper if and only if:
(Def. 20)  For all elements z, y of L such that z € X and = < y holds y € X.

Let L be a relational structure. One can check that there exists a subset of
L which is lower and upper.

Next we state several propositions:

(23)  For every relational structure L and for every subset X of L holds X is
lower iff | X C X.

(24)  For every relational structure L and for every subset X of L holds X is
upper iff X C X.

(25)  Let Ly, Lo be relational structures. Suppose the relational structure of
L1 = the relational structure of L. Let X7 be a subset of L1 and X5 be
a subset of Ly such that X7 = X5. Then

(i) if Xy is lower, then X5 is lower, and

(i1)  if Xy is upper, then X5 is upper.

(26) Let L be a relational structure and A be a subset of 2the carrier of L,
Suppose that for every subset X of L such that X € A holds X is lower.
Then | A is a lower subset of L.

(27)  Let L be a relational structure and X, Y be subsets of L. If X is lower
and Y is lower, then X NY is lower and X UY is lower.

(28) Let L be a relational structure and A be a subset of 2the carrier of L,
Suppose that for every subset X of L such that X € A holds X is upper.
Then |J A is an upper subset of L.

(29) Let L be a relational structure and X, Y be subsets of L. If X is upper
and Y is upper, then X NY is upper and X UY is upper.

Let L be a non empty transitive relational structure and let X be a subset
of L. One can verify that | X is lower and TX is upper.

Let L be a non empty transitive relational structure and let x be an element
of L. Observe that |z is lower and Tz is upper.

Let L be a non empty relational structure. Observe that € is lower and
upper.

Let L be a non empty relational structure. Note that there exists a subset
of L which is non empty, lower, and upper.

Let L be a non empty reflexive transitive relational structure. Observe that
there exists a subset of L which is non empty, lower, and directed and there
exists a subset of L which is non empty, upper, and filtered.

Let L be a poset with g.1.b.’s and l.u.b.’s. One can verify that there exists a
subset of L which is non empty, directed, filtered, lower, and upper.
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Next we state the proposition

(30) Let L be a non empty transitive reflexive relational structure and X be
a subset of L. Then X is directed if and only if | X is directed.
Let L be a non empty transitive reflexive relational structure and let X be
a directed subset of L. Note that | X is directed.
We now state several propositions:
(31) Let L be a non empty transitive reflexive relational structure, X be a
subset of L, and x be an element of L. Then x > X if and only if x > | X.
(32) Let L be a non empty transitive reflexive relational structure and X be
a subset of L. Then sup X exists in L if and only if sup | X exists in L.
(33)  Let L be a non empty transitive reflexive relational structure and X be
a subset of L. If sup X exists in L, then sup X = sup|X.
(34)  For every non empty poset L and for every element x of L holds sup |z
exists in L and suplx = x.

(35) Let L be a non empty transitive reflexive relational structure and X be
a subset of L. Then X is filtered if and only if TX is filtered.

Let L be a non empty transitive reflexive relational structure and let X be
a filtered subset of L. Note that TX is filtered.
One can prove the following four propositions:

(36) Let L be a non empty transitive reflexive relational structure, X be a
subset of L, and x be an element of L. Then x < X if and only if z < TX.

(37)  Let L be a non empty transitive reflexive relational structure and X be
a subset of L. Then inf X exists in L if and only if inf TX exists in L.

(38) Let L be a non empty transitive reflexive relational structure and X be
a subset of L. If inf X exists in L, then inf X = inf7X.

(39)  For every non empty poset L and for every element = of L holds inf Tz
exists in L and infTx = x.

4. IDEALS AND FILTERS

Let L be a non empty reflexive transitive relational structure. An ideal of L
is a directed lower non empty subset of L. A filter of L is a filtered upper non
empty subset of L.

Next we state several propositions:

(40)  Let L be an antisymmetric relational structure with l.u.b.’s and X be
a lower subset of L. Then X is directed if and only if for all elements x,
y of L such that x € X and y € X holds z Uy € X.

(41)  Let L be an antisymmetric relational structure with g.l.b.’s and X be

an upper subset of L. Then X is filtered if and only if for all elements x,
y of L such that x € X and y € X holds z My € X.
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(42) Let L be a poset with L.u.b.’s and X be a non empty lower subset of L.
Then X is directed if and only if for every finite subset Y of X such that
Y #0 holds | |} Y € X.

(43)  Let L be a poset with g.1.b.’s and X be a non empty upper subset of L.
Then X is filtered if and only if for every finite subset Y of X such that
Y # ) holds [ LY € X.

(44) Let L be a non empty antisymmetric relational structure. Suppose L
has L.u.b.’s or g.l.b.’s. Let X, Y be subsets of L. Suppose X is lower
directed and Y is lower directed. Then X NY is directed.

(45) Let L be a non empty antisymmetric relational structure. Suppose L
has Lu.b.’s or g.l.b.’s. Let X, Y be subsets of L. Suppose X is upper
filtered and Y is upper filtered. Then X NY is filtered.

(46) Let L be a relational structure and A be a subset of 2the carrier of L
Suppose that

(i)  for every subset X of L such that X € A holds X is directed, and

(ii)  for all subsets X, Y of L such that X € A and Y € A there exists a
subset Z of L such that Z € Aand X UY C Z.
Let X be a subset of L. If X = |J A, then X is directed.

(47)  Let L be a relational structure and A be a subset of 2the carrier of L

Suppose that
(i) for every subset X of L such that X € A holds X is filtered, and
(ii)  for all subsets X, Y of L such that X € A and Y € A there exists a
subset Z of L such that Z € Aand X UY C Z.
Let X be a subset of L. If X = |J A, then X is filtered.
Let L be a non empty reflexive transitive relational structure and let I be an
ideal of L. We say that [ is principal if and only if:
(Def. 21)  There exists an element x of L such that z € I and = > I.
Let L be a non empty reflexive transitive relational structure and let F' be a
filter of L. We say that F' is principal if and only if:
(Def. 22)  There exists an element x of L such that z € F and = < F.
Next we state two propositions:

(48)  Let L be a non empty reflexive transitive relational structure and I be
an ideal of L. Then [ is principal if and only if there exists an element x
of L such that I = |z.

(49) Let L be a non empty reflexive transitive relational structure and F' be
a filter of L. Then F is principal if and only if there exists an element x
of L such that F = Tx.

Let L be a non empty reflexive transitive relational structure. The functor
Ids(L) yields a set and is defined by:
(Def. 23)  Ids(L) = {X : X ranges over ideals of L}.
The functor Filt(L) yields a set and is defined as follows:
(Def. 24)  Filt(L) = {X : X ranges over filters of L}.
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Let L be a non empty reflexive transitive relational structure. The functor
Idsg(L) yielding a set is defined by:

(Def. 25)  Idso(L) = Ids(L) U {0}.

The functor Filtg(L) yielding a set is defined as follows:

(Def. 26)  Filto(L) = Filt(L) U {0}.

Let L be a non empty relational structure and let X be a subset of the carrier
of L. The functor finsups(X) yielding a subset of L is defined as follows:

(Def. 27)  finsups(X) = {|I; Y : Y ranges over finite subsets of X, sup Y exists

in L}.
The functor fininfs(X) yielding a subset of L is defined as follows:

(Def. 28)  fininfs(X) = {[ 1Y : Y ranges over finite subsets of X, inf Y exists in

L}.

Let L be a non empty antisymmetric lower-bounded relational structure and
let X be a subset of the carrier of L. Note that finsups(X) is non empty.

Let L be a non empty antisymmetric upper-bounded relational structure and
let X be a subset of the carrier of L. Note that fininfs(X) is non empty.

Let L be a non empty reflexive antisymmetric relational structure and let X
be a non empty subset of the carrier of L. Note that finsups(X) is non empty
and fininfs(X) is non empty.

One can prove the following two propositions:

(50)  Let L be a non empty reflexive antisymmetric relational structure and X
be a subset of the carrier of L. Then X C finsups(X) and X C fininfs(X).

(51)  Let L be anon empty transitive relational structure and X, I’ be subsets
of L. Suppose that
(i)  for every finite subset Y of X such that Y # () holds sup Y exists in
L,
(ii)  for every element z of L such that x € F' there exists a finite subset Y’
of X such that sup Y exists in L and = = | |; Y, and
(i)  for every finite subset Y of X such that Y # () holds ||, Y € F.
Then F is directed.

Let L be a poset with L.u.b.’s and let X be a subset of the carrier of L. Note
that finsups(X) is directed.
The following propositions are true:
(52)  Let L be a non empty transitive reflexive relational structure and X, F’
be subsets of L. Suppose that
(i)  for every finite subset Y of X such that Y # () holds sup Y exists in
L7
(ii) for every element z of L such that = € F' there exists a finite subset Y’
of X such that sup Y exists in L and z = | |; Y, and
(i)  for every finite subset Y of X such that Y # () holds ||, Y € F.
Let x be an element of L. Then x > X if and only if x > F.

(53) Let L be a non empty transitive reflexive relational structure and X, F’
be subsets of L. Suppose that

101
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(i)  for every finite subset Y of X such that Y # () holds sup Y exists in
L,
(ii)  for every element x of L such that z € F there exists a finite subset YV’
of X such that sup Y exists in L and z = | |; Y, and
(i)  for every finite subset Y of X such that Y # () holds ||, Y € F.
Then sup X exists in L if and only if sup F' exists in L.

(54)  Let L be a non empty transitive reflexive relational structure and X, F’
be subsets of L. Suppose that
(i)  for every finite subset Y of X such that Y # () holds sup Y exists in
L7
(ii)  for every element x of L such that z € F there exists a finite subset YV’
of X such that sup Y exists in L and z = | |; Y,
(i)  for every finite subset Y of X such that Y # () holds | |; Y € F, and
(iv) sup X exists in L.
Then sup F' = sup X.
(55)  Let L be a poset with L.u.b.’s and X be a subset of L. If sup X exists
in L or L is complete, then sup X = sup finsups(X).
(56)  Let L be anon empty transitive relational structure and X, F' be subsets
of L. Suppose that
(i)  for every finite subset Y of X such that Y # () holds inf YV exists in L,
(ii)  for every element x of L such that z € F there exists a finite subset YV’
of X such that inf YV exists in L and x = [ 1Y, and
(i)  for every finite subset Y of X such that Y # () holds [ |,Y € F.
Then F is filtered.

Let L be a poset with g.1.b.’s and let X be a subset of the carrier of L. One
can check that fininfs(X) is filtered.
The following propositions are true:
(57)  Let L be a non empty transitive reflexive relational structure and X, F
be subsets of L. Suppose that
(i)  for every finite subset Y of X such that Y # ) holds inf YV exists in L,
(ii)  for every element x of L such that z € F' there exists a finite subset YV’
of X such that inf YV exists in L and x = [ 1Y, and
(iii)  for every finite subset Y of X such that Y # () holds [ | Y € F.
Let z be an element of L. Then x < X if and only if z < F.

(58)  Let L be a non empty transitive reflexive relational structure and X, F
be subsets of L. Suppose that
(i)  for every finite subset Y of X such that Y # ) holds inf Y exists in L,
(ii)  for every element x of L such that x € F there exists a finite subset Y’
of X such that inf Y exists in L and = [ |Y, and
(iii)  for every finite subset Y of X such that Y # () holds [ | Y € F.
Then inf X exists in L if and only if inf F' exists in L.
(59) Let L be a non empty transitive reflexive relational structure and X, F’

be subsets of L. Suppose that
(i)  for every finite subset Y of X such that Y # () holds inf Y exists in L,
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(ii) for every element z of L such that z € F' there exists a finite subset Y’
of X such that inf Y exists in L and z = [ .Y,

(i)  for every finite subset Y of X such that Y # () holds [ | Y € F, and
(iv) inf X exists in L.
Then inf F' = inf X.

(60) Let L be a poset with g.l.b.’s and X be a subset of L. If inf X exists
in L or L is complete, then inf X = inf fininfs(X).

(61) Let L be a poset with Lu.b.’s and X be a subset of the carrier of L.
Then X C [finsups(X) and for every ideal I of L such that X C I holds
lfinsups(X) C I.

(62) Let L be a poset with g.l.b.’s and X be a subset of the carrier of L.
Then X C Tfininfs(X) and for every filter F' of L such that X C F holds
fininfs(X) C F.

5. CHAINS

Let L be a non empty relational structure. We say that L is connected if
and only if:

(Def. 29)  For all elements z, y of L holds x <y or y < z.

Let us observe that every non empty reflexive relational structure which is
trivial is also connected.

Let us observe that there exists a non empty poset which is connected.

A chain is a connected non empty poset.

Let L be a chain. Observe that L™ is connected.

6. SEMILATTICES

A semilattice is a poset with g.1.b.’s. A sup-semilattice is a poset with L.u.b.’s.
A lattice is a poset with g.1.b.’s and l.u.b.’s.

The following two propositions are true:

(63) Let L be a semilattice and X be an upper non empty subset of L. Then
X is a filter of L if and only if sub(X) is meet-inheriting.

(64) Let L be a sup-semilattice and X be a lower non empty subset of L.
Then X is an ideal of L if and only if sub(X) is join-inheriting.
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7. MAPS

Let S, T be non empty relational structures, let f be a map from S into T,
and let X be a subset of S. We say that f preserves inf of X if and only if:
(Def. 30)  If inf X exists in S, then inf f°X exists in 7" and inf(f°X) = f(inf X).

We say that f preserves sup of X if and only if:
(Def. 31) If sup X exists in S, then sup f°X exists in T" and sup(f°X) =
f(sup X).
We now state the proposition
(65) Let S, So, T, T> be non empty relational structures. Suppose that
(i)  the relational structure of S; = the relational structure of 77, and
(ii)  the relational structure of Sy = the relational structure of T5.
Let f be a map from S; into S5 and g be a map from 77 into T5. Suppose
f =g. Let X be asubset of S; and Y be a subset of T3 such that X =Y.
Then
(iii)  if f preserves sup of X, then g preserves sup of Y, and
(iv) if f preserves inf of X, then g preserves inf of Y.
Let Ly, Ly be non empty relational structures and let f be a map from L4
into Lo. We say that f is infs-preserving if and only if:
(Def. 32)  For every subset X of Ly holds f preserves inf of X.
We say that f is sups-preserving if and only if:
(Def. 33)  For every subset X of L; holds f preserves sup of X.
We say that f is meet-preserving if and only if:
(Def. 34)  For all elements z, y of L; holds f preserves inf of {x,y}.
We say that f is join-preserving if and only if:
(Def. 35)  For all elements z, y of Ly holds f preserves sup of {x,y}.
We say that f is filtered-infs-preserving if and only if:
(Def. 36)  For every subset X of Lj such that X is non empty filtered holds f
preserves inf of X.
We say that f is directed-sups-preserving if and only if:
(Def. 37)  For every subset X of Lj such that X is non empty directed holds f
preserves sup of X.
Let L1, Lo be non empty relational structures. Note that every map from
Ly into Ly which is infs-preserving is also filtered-infs-preserving and meet-
preserving and every map from Lj into Ly which is sups-preserving is also
directed-sups-preserving and join-preserving.
Let S, T be relational structures and let f be a map from S into 7. We say
that f is isomorphic if and only if:
(Def. 38) (i)  f is one-to-one monotone and there exists a map ¢ from 7" into S
such that ¢ = f~! and ¢ is monotone if S is non empty and T is non
empty,
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(ii) S is empty and T is empty, otherwise.
The following proposition is true
et S, e non empty relational structures an e a map from
66 Let S, T b ty relational struct dfb f S

into T'. Then f is isomorphic if and only if the following conditions are
satisfied:

(i)  f is one-to-one,
(ii) rngf = the carrier of T, and
(i)  for all elements z, y of S holds x < y iff f(x) < f(y).

Let S, T be non empty relational structures. Note that every map from S
into T" which is isomorphic is also one-to-one and monotone.

We now state several propositions:
(67) Let S, T be non empty relational structures and f be a map from S

into T. Suppose f is isomorphic. Then f~! is a map from 7T into S and
rmg(f~1) = the carrier of S.

(68) Let S, T be non empty relational structures and f be a map from S into
T. Suppose f is isomorphic. Let g be a map from T into S. If g = f~1,
then ¢ is isomorphic.

(69) Let S, T be non empty posets and f be a map from S into 7. Suppose
that for every filter X of S holds f preserves inf of X. Then f is monotone.

(70)  Let S, T be non empty posets and f be a map from S into 7". Suppose
that for every filter X of S holds f preserves inf of X. Then f is filtered-
infs-preserving.

(71)  Let S be a semilattice, T" be a non empty poset, and f be a map from
S into T'. Suppose that

(i)  for every finite subset X of S holds f preserves inf of X, and
(ii)  for every non empty filtered subset X of S holds f preserves inf of X.
Then f is infs-preserving.
(72) Let S, T be non empty posets and f be a map from S into 7. Sup-

pose that for every ideal X of S holds f preserves sup of X. Then f is
monotone.

(73)  Let S, T be non empty posets and f be a map from S into 7. Suppose
that for every ideal X of S holds f preserves sup of X. Then f is directed-
sups-preserving.

(74)  Let S be a sup-semilattice, 7' be a non empty poset, and f be a map
from S into T'. Suppose that

(i) for every finite subset X of S holds f preserves sup of X, and

(ii)  for every non empty directed subset X of S holds f preserves sup of
X.

Then f is sups-preserving.
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8. COMPLETENESS WRT DIRECTED SETS

Let L be a non empty reflexive relational structure. We say that L is up-
complete if and only if the condition (Def. 39) is satisfied.

(Def. 39) Let X be a non empty directed subset of L. Then there exists an
element x of L such that x > X and for every element y of L such that
y > X holds z < y.

One can verify that every reflexive relational structure with l.u.b.’s which is
up-complete is also upper-bounded.
The following proposition is true

(75)  Let L be anon empty reflexive antisymmetric relational structure. Then
L is up-complete if and only if for every non empty directed subset X of
L holds sup X exists in L.

Let L be a non empty reflexive relational structure. We say that L is inf-
complete if and only if the condition (Def. 40) is satisfied.

(Def. 40)  Let X be a non empty subset of L. Then there exists an element z of
L such that x < X and for every element y of L such that y < X holds
T >y.
Next we state the proposition

(76)  Let L be a non empty reflexive antisymmetric relational structure. Then
L is inf-complete if and only if for every non empty subset X of L holds
inf X exists in L.

One can check the following observations:

% every non empty reflexive relational structure which is complete is also
up-complete and inf-complete,

x  every non empty reflexive relational structure which is inf-complete is
also lower-bounded, and

% every non empty poset which is up-complete and lower-bounded and
has l.u.b.’s is also complete.

Let us note that every non empty reflexive antisymmetric relational structure
which is inf-complete has g.l.b.’s.

Let us note that every non empty reflexive antisymmetric upper-bounded
relational structure which is inf-complete has L.u.b.’s.

One can check that there exists a lattice which is complete and strict.
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1. PRELIMINARIES

In this paper f, g, h will be functions.

The following three propositions are true:

(1) If f is one-to-one and g is one-to-one and rng f misses rng g, then f+-g
is one-to-one.

(2) If dom f misses dom g, then f U g is a function.

(3) Suppose h = fUg and dom f misses dom g. Then h is one-to-one if and
only if the following conditions are satisfied:

(i)  f is one-to-one,
(ii) g is one-to-one, and
(ili)  rng f misses rngg.

2. FIXPOINTS IN GENERAL

Let « be a set and let f be a function. We say that x is a fixpoint of f if and
only if:
(Def. 1) 2z € dom f and x = f(z).
Let A be a non empty set, let a be an element of A, and let f be a function
from A into A. Let us observe that a is a fixpoint of f if and only if:
(Def. 2)  a= f(a).
For simplicity we follow a convention: z, y, X will be sets, A will be a non
empty set, n will be a natural number, and f will be a function from X into X.
Next we state two propositions:
(4) If z is a fixpoint of f", then f(x) is a fixpoint of f™.
(5)  If there exists n such that z is a fixpoint of f™ and for every y such that
y is a fixpoint of f™ holds x = y, then z is a fixpoint of f.
Let A, B be non empty sets and let f be a function from A into B. Let us
observe that f is C-monotone if and only if:
(Def. 3)  For all elements x, y of A such that x C y holds f(x) C f(y).
Let A be a set and let B be a non empty set. Observe that there exists a
function from A into B which is C-monotone.
Let X be a set and let f be a C-monotone function from 2X into 2%X. The
functor Ifp(X, f) yields a subset of X and is defined by:
(Def. 4)  lfp(X, f) = N{h : h ranges over subsets of X, f(h) C h}.
The functor gfp(X, f) yielding a subset of X is defined by:
(Def. 5)  gfp(X, f) = U{h : h ranges over subsets of X, h C f(h)}.
In the sequel f will be a C-monotone function from 2% into 2% and S will
be a subset of X.
One can prove the following propositions:
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(6) 1p(X,f) is a fixpoint of f.
(7)  gfp(X, f) is a fixpoint of f.
(8) If f(S) C S, then Ifp(X, f) C S.
(9) IfSCf(S), then S C gfp(X, f).
(10) If S is a fixpoint of f, then lfp(X, f) € S and S C gfp(X, f).

The scheme Knaster deals with a set .4 and a unary functor F yielding a set,
and states that:
There exists a set D such that (D) =D and D C A
provided the parameters meet the following requirements:
e For all sets X, Y such that X CY holds F(X) C F(Y),
o F(A) C A
In the sequel X, Y are non empty sets, f is a function from X into Y, and
g is a function from Y into X.
We now state several propositions:
(11)  There exist sets X1, Xo, Y1, Ys such that X; misses Xy and Y] misses
Yoand X1 UXo =X and YUY, =Y and f°X; = Y] and ¢°Ys = Xo.
(12) If f is one-to-one and g is one-to-one, then there exists function from
X into Y which is bijective.
(13)  If there exists f which is bijective, then X ~ Y.
(14) If f is one-to-one and g is one-to-one, then X ~ Y.

(15)  For all cardinal numbers N, M such that N < M and M < N holds
N =M.

3. THE LATTICE OF LATTICE SUBSET

Let L be a non empty lattice structure, let f be a unary operation on L, and
let z be an element of L. Then f(z) is an element of L.

Let L be a lattice, let f be a function from the carrier of L into the carrier
of L, let z be an element of the carrier of L, and let O be an ordinal number.
The functor £9(x) is defined by the condition (Def. 6).

(Def. 6)  There exists a transfinite sequence Lo such that
()  fQ(x) = last Ly,
(i) dom Ly = succO,

(i) Lo(®) ==,

(iv)  for every ordinal number C' and for arbitrary y such that succC €
succ O and y = Lo(C) holds Ly(succ C) = f(y), and

(v)  for every ordinal number C and for every transfinite sequence L; such

that C' € succO and C # () and C is a limit ordinal number and L, =
Ly | C holds Ly(C) = | rng Ly.

The functor f9(x) is defined by the condition (Def. 7).
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(Def. 7)  There exists a transfinite sequence Lo such that
) fQ(z) = last Ly,
i) dom Lo = succO,
) Lo(0) ==,
) for every ordinal number C' and for arbitrary y such that succC €
succ O and y = Lo(C) holds Ly(succ C) = f(y), and
(v)  for every ordinal number C' and for every transfinite sequence L; such
that C' € succO and C # () and C is a limit ordinal number and L, =
Lo | C holds Ly(C) = [ |nrng Ly.

For simplicity we adopt the following rules: L will denote a lattice, f will
denote a function from the carrier of L into the carrier of L, x will denote an
element of the carrier of L, O, Oy, Oy will denote ordinal numbers, and 7" will
denote a transfinite sequence.

One can prove the following propositions:

(16)  fi(x) = .

(17) i) =

(18)  fieOx) = f(fT ().

(19)  fEeeO(@) = F(f8 ().

(20)  Suppose O # ) and O is a limit ordinal number and dom7T = O and

for every ordinal number A such that A € O holds T'(A) = f/}(x). Then
f9 (@) = Uy mgT.

(21)  Suppose O # () and O is a limit ordinal number and dom7T = O and
for every ordinal number A such that A € O holds T'(A) = f(x). Then
f9(@) = [y mgT.

(22) (=) = fi(2).

(23) () = f(2).

Let L be a lattice, let f be a unary operation on the carrier of L, let a be an
element of the carrier of L, and let O be an ordinal number. Then f$(a) is an
element of L.

Let L be a lattice, let f be a unary operation on the carrier of L, let a be an
element of the carrier of L, and let O be an ordinal number. Then £ (a) is an
element of L.

Let L be a non empty lattice structure and let P be a subset of L. We say
that P has L.u.b.’s if and only if the condition (Def. 8) is satisfied.

(Def. 8)  Let z, y be elements of L. Suppose x € P and y € P. Then there exists
an element z of L such that z € P and x C 2z and y C z and for every

element 2’ of L such that 2/ € P and z C 2/ and y C 2’ holds z C 2'.

We say that P has g.l.b.’s if and only if the condition (Def. 9) is satisfied.
(Def. 9)  Let z, y be elements of L. Suppose € P and y € P. Then there exists
an element z of L such that z € P and z C x and z C y and for every

element 2’ of L such that 2’ € P and 2/ C 2 and 2’ C y holds 2’ C z.
Let L be a lattice. One can verify that there exists a subset of L which is

non empty and has L.u.b.’s and g.1.b.’s.
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Let L be a lattice and let P be a non empty subset of L with l.u.b.’s and
g.l.b.’s. The functor Lp yields a strict lattice and is defined by the conditions
(Def. 10).

(Def. 10) (i)  The carrier of Lp = P, and
(ii)  for all elements x, y of Lp there exist elements 2/, y' of L such that
r=aandy=19 and z Cyiff 2/ C o/.

4. COMPLETE LATTICES

Let us mention that every lattice which is complete is also bounded.

In the sequel L will be a complete lattice, f will be a monotone unary oper-
ation on L, and a, b will be elements of L.

The following propositions are true:

24)  There exists a which is a fixpoint of f.

25)  For every a such that a C f(a) and for every O holds a C f9(a).

26)  For every a such that f(a) C a and for every O holds £ (a) C a.

27)  For every a such that a C f(a) and for all O1, Oy such that O; C Oy
holds f9"(a) C f3%(a).

(28)  For every a such that f(a) C a and for all O, Oy such that O; C O
holds f*(a) C 17" (a).

(29)  For every a such that a £ f(a) and for all O, Oy such that O; C O
and O1 # Oy and f92(a) is not a fixpoint of f holds £7'(a) # £52(a).

(30)  For every a such that f(a) C a and for all O, O such that O; C O,
and O1 # Oy and f52(a) is not a fixpoint of f holds f5'(a) # £52(a).

(31) Ifa C f(a) and £9'(a) is a fixpoint of f, then for every Oy such that
01 C 0y holds £9"(a) = £*(a).

(32) If f(a) C a and fS'(a) is a fixpoint of f, then for every O such that
01 C O holds f5"(a) = £ (a).

(33) For every a such that a T f(a) there exists O such that 0 <
the carrier of L and fQ(a) is a fixpoint of f.

(34)  For every a such that f(a) T a there exists O such that 0 <

the carrier of L and f(a) is a fixpoint of f.

(
(
(
(

(35) Given a, b. Suppose a is a fixpoint of f and b is a fixpoint of f. Then
there exists O such that O < the carrier of L and f&(aUb) is a fixpoint
of fand a C f?(ab) and b C fQ(a L b).

(36) Given a, b. Suppose a is a fixpoint of f and b is a fixpoint of f. Then

there exists O such that O < the carrier of L and £ (aMb) is a fixpoint
of fand f(amb) C a and f9(aMb) C b.
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b
(38) If f(a) Caand b C aand b is a fixpoint of f, then for every O2 holds
bE [T (a).

Let L be a complete lattice and let f be a unary operation on L. Let us
assume that f is monotone. The functor FixPoints(f) yielding a strict lattice is
defined by:

(Def. 11)  There exists a non empty subset P of L with Lu.b.’s and g.l.b.’s such
that P = {z : x ranges over elements of L, = is a fixpoint of f} and
FixPoints(f) = Lp.

One can prove the following propositions:

(39) The carrier of FixPoints(f) = {x : z ranges over elements of L, x is a
fixpoint of f}.

(40)  The carrier of FixPoints(f) C the carrier of L.

(41)  a € the carrier of FixPoints(f) iff a is a fixpoint of f.

(42)  For all elements x, y of FixPoints(f) and for all a, b such that z = a
and y = b holds z C y iff a C b.

(43)  FixPoints(f) is complete.

Let us consider L, f. The functor Ifp(f) yields an element of L and is defined
as follows:

(Def 12) lfp(f) _ fﬁthe carrier of L (J-L)

The functor gfp(f) yielding an element of L is defined as follows:

he carrier of L)1
(Def. 13)  gfp(f) = f§ T(Tw).
Next we state several propositions:

)+

(44) Up(f) is a fixpoint of f and there exists O such that O <
the carrier of L and fQ(Lz) = Ifp(f).
(45) gfp(f) is a fixpoint of f and there exists O such that 0 <

the carrier of L and (T 1) = gfp(f).
(46) If a is a fixpoint of f, then Ifp(f) C a and a C gfp(f).
(47)  If f(a) C a, then lfp(f) C a.
(48) IfaC f(a), then a C gfp(f).

5. BOOLEAN LATTICES

In the sequel f is a monotone unary operation on the lattice of subsets of A.
Let A be a set. One can verify that the lattice of subsets of A is complete.
One can prove the following propositions:
(49) Let f be a unary operation on the lattice of subsets of A. Then f is
monotone if and only if f is C-monotone.
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(50)  There exists a C-monotone function g from 24 into 24 such that
Ifp(A, g) = lp(f).

(51)  There exists a C-monotone function g from 24 into 24 such that
8fp(4, 9) = gfp(f).
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1. BOOLEAN POSETS AND POSETS UNDER INCLUSION

In this paper X will be a set.
Let L be a lattice. Observe that Poset(L) has l.u.b.’s and g.1.b.’s.
Let L be an upper-bounded lattice. Note that Poset(L) is upper-bounded.

Let L be a lower-bounded lattice. One can check that Poset(L) is lower-

bounded.
Let L be a complete lattice. One can verify that Poset(L) is complete.

Let X be a set. Then Sx is an order in X.
Let X be a set. The functor (X, C) yielding a strict relational structure is
defined as follows:

(Def. 1) (X, C) = (X,Sx).
Let X be a set. Observe that (X, C) is reflexive antisymmetric and transitive.

Let X be a non empty set. Observe that (X, C) is non empty.
We now state the proposition
IThis work was partially supported by Office of Naval Research Grant N00014-95-1-1336.
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(1)  The carrier of (X,C) = X and the internal relation of (X,C) = Sy.
Let X be a set. The functor 2é yielding a strict relational structure is defined
by:
(Def. 2) Qé = Poset(the lattice of subsets of X).
Let X be a set. Note that 2‘5 is non empty reflexive antisymmetric and
transitive.
Let X be a set. Note that Qé is complete.
Next we state a number of propositions:

(2)  For all elements z, 3 of 2% holds z < y iff  C y.

(3)  For every non empty set X and for all elements z, y of (X,C) holds
r<yiff x Cy.

4) 28 =(%09).

(5)  For every subset Y of 2% holds (Y, C) is a full relational substructure
of 2X.

(6) For every non empty set X such that (X,C) has L.u.b.’s and for all
elements x, y of (X,C) holds zUy C zUy.

(7)  For every non empty set X such that (X,C) has g.l.b.’s and for all
elements x, y of (X,C) holds z My CzNy.

(8)  For every non empty set X and for all elements x, y of (X, C) such that
zUy € X holdsz Uy =z Uy.

(9)  For every non empty set X and for all elements z, y of (X, C) such that
zNy € X holds x My =xzNy.

(10) Let L be a relational structure. Suppose that for all elements z, y of L
holds = < y iff # C y. Then the internal relation of L = Sy carrier of L-

(11)  For every non empty set X such that for all sets z, y such that x € X
and y € X holds x Uy € X holds (X, C) has L.u.b.’s.

(12)  For every non empty set X such that for all sets z, y such that x € X
and y € X holds x Ny € X holds (X, C) has g.l.b.’s.

(13)  For every non empty set X such that () € X holds L x cy = 0.
(14)  For every non empty set X such that JX € X holds T x ¢y =UX.
(15)  For every non empty set X such that (X, C) is upper-bounded holds

UX € X.

(16)  For every non empty set X such that (X, C) is lower-bounded holds
NX e X.

(17)  For all elements z, y of 2é holds z Uy =ozUyand x Ny =2 Ny.

(19) Tox =X.

(20)  For every non empty subset Y of Zé holds inf Y = Y.

(21)  For every subset Y of Qé holds supY =Y.
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(22)  For every non empty topological space T' and for every subset X of (the
topology of T', C) holds sup X = J X.
(23)  For every non empty topological space T holds L e topology of T, €) = -
(24)  For every non empty topological space T holds T (e topology of T, C) =
the carrier of T'.
Let T be a non empty topological space. Observe that (the topology of T,
C) is complete and non trivial.
We now state the proposition
(25) Let T be a topological space and let F' be a family of subsets of 7. Then
F is open if and only if F' is a subset of (the topology of T', C).

2. PRODUCTS OF RELATIONAL STRUCTURES

Let R be a binary relation. We say that R is relational structure yielding if
and only if:

(Def. 3)  For every set v such that v € rng R holds v is a relational structure.

One can check that every function which is relational structure yielding is
also 1-sorted yielding.

Let I be a set. One can verify that there exists a many sorted set indexed
by I which is relational structure yielding.

Let J be a non empty set, let A be a relational structure yielding many
sorted set indexed by J, and let j be an element of J. Then A(j) is a relational
structure.

Let I be a set and let J be a relational structure yielding many sorted set
indexed by I. The functor [ J yields a strict relational structure and is defined
by the conditions (Def. 4).

(Def. 4) (i)  The carrier of []J = []support J, and
(ii)  for all elements z, y of the carrier of [[J such that z € [][support.J
holds x < y iff there exist functions f, g such that f = z and ¢ = y and
for every set i such that ¢ € I there exists a relational structure R and
there exist elements z1, y; of R such that R = J(i) and x1 = f(i) and
y1 = ¢g(i) and =1 < y1.

Let X be a set and let L be a relational structure. Omne can verify that
X —— L is relational structure yielding.

Let I be a set and let T be a relational structure. The functor T/ yielding a
strict relational structure is defined by:

(Def. 5)  T! =T1[(I+—T).

Next we state three propositions:

(26)  For every relational structure yielding many sorted set J indexed by ()
holds HJ = <{@}, A{@}>
(27)  For every relational structure Y holds Y? = ({0}, Dggy)-
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(28)  For every set X and for every relational structure Y holds (the carrier
of Y)X = the carrier of YX,

Let X be a set and let Y be a non empty relational structure. Note that Y%
is non empty.

Let X be a set and let Y be a reflexive non empty relational structure.
Observe that YX is reflexive.

Let Y be a non empty relational structure. Observe that Y'? is trivial.

Let Y be a non empty reflexive relational structure. Note that Y is anti-
symmetric and has g.l.b.’s and Lu.b.’s.

Let X be a set and let Y be a transitive non empty relational structure. Note
that YX is transitive.

Let X be aset and let Y be an antisymmetric non empty relational structure.
Note that Y is antisymmetric.

Let X be a non empty set and let Y be a non empty antisymmetric relational
structure with g.1.b.’s. Observe that Y¥ has g.l.b.’s.

Let X be a non empty set and let Y be a non empty antisymmetric relational
structure with Lu.b.’s. Observe that Y X has L.u.b.’s.

Let S, T be relational structures. The functor MonMaps(S,T') yielding a
strict full relational substructure of T'the carrier of S js defined by the condition
(Def. 6).

(Def. 6) Let f be a map from S into T'. Then f € the carrier of MonMaps(S,T")

if and only if f € (the carrier of T)the carrier of S and f is monotone.
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Summary. In the paper we present some auxiliary facts concern-
ing posets and maps between them. Our main purpose, however is to
give an account on complete lattices and lattices of ideals. A sufficient
condition that a lattice might be complete, the fixed-point theorem and
two remarks upon images of complete lattices in monotone maps, intro-
duced in [10, pp. 8-9], can be found in Section 7. Section 8 deals with
lattices of ideals. We examine the meet and join of two ideals. In order
to show that the lattice of ideals is complete, the infinite intersection of
ideals is investigated.
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The terminology and notation used in this paper have been introduced in the
following articles: [18], [20], [21], [7], [8], [2], [17], [15], [19], [3], [6], [13], [16], [9],
[14], [5], [11], [1], [12], and [4].

1. Basic Facts

In this paper x will be arbitrary and X, Y will denote sets.

The scheme RelStrSubset deals with a non empty relational structure A and
a unary predicate P, and states that:

{x : x ranges over elements of A, P[z]} is a subset of A

for all values of the parameters.

Let S be a non empty 1-sorted structure and let X be a non empty subset
of the carrier of S. We see that the element of X is an element of S.

One can prove the following four propositions:

IThis work was partially supported by Office of Naval Research Grant N00014-95-1-1336.
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(1) Let L be a non empty relational structure, and let  be an element of
L, and let X be a subset of L. Then X C |z if and only if X < .

(2) Let L be a non empty relational structure, and let 2 be an element of
L, and let X be a subset of L. Then X C Tz if and only if z < X.

(3) Let L be an antisymmetric transitive relational structure with Lu.b.’s
and let X, Y be sets. Suppose sup X exists in L and sup Y exists in L.
Then sup X UY exists in L and || (XUY) =], XUl Y.

(4) Let L be an antisymmetric transitive relational structure with g.l.b.’s
and let X, Y be sets. Suppose inf X exists in L and inf Y exists in L.
Then inf X UY existsin L and [ (X UY) =X N[ LY.

2. RELATIONAL SUBSTRUCTURES

The following propositions are true:

(5) For every binary relation R and for all sets X, Y such that X C Y
holds R|> X C R|?Y.

(6) Let L be a relational structure and let S, T" be full relational substruc-
tures of L. Suppose the carrier of S C the carrier of 7. Then the internal
relation of S C the internal relation of T'.

(7)  Let L be a non empty relational structure and let S be a non empty
relational substructure of L. Then
(i) if X is a directed subset of S, then X is a directed subset of L, and
(ii) if X is a filtered subset of S, then X is a filtered subset of L.

(8) Let L be a non empty relational structure and let S, T" be non empty
full relational substructures of L. Suppose the carrier of S C the carrier
of T. Let X be a subset of S. Then

(i) X is a subset of T, and
(ii)  for every subset Y of T such that X =Y holds if X is filtered, then YV’
is filtered and if X is directed, then Y is directed.

3. MAPS

Now we present three schemes. The scheme LambdaMD deals with non empty
relational structures A, B and a unary functor F yielding an element of B, and
states that:

There exists a map f from A into B such that for every element x
of A holds f(x) = F(z)
for all values of the parameters.

The scheme KappaMD concerns non empty relational structures A, B and a

unary functor F yielding arbitrary, and states that:
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There exists a map f from A4 into B such that for every element x
of A holds f(x) = F(x)
provided the parameters satisfy the following condition:
e For every element x of A holds F(x) is an element of B.
The scheme NonUniqExMD deals with non empty relational structures A, B
and a binary predicate P, and states that:
There exists a map f from A into B such that for every element x
of A holds Plz, f(x)]
provided the following requirement is met:
e For every element x of A there exists an element y of B such that
Plz, y].
Let S, T be 1-sorted structures and let f be a map from S into 7. Then
rng f is a subset of T
One can prove the following proposition
(9) Let S, T be non empty 1-sorted structures and let f, g be maps from
S into T. If for every element s of S holds f(s) = g(s), then f =g.
Let J be a set, let L be a relational structure, and let f, g be functions from
J into the carrier of L. The predicate f < g is defined by:
(Def. 1)  For arbitrary j such that j € J there exist elements a, b of L such that
a= f(j) and b = g(j) and a < b.
We introduce g > f as a synonym of f < g.
Next we state the proposition
(10) Let L, M be non empty relational structures and let f, g be maps from
L into M. Then f < g if and only if for every element z of L holds

fz) < g().

4. THE IMAGE OF A MAP

Let L, M be non empty relational structures and let f be a map from L
into M. The functor Im f yields a strict full relational substructure of M and
is defined as follows:

(Def. 2)  Im f = sub(rng f).

The following two propositions are true:

(11)  For all non empty relational structures L, M and for every map f from
L into M holds rng f = the carrier of Im f.

(12)  Let L, M be non empty relational structures, and let f be a map from
L into M, and let y be an element of Im f. Then there exists an element
x of L such that f(z) =y.

Let L be a non empty relational structure and let X be a non empty subset
of L. One can verify that sub(X) is non empty.

Let L, M be non empty relational structures and let f be a map from L into
M. Observe that Im f is non empty.
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5. MONOTONE MAPS

One can prove the following propositions:

(13)  For every non empty relational structure L holds idy, is monotone.

(14) Let L, M, N be non empty relational structures, and let f be a map
from L into M, and let g be a map from M into N. If f is monotone and
g is monotone, then g - f is monotone.

(15)  Let L, M be non empty relational structures, and let f be a map from
L into M, and let X be a subset of L, and let z be an element of L. If f
is monotone and = < X, then f(z) < f°X.

(16) Let L, M be non empty relational structures, and let f be a map from
L into M, and let X be a subset of L, and let « be an element of L. If f
is monotone and X < z, then f°X < f(x).

(17)  Let S, T be non empty relational structures, and let f be a map from S
into T', and let X be a directed subset of S. If f is monotone, then f°X
is directed.

(18)  Let L be a poset with L.u.b.’s and let f be a map from L into L. If f is
directed-sups-preserving, then f is monotone.

(19) Let L be a poset with g.1.b.’s and let f be a map from L into L. If f is
filtered-infs-preserving, then f is monotone.

6. IDEMPOTENT MAPS

One can prove the following propositions:

(20)  Let S be a non empty 1-sorted structure and let f be a map from S into
S. If f is idempotent, then for every element x of S holds f(f(x)) = f(x).

(21) Let S be a non empty 1-sorted structure and let f be a map from S
into S. If f is idempotent, then rng f = {z : x ranges over elements of S,
z = f(z)}

(22) Let S be a non empty 1-sorted structure and let f be a map from S
into S. If f is idempotent, then if X C rng f, then f°X = X.

(23)  For every non empty relational structure L holds idy, is idempotent.

7. COMPLETE LATTICES

In the sequel L denotes a complete lattice and a denotes an element of L.
The following propositions are true:

(24) Ifae X, thena<|], X and [ 1 X < a.
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(25)  Let L be a non empty relational structure. Then for every X holds sup
X exists in L if and only if for every Y holds inf Y exists in L.

(26)  For every non empty relational structure L such that for every X holds
sup X exists in L holds L is complete.

(27)  For every non empty relational structure L such that for every X holds
inf X exists in L holds L is complete.

(28) Let L be a non empty relational structure. Suppose that for every
subset A of L holds inf A exists in L. Given X. Then inf X exists in L
and [ | X = [ Jo(X N (the carrier of L)).

(29) Let L be a non empty relational structure. Suppose that for every
subset A of L holds sup A exists in L. Given X. Then sup X exists in L
and | |; X = || (X N (the carrier of L)).

(30) Let L be a non empty relational structure. If for every subset A of L
holds inf A exists in L, then L is complete.

One can check that every non empty poset which is up-complete, inf-complete,
and upper-bounded is also complete.
Next we state several propositions:

(31) Let f be a map from L into L. Suppose f is monotone. Let M be a
subset of L. If M = {x : x ranges over elements of L, x = f(x)}, then
sub(M) is a complete lattice.

(32)  Every infs-inheriting non empty full relational substructure of L is a
complete lattice.

(33)  Every sups-inheriting non empty full relational substructure of L is a
complete lattice.

(34) Let M be a non empty relational structure and let f be a map from L
into M. If f is sups-preserving, then Im f is sups-inheriting.

(35) Let M be a non empty relational structure and let f be a map from L
into M. If f is infs-preserving, then Im f is infs-inheriting.

(36) Let L, M be complete lattices and let f be a map from L into M.
Suppose f is sups-preserving or infs-preserving. Then Im f is a complete
lattice.

(37) Let f be a map from L into L. Suppose f is idempotent and directed-
sups-preserving. Then Im f is directed-sups-inheriting and Im f is a com-
plete lattice.

8. LATTICES OF IDEALS

Next we state several propositions:
(38) Let L be a relational structure and let F' be a subset of 2the carrier of L
Suppose that for every subset X of L such that X € F holds X is lower.

Then (N F is a lower subset of L.
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(39) Let L be a relational structure and let F' be a subset of 2the cartier of L
Suppose that for every subset X of L such that X € F holds X is upper.
Then () F' is an upper subset of L.

(40)  Let L be an antisymmetric relational structure with Lu.b.’s and let F
be a subset of 2the carrier of L " Qyupnose that for every subset X of L such
that X € F holds X is lower and directed. Then () F' is a directed subset
of L.

(41)  Let L be an antisymmetric relational structure with g.l.b.’s and let F'
be a subset of 2the carrier of L " Qyupnose that for every subset X of L such
that X € F holds X is upper and filtered. Then () F' is a filtered subset
of L.

(42)  For every poset L with g.1.b.’s and for all ideals I, J of L holds I'NJ is
an ideal of L.

Let L be a non empty reflexive transitive relational structure. One can check
that Ids(L) is non empty.
We now state three propositions:
(43)  Let L be a non empty reflexive transitive relational structure. Then x
is an element of (Ids(L), C) if and only if z is an ideal of L.
(44) Let L be a non empty reflexive transitive relational structure and let I
be an element of (Ids(L), C). If z € I, then x is an element of L.
(45)  For every poset L with g.l.b.’s and for all elements z, y of (Ids(L), C)
holds x My =x Ny.
Let L be a poset with g.1.b.’s. One can verify that (Ids(L), C) has g.1l.b.’s.
We now state the proposition
(46) Let L be a poset with L.u.b.’s and let z, y be elements of (Ids(L), C).
Then there exists a subset Z of L such that
(i) Z = {z : z ranges over elements of L, z € =z V z € y V
\/a,b:element of [, AET A bey N Z:CLUb},
(ii)  sup {z,y} exists in (Ids(L),C), and
(i) zUy=|Z
Let L be a poset with Lu.b.’s. One can check that (Ids(L), C) has Lu.b.’s.
One can prove the following four propositions:

(47)  For every lower-bounded sup-semilattice L and for every non empty
subset X of Ids(L) holds (N X is an ideal of L.

(48)  Let L be a lower-bounded sup-semilattice and let A be a non empty
subset of (Ids(L), C). Then inf A exists in (Ids(L),C) and inf A = N A.

(49) For every poset L with Lu.b.’s holds inf () exists in (Ids(L),C) and
[Miguas(z),cn? = Qe

(50)  For every lower-bounded sup-semilattice L holds (Ids(L),C) is com-
plete.

Let L be a lower-bounded sup-semilattice. Note that (Ids(L), C) is complete.
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9. SPECIAL MAPS

Let L be a non empty poset. The functor SupMap(L) yielding a map from
(Ids(L), C) into L is defined as follows:
(Def. 3)  For every ideal I of L holds (SupMap(L))(I) = supI.
We now state three propositions:
(51)  For every non empty poset L holds dom SupMap(L) = Ids(L) and
rng SupMap(L) is a subset of L.
(52)  For every non empty poset L holds x € dom SupMap(L) iff = is an ideal
of L.
(53)  For every up-complete non empty poset L holds SupMap(L) is mono-
tone.
Let L be an up-complete non empty poset. Observe that SupMap(L) is
monotone.
Let L be a non empty poset. The functor IdsMap(L) yielding a map from L
into (Ids(L), C) is defined by:
(Def. 4)  For every element x of L holds (IdsMap(L))(z) = |=.
The following proposition is true
(54)  For every non empty poset L holds IdsMap(L) is monotone.
Let L be a non empty poset. Observe that IdsMap(L) is monotone.

10. THE FAMILY OF ELEMENTS IN A LATTICE

Let L be a non empty relational structure and let F' be a binary relation.

The functor | |; F' yielding an element of L is defined as follows:
(Def. 5) |y F =], rngF.

The functor [ | F yields an element of L and is defined by:
(Def. 6) [ |oF =] |LmgF.

Let J be a set, let L be a non empty relational structure, and let F' be a
function from J into the carrier of L. We introduce Sup(F’) as a synonym of
LI F. We introduce Inf(F') as a synonym of [ |, F.

Let J be a non empty set, let S be a non empty 1-sorted structure, let F' be
a function from J into the carrier of S, and let j be an element of J. Then F'(j)
is an element of S.

Let J be a set, let S be a non empty 1-sorted structure, and let F' be a
function from J into the carrier of S. Then rng F' is a subset of S.

In the sequel J is a non empty set and j is an element of J.

We now state three propositions:

(55)  For every function F' from J into the carrier of L holds F(j) < Sup(F)
and Inf(F) < F(j).
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For every function F' from J into the carrier of L such that for every j
holds F(j) < a holds Sup(F) < a.

For every function F' from J into the carrier of L such that for every j
holds a < F(j) holds a < Inf(F).
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Summary. The paper is the Mizar encoding of the chapter 0
section 3 of [12] In the paper the following concept are defined: Galois
connections, Heyting algebras, and Boolean algebras.
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The articles [19], [21], [10], [22], [23], [8], [9], [17], [11], [7], [6], [20], [15], [18], [4],
2], [16], [5], [13], [1], [14], [3], and [24] provide the terminology and notation for
this paper.

1. PRELIMINARIES

Let A, B be non empty sets. One can check that every function from A into
B is non empty.
Let L1, Ly be non empty 1-sorted structures and let f be a map from L
into Lo. Let us observe that f is one-to-one if and only if:
(Def. 1)  For all elements x, y of Ly such that f(z) = f(y) holds x = y.
One can prove the following proposition
(1) Let L be a non empty l-sorted structure and let f be a map from L
into L. If for every element x of L holds f(z) = z, then f =1idp.
Let L1, Ly be non empty relational structures and let f be a map from L,
into Lo. Let us observe that f is monotone if and only if:
(Def. 2)  For all elements x, y of Ly such that z <y holds f(z) < f(y).
We now state four propositions:
(2) Let L be a non empty antisymmetric transitive relational structure with
g.l.b.’s and let =, y, z be elements of L. If x <y, then x Mz <y MM z.
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(3) Let L be anon empty antisymmetric transitive relational structure with
Lu.b.’s and let z, y, z be elements of L. If x <y, then x Uz < y Ll 2.

(4)  Let L be a non empty lower-bounded antisymmetric relational structure
and let = be an element of L. Then if L has g.l.b.’s, then 17 Mx = 1}
and if L is reflexive and transitive and has Lu.b.’s, then L Uz = x.

(5) Let L be a non empty upper-bounded antisymmetric relational struc-
ture and let x be an element of L. Then if L is transitive and reflexive
and has g.1.b.’s, then Ty Mz =z and if L has L.u.b.’s, then Ty Ux = Ty .

Let L be a non empty relational structure. We say that L is distributive if
and only if:
(Def. 3)  For all elements x, y, z of L holds zM (yUz) =zMNyUzNz.
We now state the proposition
(6) For every lattice L holds L is distributive iff for all elements z, y, z of
LholdszUyMNz=(xUy)N(zU=2).

Let X be a set. One can verify that 2)5 is distributive.

Let S be a non empty relational structure and let X be a set. We say that
min X exists in S if and only if:

(Def. 4) Inf X exists in S and [ JsX € X.

We introduce X has the minimum in S as a synonym of min X exists in .S. We
say that max X exists in S if and only if:

(Def. 5)  Sup X exists in S and | [¢ X € X.

We introduce X has the maximum in S as a synonym of max X exists in S.

Let S be a non empty relational structure, let s be an element of S, and let
X be a set. We say that s is a minimum of X if and only if:

(Def. 6) Inf X exists in S and s = [ |sX and [ |sX € X.
We say that s is a maximum of X if and only if:
(Def. 7)  Sup X existsin S and s = | [¢ X and | |¢ X € X.
Let L be a relational structure. Note that idy, is isomorphic.
Let Ly, Lo be relational structures. We say that L; and Lo are isomorphic
if and only if:
(Def. 8)  There exists map from L; into Lo which is isomorphic.
Let us notice that the predicate defined above is reflexive.
We now state two propositions:

(7)  For all non empty relational structures Ly, Lo such that L; and Ly are
isomorphic holds Lo and L; are isomorphic.

(8) Let Ly, Lo, L3 be relational structures. Suppose Lj and Lo are isomor-
phic and Lo and L3 are isomorphic. Then L and L3 are isomorphic.
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2. GALOIS CONNECTIONS

Let S, T be relational structures. A set is said to be a connection between
S and T if:

(Def. 9)  There exists a map g from S into 7' and there exists a map d from T’
into S such that it = (g, d).

Let S, T be relational structures, let g be a map from S into 7', and let d be
a map from 7 into S. Then (g, d) is a connection between S and T

Let S, T be non empty relational structures and let g; be a connection
between S and T'. We say that ¢; is Galois if and only if the condition (Def. 10)
is satisfied.

(Def. 10)  There exists a map ¢ from S into 7" and there exists a map d from T
into S such that

g1 = <g7 d)7

g is monotone,

d is monotone, and

for every element ¢ of T and for every element s of S holds ¢t < g(s) iff
d(t) < s.
Next we state the proposition

(9) Let S, T be non empty posets, and let g be a map from S into 7', and
let d be a map from T into S. Then (g, d) is Galois if and only if the
following conditions are satisfied:

(i) g is monotone,
(ii)  d is monotone, and

(i)  for every element ¢t of T" and for every element s of S holds t < g(s) iff
d(t) < s.

Let S, T be non empty relational structures and let ¢ be a map from S into

T. We say that g is upper adjoint if and only if:
(Def. 11)  There exists a map d from 7" into S such that (g, d) is Galois.
We introduce g has a lower adjoint as a synonym of ¢ is upper adjoint.
Let S, T be non empty relational structures and let d be a map from T into
S. We say that d is lower adjoint if and only if:
(Def. 12)  There exists a map g from S into 7" such that (g, d) is Galois.
We introduce d has an upper adjoint as a synonym of d is lower adjoint.
One can prove the following four propositions:

(10) Let S, T be non empty posets, and let g be a map from S into T, and
let d be a map from T into S. If (g, d) is Galois, then g is upper adjoint
and d is lower adjoint.

(11)  Let S, T be non empty posets, and let g be a map from S into 7', and
let d be a map from T into S. Then (g, d) is Galois if and only if the
following conditions are satisfied:

(i) g is monotone, and
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(i)  for every element t of T holds d(t) is a minimum of g ~! ]¢.

(12) Let S, T be non empty posets, and let g be a map from S into 7', and
let d be a map from T into S. Then (g, d) is Galois if and only if the
following conditions are satisfied:

(i)  dis monotone, and
(i) for every element s of S holds g(s) is a maximum of d ~! |s.

(13) Let S, T be non empty posets and let g be a map from S into 7. If g
is upper adjoint, then g is infs-preserving.
Let S, T be non empty posets. Observe that every map from S into 7" which
is upper adjoint is also infs-preserving.
We now state the proposition

(14) Let S, T be non empty posets and let d be a map from T into S. If d
is lower adjoint, then d is sups-preserving.

Let S, T be non empty posets. Note that every map from S into 7" which is
lower adjoint is also sups-preserving.
Next we state a number of propositions:

(15) Let S, T be non empty posets and let g be a map from S into 7.
Suppose S is complete and g is infs-preserving. Then there exists a map
d from T into S such that (g, d) is Galois and for every element ¢ of T'
holds d(t) is a minimum of g ~1 1t.

(16) Let S, T be non empty posets and let d be a map from 7T into S.
Suppose T is complete and d is sups-preserving. Then there exists a map
g from S into T such that (g, d) is Galois and for every element s of S
holds ¢(s) is a maximum of d ~! |s.

(17)  Let S, T be non empty posets and let g be a map from S into 7. Suppose
S is complete. Then g is infs-preserving if and only if g is monotone and
g has a lower adjoint.

(18)  Let S, T be non empty posets and let d be a map from T into S. Suppose
T is complete. Then d is sups-preserving if and only if d is monotone and
d has an upper adjoint.

(19) Let S, T be non empty posets, and let g be a map from S into 7', and
let d be a map from T into S. If (g, d) is Galois, then d - g < idg and
idT < qg- d.

(20) Let S, T be non empty posets, and let g be a map from S into 7', and
let d be a map from T into S. Suppose g is monotone and d is monotone
and d - g <idg and idy < g - d. Then (g, d) is Galois.

(21) Let S, T be non empty posets, and let g be a map from S into T', and
let d be a map from T into S. Suppose ¢ is monotone and d is monotone
andd-g<idgandidy < g-d. Thend=d-g-dand g=g-d-g.

(22) Let S, T be non empty relational structures, and let g be a map from
S into T', and let d be a map from T into S. If d=d-g-dand g=g-d-g,
then ¢ - d is idempotent and d - g is idempotent.
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(23) Let S, T be non empty posets, and let g be a map from S into T, and
let d be a map from 7T into S. Suppose (g, d) is Galois and g is onto. Let
t be an element of T. Then d(t) is a minimum of g ~! {¢}.

(24) Let S, T be non empty posets, and let g be a map from S into T, and
let d be a map from T into S. If for every element t of T" holds d(t) is a
minimum of g ~! {t}, then g - d = id7.

(25) Let L1, Ly be non empty 1-sorted structures, and let g3 be a map from
Ly into Lz, and let g» be a map from Lo into Ly. If g3 - g3 = id(z,), then
g3 is one-to-one and go is onto.

(26) Let S, T be non empty posets, and let g be a map from S into T, and
let d be a map from T into S. If (g, d) is Galois, then g is onto iff d is
one-to-one.

(27) Let S, T be non empty posets, and let g be a map from S into T, and
let d be a map from T into S. Suppose (g, d) is Galois and d is onto. Let
s be an element of S. Then g(s) is a maximum of d ~! {s}.

(28) Let S, T' be non empty posets, and let g be a map from S into T, and
let d be a map from T into S. If for every element s of S holds g(s) is a
maximum of d ~! {s}, then d - g = ids.

(29) Let S, T be non empty posets, and let g be a map from S into T, and
let d be a map from T into S. If (g, d) is Galois, then g is one-to-one iff
d is onto.

Let L be a non empty relational structure and let p be a map from L into L.
We say that p is projection if and only if:
(Def. 13)  p is idempotent and monotone.

We introduce p is a projection operator as a synonym of p is projection.
Let L be a non empty relational structure. Note that id;, is projection.
Let L be a non empty relational structure. Observe that there exists a map
from L into L which is projection.
Let L be a non empty relational structure and let ¢ be a map from L into L.
We say that c is closure if and only if:
(Def. 14) ¢ is projection and idy, < c.
We introduce c is a closure operator as a synonym of c is closure.
Let L be a non empty relational structure. Note that every map from L into
L which is closure is also projection.
Let L be a non empty reflexive relational structure. Note that there exists a
map from L into L which is closure.
Let L be a non empty reflexive relational structure. Note that idz, is closure.
Let L be a non empty relational structure and let k& be a map from L into
L. We say that k is kernel if and only if:
(Def. 15) Kk is projection and k < idp.
We introduce k is a kernel operator as a synonym of k is kernel.
Let L be a non empty relational structure. One can check that every map
from L into L which is kernel is also projection.
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Let L be a non empty reflexive relational structure. Note that there exists a
map from L into L which is kernel.

Let L be a non empty reflexive relational structure. One can check that idy,
is kernel.

One can prove the following two propositions:

(30) Let L be a non empty poset, and let ¢ be a map from L into L, and let
X be a subset of L. Suppose c is a closure operator and inf X exists in L
and X C rngc. Then inf X = ¢(inf X).
(31) Let L be a non empty poset, and let k£ be a map from L into L, and let
X be a subset of L. Suppose k is a kernel operator and sup X exists in
L and X C rngk. Then sup X = k(sup X).
Let L1, Ly be non empty relational structures and let g be a map from L1
into Lo. The functor ¢g° yields a map from L into Im g and is defined as follows:
(Def. 16)  ¢° = (the carrier of Im g) [(g).
One can prove the following proposition
(32)  For all non empty relational structures Ly, Ly and for every map g from
L1 into Lo holds ¢° = g.
Let L1, Ly be non empty relational structures and let g be a map from L
into Lo. Observe that ¢° is onto.
The following proposition is true
(33) Let Ly, Ly be non empty relational structures and let g be a map from
Ly into Lo. If g is monotone, then ¢° is monotone.
Let L1, Ly be non empty relational structures and let g be a map from L
into Lo. The functor g, yields a map from Im g into L9 and is defined by:

(Def. 17)  go = idm g-
Next we state the proposition

(34) Let L1, Ly be non empty relational structures, and let g be a map from
Ly into Lo, and let s be an element of Im g. Then ¢, (s) = s.

Let L1, Ly be non empty relational structures and let g be a map from L
into Ls. One can check that g, is one-to-one and monotone.
We now state a number of propositions:

(35)  For every non empty relational structure L and for every map f from
L into L holds f, - f° = f.

(36)  For every non empty poset L and for every map f from L into L such
that f is idempotent holds f° - f, = idy f.

(37)  Let L be a non empty poset and let f be a map from L into L. Suppose
f is a projection operator. Then there exists a non empty poset T" and
there exists a map ¢ from L into T and there exists a map i from 7T into
L such that ¢ is monotone and onto and ¢ is monotone and one-to-one
and f =i-qand idy = q - 1.

(38) Let L be a non empty poset and let f be a map from L into L. Given a
non empty poset 7" and a map ¢ from L into T and a map i from 7T into
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L such that ¢ is monotone and ¢ is monotone and f =14-q and idy = ¢ - 4.
Then f is a projection operator.

(39) For every non empty poset L and for every map f from L into L such
that f is a closure operator holds (f,, f°) is Galois.

(40)  Let L be a non empty poset and let f be a map from L into L. Suppose
f is a closure operator. Then there exists a non empty poset .S and there
exists a map ¢ from S into L and there exists a map d from L into S such
that (g, d) is Galois and f =g - d.

(41)  Let L be a non empty poset and let f be a map from L into L. Suppose
that

(i)  f is monotone, and

(ii)  there exists a non empty poset S and there exists a map ¢ from S into
L and there exists a map d from L into S such that (g, d) is Galois and
f=g-d
Then f is a closure operator.

(42)  For every non empty poset L and for every map f from L into L such
that f is a kernel operator holds (f°, fo) is Galois.

(43)  Let L be a non empty poset and let f be a map from L into L. Suppose
f is a kernel operator. Then there exists a non empty poset 1" and there
exists a map g from L into T and there exists a map d from 7" into L such
that (g, d) is Galois and f =d - g.

(44)  Let L be a non empty poset and let f be a map from L into L. Suppose
that

(i)  f is monotone, and

(ii)  there exists a non empty poset 7" and there exists a map ¢ from L into
T and there exists a map d from T into L such that (g, d) is Galois and
f=d-yg.
Then f is a kernel operator.

(45)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Then rngp = {c : ¢ ranges over elements of L,
¢ <p(e)} Nn{k : k ranges over elements of L, p(k) < k}.

(46) Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Then

(i)  {c: cranges over elements of L, ¢ < p(c)} is a non empty subset of L,
and

(ii))  {k: k ranges over elements of L, p(k) < k} is a non empty subset of
L

(47)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Then rng(p | {c : ¢ ranges over elements of
L, ¢ < p(c)}) = rngp and rng(p | {k : k ranges over elements of L,
p(k) < k}) = mgp.

(48)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Let L4 be a non empty subset of L and let L5
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be a non empty subset of L. Suppose Ly = {c: ¢ ranges over elements of
L,c<p(c)}. Then p| Ly is a map from sub(Ly4) into sub(Ly).

(49) Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Let L be a non empty subset of L. Suppose
Ls = {k : k ranges over elements of L, p(k) < k}. Then p| L5 is a map
from sub(L5) into sub(Ls).

(50)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Let L4 be a non empty subset of L. Suppose
Ly = {c : c ranges over elements of L, ¢ < p(c)}. Let p; be a map from
sub(Ly4) into sub(Ly). If py = p | Ly, then p; is a closure operator.

(51) Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Let L be a non empty subset of L. Suppose
Ls = {k : k ranges over elements of L, p(k) < k}. Let pa be a map from
sub(Ls) into sub(Ls). If po = p | Ls, then py is a kernel operator.

(52)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is monotone. Let Ly be a subset of L. If Ly = {c : ¢ ranges over elements
of L, ¢ < p(c)}, then sub(Ly) is sups-inheriting.

(53)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is monotone. Let Ls be a subset of L. If Ls = {k : k ranges over
elements of L, p(k) < k}, then sub(Lj5) is infs-inheriting,.

(54)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Let L4 be a non empty subset of L. Suppose
Ly = {c: cranges over elements of L, ¢ < p(c)}. Then

(i) if p is infs-preserving, then sub(L,) is infs-inheriting and Im p is infs-
inheriting, and

(ii)  if p is filtered-infs-preserving, then sub(Ly) is filtered-infs-inheriting
and Imp is filtered-infs-inheriting.

(55)  Let L be a non empty poset and let p be a map from L into L. Suppose
p is a projection operator. Let Ls be a non empty subset of L. Suppose
L5 = {k : k ranges over elements of L, p(k) < k}. Then

(i)  if p is sups-preserving, then sub(Lj) is sups-inheriting and Im p is sups-
inheriting, and

(ii)  if p is directed-sups-preserving, then sub(Ls) is directed-sups-inheriting
and Imp is directed-sups-inheriting.

(56) Let L be a non empty poset and let p be a map from L into L. Then
if p is a closure operator, then Imp is infs-inheriting and if p is a kernel
operator, then Im p is sups-inheriting.

(57) Let L be a complete non empty poset and let p be a map from L into
L. If p is a projection operator, then Im p is complete.

(58)  Let L be a non empty poset and let ¢ be a map from L into L. Suppose
c is a closure operator. Then
(i) ¢ is sups-preserving, and
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(ii)  for every subset X of L such that X C the carrier of Imc and sup X
exists in L holds sup X exists in Imc and | |, . X = ¢(l; X).
(59) Let L be a non empty poset and let k& be a map from L into L. Suppose
k is a kernel operator. Then
(i)  k° is infs-preserving, and
(ii)  for every subset X of L such that X C the carrier of Imk and inf X
exists in L holds inf X exists in Im k and [ Jpm X = k([ [LX).

3. HEYTING ALGEBRA

Next we state two propositions:
(60)  For every complete non empty poset L holds ( IdsMap(L), SupMap(L))
is Galois and SupMap(L) is sups-preserving.
(61)  For every complete non empty poset L holds IdsMap(L) - SupMap(L) is
a closure operator and Im(IdsMap(L)-SupMap(L)) and L are isomorphic.

Let S be a non empty relational structure and let z be an element of S. The
functor x MO yields a map from S into S and is defined as follows:

(Def. 18)  For every element s of S holds (zMO)(s) =z Ms.
Next we state two propositions:

(62)  For every non empty relational structure S and for all elements x, ¢ of
S holds {s : s ranges over elements of S, xMs <t} = (zM0O) ~! |t

(63)  For every non empty semilattice S and for every element = of S holds
z M0 is monotone.

Let S be a non empty semilattice and let x be an element of S. Note that
2 MO is monotone.
The following propositions are true:

(64) Let S be a non empty relational structure, and let z be an element of
S, and let X be a subset of S. Then (x MO)°X = {x My : y ranges over
elements of S, y € X}.

(65) Let S be a non empty semilattice. Then for every element z of S holds
2 M0 has an upper adjoint if and only if for all elements x, ¢ of S holds
max {s : s ranges over elements of S, x Ms <t} exists in S.

(66) Let S be a non empty semilattice. Suppose that for every element x of
S holds MO has an upper adjoint. Let X be a subset of S. Suppose sup
X exists in S. Let = be an element of S. Then 2 M| J¢ X =g{z Ny :y
ranges over elements of S, y € X}.

(67) Let S be a complete non empty poset. Then for every element z of S
holds = M O has an upper adjoint if and only if for every subset X of S
and for every element x of S holds x M| g X = | |g{x My : y ranges over
elements of S, y € X}.
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(68) Let S be a non empty lattice. Suppose that for every subset X of S
such that sup X exists in .S and for every element = of S holds zlM| |¢ X =
Llg{x My : y ranges over elements of S, y € X}. Then S is distributive.

Let H be a non empty relational structure. We say that H is Heyting if and

only if:
(Def. 19)  H is a lattice and for every element z of H holds = MO has an upper
adjoint.

We introduce H is a Heyting algebra as a synonym of H is Heyting.

Let us observe that every non empty relational structure which is Heyting is
also reflexive, transitive, and antisymmetric and has g.1.b.’s and l.u.b.’s.

Let H be a non empty relational structure and let a be an element of H. Let
us assume that H is Heyting. The functor ¢ = O yielding a map from H into
H is defined as follows:

(Def. 20)  {(a = 0O, aM0O) is Galois.
We now state the proposition

(69)  For every non empty relational structure H such that H is a Heyting
algebra holds H is distributive.

Let us observe that every non empty relational structure which is Heyting is
also distributive.

Let H be a non empty relational structure and let a, y be elements of H.
The functor a = y yields an element of H and is defined by:

(Def. 21)  a=y=(a=0)y).
One can prove the following two propositions:

(70) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let z, a, y be elements of H. Then z > a My if and only if
a=x>1.

(71)  For every non empty relational structure H such that H is a Heyting
algebra holds H is upper-bounded.

Let us mention that every non empty relational structure which is Heyting
is also upper-bounded.
Next we state a number of propositions:

(72) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let a, b be elements of H. Then Ty = a = b if and only if
a<b.

(73)  For every non empty relational structure H such that H is a Heyting
algebra and for every element a of H holds Ty = a = a.

(74) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let a, b be elements of H. If Ty =a=band Ty =b = a,
then a = b.

(75) Let H be a non empty relational structure. If H is a Heyting algebra,
then for all elements a, b of H holds b < a = b.
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(76) Let H be a non empty relational structure. If H is a Heyting algebra,
then for every element a of H holds Ty =a = Tg.

(77)  For every non empty relational structure H such that H is a Heyting
algebra and for every element b of H holds b= Tz = b.

(78) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let a, b, ¢ be elements of H. If a < b, then b = c<a = c.

(79) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let a, b, ¢ be elements of H. If b < ¢, then a = b < a = c.

(80) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let a, b be elements of H. Then a(a = b) =alb.

(81) Let H be a non empty relational structure. Suppose H is a Heyting
algebra. Let a, b, ¢ be elements of H. Then allb = ¢ = (a = ¢)M(b = ¢).

Let H be a non empty relational structure and let a be an element of H.
The functor —a yields an element of H and is defined as follows:
(Def. 22) —-a=a= Lpg.
The following propositions are true:

(82) Let H be a non empty relational structure. Suppose H is a Heyting
algebra and lower-bounded. Let a be an element of H. Then —a is a
maximum of {z : x ranges over elements of H, aMz = Lg}.

(83) Let H be a non empty relational structure. If H is a Heyting algebra
and lower-bounded, then =(Ly) =Ty and ~(Ty) = Lpy.

(84) Let H be a non empty lower-bounded relational structure. Suppose H
is a Heyting algebra. Let a, b be elements of H. Then —a > b if and only
if =b > a.

(85) Let H be a non empty lower-bounded relational structure. Suppose H
is a Heyting algebra. Let a, b be elements of H. Then —a > b if and only
ifallb= Lg.

(86) Let H be a non empty lower-bounded relational structure. Suppose H
is a Heyting algebra. Let a, b be elements of H. If a < b, then —b < —a.

(87) Let H be a non empty lower-bounded relational structure. Suppose H
is a Heyting algebra. Let a, b be elements of H. Then —(alb) = —aM—b.

(88) Let H be a non empty lower-bounded relational structure. Suppose H
is a Heyting algebra. Let a, b be elements of H. Then —(alb) > —a Ll —b.

Let L be a non empty relational structure and let =, y be elements of L. We
say that y is a complement of x if and only if:
(Def. 23) zUy=TrandaNy=_Llp.
Let L be a non empty relational structure. We say that L is complemented
if and only if:
(Def. 24)  For every element x of L holds there exists element of L which is a
complement of x.
Let X be a set. Observe that 2% is complemented.
Next we state two propositions:
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(89) Let L be a non empty bounded lattice. Suppose L is a Heyting algebra
and for every element x of L holds ——x = z. Let = be an element of L.
Then —z is a complement of x.

(90) Let L be a non empty bounded lattice. Then L is distributive and
complemented if and only if L is a Heyting algebra and for every element
x of L holds -—x = .

Let B be a non empty relational structure. We say that B is Boolean if and
only if:
(Def. 25) B is a lattice bounded distributive and complemented.

We introduce B is a Boolean algebra and B is a Boolean lattice as synonyms of
B is Boolean.

Let us note that every non empty relational structure which is Boolean is also
reflexive, transitive, antisymmetric, bounded, distributive, and complemented
and has g.l.b.’s and L.u.b.’s.

Let us observe that every non empty relational structure which is reflexive,
transitive, antisymmetric, bounded, distributive, and complemented and has
g.l.b.’s and l.u.b.’s is also Boolean.

Let us note that every non empty relational structure which is Boolean is
also Heyting.

One can verify that there exists a lattice which is strict, Boolean, and non
empty.

Let us observe that there exists a lattice which is strict, Heyting, and non
empty.
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1. PRELIMINARIES

In this article we present several logical schemes. The scheme FraenkelA2
concerns a non empty set A, a binary functor F yielding a set, and two binary
predicates P, Q, and states that:

{F(s,t) : s ranges over elements of A, t ranges over elements of A,
Pls,t]} is a subset of A
provided the following condition is met:
e For every element s of A and for every element ¢ of A holds F(s,t) €
A.
The scheme EzxtensionalityR deals with binary relations A, B and a binary
predicate P, and states that:
A=8
provided the following requirements are met:
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Let X be an empty set. Observe that 71(X) is empty and 72(X) is empty.

Let X, Y be non empty sets and let D be a non empty subset of | X, Y {.
Observe that 71 (D) is non empty and 72(D) is non empty.

Let L be a non empty relational structure and let X be an empty subset of
L. Observe that | X is empty.

Let L be a non empty relational structure and let X be an empty subset of
L. Observe that TX is empty.

The following propositions are true:

(1)  For all sets X, Y and for every subset D of [ X, Y ] holds D C [ (D),
T Q(D) ]

(2) Let L be a transitive antisymmetric relational structure with g.l.b.’s
and let a, b, ¢, d be elements of L. If a < cand b < d, then alb < clMd.

(3) Let L be a transitive antisymmetric relational structure with Lu.b.’s
and let a, b, ¢, d be elements of L. If a < cand b <d, then alUb < clUd.

(4)  Let L be a complete reflexive antisymmetric non empty relational struc-
ture, and let D be a subset of L, and let  be an element of L. If x € D,
then supD Mz = z.

(5)  Let L be a complete reflexive antisymmetric non empty relational struc-
ture, and let D be a subset of L, and let  be an element of L. If x € D,
then inf D Uz = x.

(6)  For every non empty relational structure L and for all subsets X, Y of
L such that X CY holds | X C |Y.

(7)  For every non empty relational structure L and for all subsets X, Y of
L such that X CY holds TX C1Y.

(8) Let S, T be posets with g.1.b.’s, and let f be a map from S into T, and
let =, y be elements of S. Then f preserves inf of {x,y} if and only if
flany) = f2) 1 fy).

(9) Let S, T be posets with L.u.b.’s, and let f be a map from S into 7', and
let x, y be elements of S. Then f preserves sup of {z,y} if and only if
flaUy) = fz) U fy).

Now we present four schemes. The scheme Inf Union concerns a complete
antisymmetric non empty relational structure A and a unary predicate P, and
states that:

[1a{[ 14X : X ranges over subsets of A, P[X]|} > [J4aU{X : X
ranges over subsets of A, P[X]}
for all values of the parameters.

The scheme Inf of Infs deals with a complete lattice A and a unary predicate
P, and states that:

[1a{[ 14X : X ranges over subsets of A, P[X|} = [J4aU{X : X
ranges over subsets of A, P[X]}
for all values of the parameters.

The scheme Sup Union concerns a complete antisymmetric non empty rela-

tional structure A and a unary predicate P, and states that:
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LI4{lU4 X : X ranges over subsets of A, P[X]} < [[4,U{X : X
ranges over subsets of A, P[X]}

for all values of the parameters.

The scheme Sup of Sups concerns a complete lattice A and a unary predicate

P, and states that:
L4{Ll4 X : X ranges over subsets of A, P[X]} = [|,U{X : X
ranges over subsets of A, P[X]}

for all values of the parameters.

2. PROPERTIES OF CARTESIAN PRODUCTS OF RELATIONAL STRUCTURES

Let P, R be binary relations. The functor P x R yielding a binary relation
is defined by:
(Def. 1)  For all sets z, y holds (x, y) € P x R iff there exist sets p, ¢, s, t such
that © = (p, ¢) and y = (s, t) and (p, s) € P and (q, t) € R.
One can prove the following proposition
(10) Let P, R be binary relations and let z be a set. Then x € P x R if and
only if the following conditions are satisfied:
((z1)1, (22)1) € P,

)
) {(z1)2, (z2)2) € R,

i)  there exist sets a, b such that z = (a, b),
)

)

there exist sets ¢, d such that 1 = (¢, d), and
there exist sets e, f such that o9 = (e, f).

Let A, B, X, Y be sets, let P be a relation between A and B, and let R be a
relation between X and Y. Then P X R is a relation between [ A, X | and [ B,
Y.

Let X, Y be relational structures. The functor | X, Y | yielding a strict
relational structure is defined by the conditions (Def. 2).

(Def. 2) (i)  The carrier of [ X, Y | = [ the carrier of X, the carrier of Y |, and

(ii)  the internal relation of [ X, Y ] = (the internal relation of X)x(the

internal relation of Y).

Let L1, Lo be relational structures and let D be a subset of the carrier of
E L1, Ly]. Then m(D) is a subset of Li. Then my(D) is a subset of Ls.

Let S1, S9 be relational structures, let Dy be a subset of the carrier of Sq,
and let Do be a subset of the carrier of Sy. Then [ Dy, D2 ] is a subset of | Sy,
Sa 1.

Let S1, S92 be non empty relational structures, let z be an element of the
carrier of Sp, and let y be an element of the carrier of Sy. Then (z, y) is an
element of [ S1, S2 1.

Let L1, Lo be non empty relational structures and let x be an element of the
carrier of [ Ly, Ly]. Then z7 is an element of L;. Then x9 is an element of Lo.

The following three propositions are true:
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(11)  Let S1, S2 be non empty relational structures, and let a, ¢ be elements
of S1, and let b, d be elements of Ss. Then a < ¢ and b < d if and only if
(a, b) < {c, d).

(12)  Let Si, S2 be non empty relational structures and let x, y be elements of
£S1, S2]. Then = < y if and only if the following conditions are satisfied:

(i) 21 <wy1,and
(i) 22 <y2.

(13) Let A, B be relational structures, and let C' be a non empty relational
structure, and let f, g be maps from [ A, B] into C. Suppose that for
every element x of A and for every element y of B holds f({z, y)) = g((z,
y)). Then f = g.

Let X, Y be non empty relational structures. Note that [ X, Y] is non
empty.

Let X, Y be reflexive relational structures. Note that [ X, Y | is reflexive.

Let X, Y be antisymmetric relational structures. Note that [ X, Y ] is anti-
symmetric.

Let X, Y be transitive relational structures. One can verify that [ X, Y ] is
transitive.

Let X, Y be relational structures with L.u.b.’s. One can verify that [ X, Y]
has lL.u.b.’s.

Let X, Y be relational structures with g.l.b.’s. One can verify that [ X, Y |
has g.l.b.’s.

The following propositions are true:

(14)  For all relational structures X, Y such that [ X, Y ] is non empty holds
X is non empty and Y is non empty.

(15)  For all non empty relational structures X, Y such that [ X, Y ] is re-
flexive holds X is reflexive and Y is reflexive.

(16) Let X, Y be non empty reflexive relational structures. If [ X, Y ] is
antisymmetric, then X is antisymmetric and Y is antisymmetric.

(17)  Let X, Y be non empty reflexive relational structures. If [ X, Y ] is
transitive, then X is transitive and Y is transitive.

(18)  For all non empty reflexive relational structures X, Y such that [ X,
Y ] has L.u.b.’s holds X has l.u.b.’s and Y has l.u.b.’s.

(19)  For all non empty reflexive relational structures X, Y such that [ X,
Y ] has g.l.b.’s holds X has g.l.b.’s and Y has g.l.b.’s.

Let S1, S5 be relational structures, let D1 be a directed subset of S7, and let
D5 be a directed subset of Sy. Then [ Dy, D is a directed subset of [ Sy, So .
We now state three propositions:

(20) Let Si, So be non empty relational structures, and let D; be a non
empty subset of Sy, and let Dy be a non empty subset of Sy. If [ Dy, Do ]
is directed, then D1 is directed and Dy is directed.

(21)  For all non empty relational structures S7, Sy and for every non empty
subset D of [ Sy, S ] holds 71(D) is non empty and 72(D) is non empty.
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(22)  Let S1, S2 be non empty reflexive relational structures and let D be a
non empty directed subset of [ S, So]. Then 71(D) is directed and o (D)
is directed.

Let S1, S be relational structures, let Dq be a filtered subset of S, and let
D5 be a filtered subset of So. Then [ Dy, Do ] is a filtered subset of [ Sy, So].
Next we state two propositions:

(23) Let Si, Sy be non empty relational structures, and let D; be a non
empty subset of S1, and let D be a non empty subset of Sy. If | Dy, Dy |
is filtered, then D1 is filtered and D is filtered.

(24) Let S1, S2 be non empty reflexive relational structures and let D be a
non empty filtered subset of [ S1, S2 . Then (D) is filtered and ma(D)
is filtered.

Let S1, S be relational structures, let D be an upper subset of S1, and let
D5 be an upper subset of So. Then [ Dy, D5 is an upper subset of [ Sy, S2 1.
We now state two propositions:

(25) Let Sy, S be non empty reflexive relational structures, and let Dq be a
non empty subset of Sq, and let Dy be a non empty subset of Sy. If | Dy,
Dy ] is upper, then D1 is upper and Ds is upper.

(26) Let S1, S2 be non empty reflexive relational structures and let D be a
non empty upper subset of [.S7, So]. Then 7 (D) is upper and ma(D) is
upper.

Let S1, S5 be relational structures, let D be a lower subset of S7, and let
D5 be a lower subset of So. Then [ Dy, D2 is a lower subset of [ S, So].
Next we state two propositions:

(27)  Let Sy, S2 be non empty reflexive relational structures, and let Dq be a
non empty subset of Sq, and let Dy be a non empty subset of Sy. If | Dy,
Dy ] is lower, then Dy is lower and D5 is lower.

(28)  Let S1, S2 be non empty reflexive relational structures and let D be a
non empty lower subset of [ S1, S ]. Then (D) is lower and mo(D) is
lower.

Let R be a relational structure. We say that R is void if and only if:
(Def. 3)  The internal relation of R is empty.

Let us observe that every relational structure which is empty is also void.
Let us note that there exists a poset which is non void, non empty, and strict.
One can check that every relational structure which is non void is also non
empty.
Let us observe that every relational structure which is non empty and reflex-
ive is also non void.
Let R be a non void relational structure. One can check that the internal
relation of R is non empty.
Next we state a number of propositions:
(29) Let S1, Sz be non empty relational structures, and let Dy be a non
empty subset of S1, and let Dy be a non empty subset of S5, and let = be
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an element of Sp, and let y be an element of So. If (z, y) > [ D1, D2,
then z > Dy and y > Ds.

(30) Let Sy, So be non empty relational structures, and let Dy be a subset
of S1, and let Dy be a subset of S9, and let x be an element of S1, and let
y be an element of Sy. If > Dy and y > Dy, then (z, y) > [ D1, D2 .

(31) Let Sq, S be non empty relational structures, and let D be a subset of
[S1, S2], and let = be an element of Si, and let y be an element of Ss.
Then (x, y) > D if and only if z > 71 (D) and y > ma(D).

(32) Let Si, S be non empty relational structures, and let D; be a non
empty subset of S1, and let Dy be a non empty subset of S5, and let x be
an element of S7, and let y be an element of Sy. If (x, y) < [ Dy, Da],
then z < D and y < Ds.

(33) Let S1, Sy be non empty relational structures, and let D; be a subset
of 51, and let Dy be a subset of Sy, and let & be an element of S7, and let
y be an element of So. If x < D; and y < Do, then (z, y) < [ D1, D2 .

(34) Let Sq, S2 be non empty relational structures, and let D be a subset of
[S1, S2], and let = be an element of S7, and let y be an element of S,.
Then (x, y) < D if and only if z < w1 (D) and y < ma(D).

(35) Let Sq, S2 be antisymmetric non empty relational structures, and let
D1 be a subset of S1, and let Dy be a subset of So, and let x be an element
of S1, and let y be an element of So. Suppose sup D7 exists in S7 and sup
Dy exists in Sy and for every element b of [ S, Sa{ such that b > [ Dy,
Dy ] holds (x, y) < b. Then for every element ¢ of S such that ¢ > D,
holds = < ¢ and for every element d of S such that d > D5 holds y < d.

(36) Let Sq, S2 be antisymmetric non empty relational structures, and let
D1 be a subset of S1, and let Dy be a subset of So, and let x be an element
of 51, and let y be an element of S5. Suppose inf Dy exists in S7 and inf
Dy exists in Sy and for every element b of [ S, Sa{ such that b < [ Dy,
D5y ] holds (x, y) > b. Then for every element ¢ of Sy such that ¢ < D,
holds > ¢ and for every element d of S5 such that d < D5 holds y > d.

(37) Let Sy, S2 be antisymmetric non empty relational structures, and let
Dy be a non empty subset of S1, and let Dy be a non empty subset of S5,
and let x be an element of S1, and let ¥ be an element of S5. Suppose for
every element ¢ of S7 such that ¢ > D; holds = < ¢ and for every element
d of S such that d > D5 holds y < d. Let b be an element of [ Sy, Sy . If
b>[ D1, Do, then (x, y) <b.

(38) Let Sy, S2 be antisymmetric non empty relational structures, and let
Dy be a non empty subset of S1, and let Dy be a non empty subset of S5,
and let x be an element of 51, and let y be an element of S5. Suppose for
every element c of S7 such that ¢ > Dq holds z > ¢ and for every element
d of Sy such that d > D5 holds y > d. Let b be an element of [ S1, So{. If
b>[ D1, Dy, then (x, y) > b.

(39) Let Sq, Sz be antisymmetric non empty relational structures, and let
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D1 be a non empty subset of S7, and let Do be a non empty subset of Ss.
Then sup D; exists in Sp and sup Ds exists in S if and only if sup [ Dy,
Dy | exists in [S1, S .

(40)  Let Sj, Sy be antisymmetric non empty relational structures, and let
Dy be a non empty subset of S1, and let Dy be a non empty subset of Ss.
Then inf D exists in S7 and inf Dy exists in Sy if and only if inf [ Dy,
Dy ] exists in [ S, Sa2].

(41)  Let Sq, S2 be antisymmetric non empty relational structures and let
D be a subset of [ S, S2]. Then sup m(D) exists in S and sup ma(D)
exists in Sy if and only if sup D exists in [ Sy, S2 .

(42)  Let Sy, S2 be antisymmetric non empty relational structures and let D
be a subset of [ Sy, Sy]. Then inf 71 (D) exists in S; and inf mo(D) exists
in Sy if and only if inf D exists in [ S, S2].

(43)  Let S1, S2 be antisymmetric non empty relational structures, and let Dy
be a non empty subset of Sy, and let Dy be a non empty subset of So. If
sup D; exists in Sy and sup Dy exists in Sy, then supf Dy, Do ] = (sup Dy,
sup Ds).

(44) Let Sy, Sy be antisymmetric non empty relational structures, and let
Dy be a non empty subset of S1, and let Dy be a non empty subset of .Ss.
If inf Dy exists in S; and inf Dy exists in So, then inf} Dy, Do ] = (inf Dy,
inf Dg) .

Let X, Y be complete antisymmetric non empty relational structures. Ob-
serve that [ X, Y ] is complete.
We now state several propositions:

(45)  Let X, Y be non empty lower-bounded antisymmetric relational struc-
tures. If [ X, Y ] is complete, then X is complete and Y is complete.

(46) Let Li, Ly be antisymmetric non empty relational structures and let
D be a non empty subset of [ Ly, Lo ]. If [ L1, Ly is complete or sup D
exists in [ Ly, Lo ], then sup D = (sup w1 (D), supma(D)).

(47)  Let L1, Ly be antisymmetric non empty relational structures and let
D be a non empty subset of [ L1, Lo]. If [ Ly, Lo ] is complete or inf D
exists in [ L1, Lo ], then inf D = (inf 7;(D), inf mo(D)).

(48)  For all non empty reflexive relational structures Si, Se and for every
non empty directed subset D of [ S1, S2 ] holds [ 71(D), mo(D){ C |D.

(49)  For all non empty reflexive relational structures Si, Sp and for every
non empty filtered subset D of [ S1, S2 ] holds [ w1 (D), ma(D) ] C 1D.

The scheme Kappa2DS concerns non empty relational structures A, B, C and
a binary functor F yielding a set, and states that:
There exists a map f from [.4, B ] into C such that for every element
x of A and for every element y of B holds f({x, y)) = F(x,y)
provided the following requirement is met:
e For every element z of A and for every element y of B holds F(z,y)
is an element of C.
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The terminology and notation used here are introduced in the following articles:
[10], [12], [5], 3], [9), [11], [2], [1], [7], [13], [4], and [8].

1. PRELIMINARIES

The following propositions are true:

(1) Let L be a non empty relational structure, X be a set, and a be an
element of L. If a € X and sup X exists in L, then a < || X.

(2) Let L be a non empty relational structure, X be a set, and a be an
element of L. If a € X and inf X exists in L, then [ |1 X < a.

Let L be a relational structure and let A, B be subsets of the carrier of L.
We say that A is finer than B if and only if:

(Def. 1)  For every element a of L such that a € A there exists an element b of
L such that b € B and a <b.

We say that B is coarser than A if and only if:

(Def. 2)  For every element b of L such that b € B there exists an element a of
L such that a € A and a < b.

IThis work was partially supported by Office of Naval Research Grant N00014-95-1-1336.
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Let us note that in the case when the relational structure L is reflexive and
non empty, both predicates defined above are reflexive.

Next we state several propositions:

(3)  For every relational structure L and for every subset B of L holds (0, is
finer than B.

(4)  Let L be a transitive relational structure and A, B, C be subsets of L.
If A is finer than B and B is finer than C', then A is finer than C.

(5)  For every relational structure L and for all subsets A, B of L such that
B is finer than A and A is lower holds B C A.

(6)  For every relational structure L and for every subset A of L holds (0, is
coarser than A.

(7)  Let L be a transitive relational structure and A, B, C be subsets of L.
If C is coarser than B and B is coarser than A, then C'is coarser than A.

(8) Let L be a relational structure and A, B be subsets of L. If A is coarser
than B and B is upper, then A C B.

2. THE JOIN OF SUBSETS

Let L be a non empty relational structure and let Dy, Dy be subsets of the
carrier of L. The functor D1 U Dy yielding a subset of L is defined by:
(Def. 3)  D;U Dy = {x Uy :z ranges over elements of L, y ranges over elements
of L, x € D1 N y € Dy}.
Let L be an antisymmetric relational structure with l.u.b.’s and let D, Dy be
subsets of the carrier of L. Let us note that the functor D7 U D9 is commutative.
One can prove the following propositions:
(9)  For every non empty relational structure L and for every subset X of
L holds X U7, = 0.
(10) Let L be a non empty relational structure, X, Y be subsets of L, and
x,y beelements of L. If r € X andy € Y, thenx Uy € X Y.
(11) Let L be an antisymmetric relational structure with Lu.b.’s, A be a
subset of L, and B be a non empty subset of L. Then A is finer than
AU B.

(12)  For every antisymmetric relational structure L with l.u.b.’s and for all
subsets A, B of L holds A U B is coarser than A.

(13)  For every antisymmetric reflexive relational structure L with Lu.b.’s
and for every subset A of L holds A C AU A.

(14) Let L be an antisymmetric transitive relational structure with Lu.b.’s
and Dy, Dy, D3 be subsets of L. Then (D U Dy) LI D3 = Dy LI(Do U Ds3).

Let L be a non empty relational structure and let D1, Do be non empty
subsets of the carrier of L. Note that D; U Dy is non empty.
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Let L be a transitive antisymmetric relational structure with L.u.b.’s and let
D1, D be directed subsets of L. Note that Dq LI Dy is directed.

Let L be a transitive antisymmetric relational structure with L.u.b.’s and let
D1, D5 be filtered subsets of L. Note that D; U Dy is filtered.

Let L be a poset with L.u.b.’s and let D, Dy be upper subsets of L. Observe
that Dq U Ds is upper.

We now state a number of propositions:

(15) Let L be a non empty relational structure, Y be a subset of L, and =
be an element of L. Then {x}UY = {z Uy : y ranges over elements of L,
yeY}

(16)  For every non empty relational structure L and for all subsets A, B, C
of L holds AU(BUC)=(AUB)U(AUC).

(17)  Let L be an antisymmetric reflexive relational structure with Lu.b.’s
and A, B, C be subsets of L. Then AU(BUC)C (AUB)U(AUC).

(18) Let L be an antisymmetric relational structure with lL.u.b.’s, A be an
upper subset of L, and B, C be subsets of L. Then (AUB)U (AUC) C
AU (BUCO).

(19)  For every non empty relational structure L and for all elements x, y of
L holds {z} U{y} ={zUy}.

(20)  For every non empty relational structure L and for all elements x, y, z
of L holds {z} U{y,z} ={zUy,z U z}.

(21)  For every non empty relational structure L and for all subsets X, Xy,
Y1, Y5 of L such that X7 C Y7 and Xy C Y5 holds X7 L Xo C Y7 UYs.

(22) Let L be a reflexive antisymmetric relational structure with Lu.b.’s, D
be a subset of L, and x be an element of L. If z < D, then {x} U D = D.

(23) Let L be an antisymmetric relational structure with Lu.b.’s, D be a
subset of L, and x be an element of L. Then x < {z} L D.

(24) Let L be a poset with L.u.b.’s, X be a subset of L, and x be an element
of L. If inf {z} U X exists in L and inf X exists in L, then z Ll inf X <
inf({z} U X).

(25) Let L be a complete transitive antisymmetric non empty relational
structure, A be a subset of L, and B be a non empty subset of L. Then
A <sup(AU B).

(26) Let L be a transitive antisymmetric relational structure with L.u.b.’s, a,
b be elements of L, and A, B be subsets of L. If a < A and b < B, then
alb< AUB.

(27)  Let L be a transitive antisymmetric relational structure with L.u.b.’s, a,
b be elements of L, and A, B be subsets of L. If a > A and b > B, then
alb> AU B.

(28)  For every complete non empty poset L and for all non empty subsets
A, B of L holds sup(A U B) = sup A U sup B.

(29) Let L be an antisymmetric relational structure with lLu.b.’s, X be a
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subset of L, and Y be a non empty subset of L. Then X C |[(X LY.

(30) Let L be a poset with Lu.b.’s, x, y be elements of (Ids(L),C), and X,
Y be subsets of L. If = X and y =Y, then z Uy = [(X UY).

(31) Let L be a non empty relational structure and D be a subset of [ L,
L. Then U{X : X ranges over subsets of L, V. jement of 1, X = {2} U
7T2(D) N x € 7T1(D)} = 7T1(D) L TI‘Q(D).

(32) Let L be a transitive antisymmetric relational structure with Lu.b.’s
and Dy, D9 be subsets of L. Then |[(|D; U |Dg) C |(Dy U D).

(33)  For every poset L with Lu.b.’s and for all subsets D, Dy of L holds
L(1Dy U | Ds) = |(D1 U Dy).

(34) Let L be a transitive antisymmetric relational structure with Lu.b.’s
and Dy, D9 be subsets of L. Then (1D U TD2) C 1(D1 U D).

(35)  For every poset L with Lu.b.’s and for all subsets Dy, Dy of L holds
T(1D1 U TDz) = 1(D1 U Dy).

3. THE MEET OF SUBSETS

Let L be a non empty relational structure and let D, Dy be subsets of the
carrier of L. The functor Dq M Dy yields a subset of L and is defined by:

(Def. 4) D1 M Dy = {x My : x ranges over elements of L, y ranges over elements
of L, x € D1 N y € Dy}.
Let L be an antisymmetric relational structure with g.1.b.’s and let D, D> be
subsets of the carrier of L. Let us notice that the functor D1MDy is commutative.
Next we state several propositions:

(36) For every non empty relational structure L and for every subset X of
L holds X M@, = 0.

(37) Let L be a non empty relational structure, X, Y be subsets of L, and
x, y be elements of L. If x € X and y € Y, then zMy e XNY.

(38) Let L be an antisymmetric relational structure with g.l.b.’s, A be a
subset of L, and B be a non empty subset of L. Then A is coarser than
AN B.

(39)  For every antisymmetric relational structure L with g.l.b.’s and for all
subsets A, B of L holds A B is finer than A.
(40)  For every antisymmetric reflexive relational structure L with g.1.b.’s and
for every subset A of L holds A C AT A.
(41)  Let L be an antisymmetric transitive relational structure with g.l.b.’s
and D1, Do, D3 be subsets of L. Then (Dl M DQ) MDsg =D (D2 M Dg)
Let L be a non empty relational structure and let D1, Do be non empty
subsets of the carrier of L. Observe that D N Dy is non empty.
Let L be a transitive antisymmetric relational structure with g.l.b.’s and let
D1, D be directed subsets of L. One can check that Dq M Dy is directed.
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Let L be a transitive antisymmetric relational structure with g.l.b.’s and let
D1, D5 be filtered subsets of L. One can check that Dq M Dy is filtered.

Let L be a semilattice and let Dy, Do be lower subsets of L. One can verify
that Dy M Dy is lower.

One can prove the following propositions:

(42) Let L be a non empty relational structure, Y be a subset of L, and =
be an element of L. Then {x} MY = {zMy : y ranges over elements of L,
yeY}

(43)  For every non empty relational structure L and for all subsets A, B, C
of Lholds AN(BUC)=ANBUAMNC.

(44) Let L be an antisymmetric reflexive relational structure with g.l.b.’s
and A, B, C be subsets of L. Then AUBMNC C (AUB)M(AUC).

(45)  Let L be an antisymmetric relational structure with g.1.b.’s, A be a lower
subset of L, and B, C be subsets of L. Then (AUB)M(AUC) C AUBMNC.

(46)  For every non empty relational structure L and for all elements x, y of
L holds {z} N{y} ={z My}

(47)  For every non empty relational structure L and for all elements x, y, 2
of L holds {z} M{y,z} ={zNy,zMNz}.

(48)  For every non empty relational structure L and for all subsets X1, X,
Y1, Y5 of L such that X7 C Y; and Xy C Y5 holds X7 M Xs C Y7 MYa.

(49)  For every antisymmetric reflexive relational structure L with g.1.b.’s and
for all subsets A, B of L holds AN B C AN B.

(50) Let L be an antisymmetric reflexive relational structure with g.l.b.’s
and A, B be lower subsets of L. Then AN B =ANB.

(51)  Let L be a reflexive antisymmetric relational structure with g.1.b.’s, D
be a subset of L, and x be an element of L. If z > D, then {x} 1D = D.

(52) Let L be an antisymmetric relational structure with g.l.b.’s, D be a
subset of L, and x be an element of L. Then {z} M D < z.

(53) Let L be a semilattice, X be a subset of L, and x be an element of L.
If sup {z} M X exists in L and sup X exists in L, then sup({z} M X) <
x Msup X.

(54) Let L be a complete transitive antisymmetric non empty relational
structure, A be a subset of L, and B be a non empty subset of L. Then
A > inf(AN B).

(55)  Let L be a transitive antisymmetric relational structure with g.1.b.’s, a,
b be elements of L, and A, B be subsets of L. If a < A and b < B, then
allb< ANB.

(56) Let L be a transitive antisymmetric relational structure with g.l.b.’s, a,
b be elements of L, and A, B be subsets of L. If a > A and b > B, then
alb>ANB.

(57)  For every complete non empty poset L and for all non empty subsets
A, B of L holds inf(AM B) = inf AMinf B.
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Let L be a semilattice, =, y be elements of (Ids(L),C), and x1, y; be
subsets of L. If x = x1 and y = 31, then x My = z1 My;.

Let L be an antisymmetric relational structure with g.l.b.’s, X be a
subset of L, and Y be a non empty subset of L. Then X C (X MY).

Let L be a non empty relational structure and D be a subset of | L,
L]. Then U{X : X ranges over subsets of L, V.. ement of 1, X = {2} 1
7T2(D) N x € 7T1(D)} = 7T1(D) M TI'Q(D).

Let L be a transitive antisymmetric relational structure with g.l.b.’s
and Dy, D9 be subsets of L. Then |[(| Dy M |Ds) C | (D11 Ds).

For every semilattice L and for all subsets D1, Dy of L holds [ (] D; 1
ng) = l(Dl M Dg)

Let L be a transitive antisymmetric relational structure with g.l.b.’s
and Dy, D9 be subsets of L. Then (1D M 1Dg) C T(D1 M Da).

For every semilattice L and for all subsets D, Dy of L holds T(TD; I
TDQ) = T(Dl M Dg).

REFERENCES

Grzegorz Bancerek. Bounds in posets and relational substructures. Formalized Mathe-
matics, 6(1):81-91, 1997.

Grzegorz Bancerek. Complete lattices. Formalized Mathematics, 2(5):719-725, 1991.
Grzegorz Bancerek. Curried and uncurried functions. Formalized Mathematics,
1(3):537-541, 1990.

Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Formalized Mathemat-
ics, 6(1):93-107, 1997.

Czestaw Byliriski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D.S. Scott. A
Compendium of Continuous Lattices. Springer-Verlag, Berlin, Heidelberg, New York,
1980.

Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and
products of relational structures. Formalized Mathematics, 6(1):117-121, 1997.

Artur Kornitowicz. Cartesian products of relations and relational structures. Formalized
Mathematics, 6(1):145-152, 1997.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Wojciech A. Trybulec. Partially ordered sets. Formalized Mathematics, 1(2):313-319,
1990.

Zinaida Trybulec and Halina Swiqczkowska. Boolean properties of sets. Formalized

Mathematics, 1(1):17-23, 1990.
Mariusz Zynel and Czestaw Byliriski. Properties of relational structures, posets, lattices
and maps. Formalized Mathematics, 6(1):123-130, 1997.

Received September 25, 1996



FORMALIZED MATHEMATICS

Volume 6, Number 1, 1997
Warsaw University - Bialystok

Meet — Continuous Lattices !

Artur Kornitowicz
Warsaw University
Biatystok

Summary. The aim of this work is the formalization of Chapter 0
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1. PRELIMINARIES

Let X, Y be non empty sets, let f be a function from X into Y, and let Z
be a non empty subset of X. One can verify that f°Z is non empty.

One can check that every non empty relational structure which is reflexive
and connected has g.l.b.’s and L.u.b.’s.

Let C be a chain. One can verify that Q¢ is directed.

Let X be a set. Note that every binary relation on X which is ordering is
also reflexive, antisymmetric, and transitive.

Let X be a non empty set. One can verify that there exists a binary relation
on X which is ordering.

The following propositions are true:

(1) Let L be an up-complete semilattice, and let D be a non empty directed
subset of L, and let x be an element of L. Then sup {z} M D exists in L.

(2) Let L be an up-complete sup-semilattice, and let D be a non empty
directed subset of L, and let = be an element of L. Then sup {z} L D
exists in L.

IThis work was partially supported by Office of Naval Research Grant N00014-95-1-1336.
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(3)  For every up-complete sup-semilattice L and for all non empty directed
subsets A, B of L holds A < sup(A U B).

(4)  For every up-complete sup-semilattice L and for all non empty directed
subsets A, B of L holds sup(A U B) = sup A U sup B.

(5) Let L be an up-complete semilattice and let D be a non empty directed
subset of [ L, L]. Then {sup({z} Mm2(D)) : x ranges over elements of L,
x € (D)} = {sup X : X ranges over non empty directed subsets of L,
Ve :etement of L X = {2} NMma(D) Az € m(D)}.

(6) Let L be a semilattice and let D be a non empty directed subset of
bL, L]. Then J{X : X ranges over non empty directed subsets of L,
Ve ectement of L X = {2} Mm2(D) Az € m(D)} =m (D) Mma(D).

(7)  Let L be an up-complete semilattice and let D be a non empty directed
subset of [ L, L]. Then sup U{X : X ranges over non empty directed
subsets of L, \/ . X={zx}Nm(D) N x€m (D)} exists in L.

(8) Let L be an up-complete semilattice and let D be a non empty directed
subset of [ L, L]. Then sup {sup X : X ranges over non empty directed
subsets of L, \/, . cement of . X = {2} Mma(D) A x € m(D)} exists in L.

(9) Let L be an up-complete semilattice and let D be a non empty directed
subset of [ L, L]. Then | |;{sup X : X ranges over non empty directed
subsets of L V. gomens o £ X = {2} ma(D) A @ € (D)} < Ly U{X :
X ranges over non empty directed subsets of L, \/ . X ={z}n
7T2(D) N x € 7T1(D)}.

(10)  Let L be an up-complete semilattice and let D be a non empty directed
subset of [ L, L]. Then | |;{sup X : X ranges over non empty directed
subsets of L V. gomens o £ X = {2} ma(D) A @ € (D)} = L U{X :
X ranges over non empty directed subsets of L, V... coment of . X = 12}
7T2(D) N x € 7T1(D)}.

Let S, T' be up-complete non empty reflexive relational structures. One can

verify that [ .S, T'] is up-complete.

The following four propositions are true:

x :element of

x : element of

(11)  Let S, T be non empty reflexive antisymmetric relational structures. If
£.S, T'] is up-complete, then S is up-complete and 7' is up-complete.

(12)  Let L be an up-complete antisymmetric non empty reflexive relational
structure and let D be a non empty directed subset of [ L, L]. Then
sup D = (supmi(D), supme(D)).

(13)  Let Sy, So be non empty relational structures, and let D be a subset
of S1, and let f be a map from S; into S,. If f is monotone, then
felD < [(f°D).

(14) Let Sy, So be non empty relational structures, and let D be a subset
of S1, and let f be a map from S; into S,. If f is monotone, then
1D C1(f°D).

Let us observe that every non empty reflexive relational structure which is
trivial is also distributive and complemented.
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Let us note that there exists a lattice which is strict, non empty, and trivial.
One can prove the following three propositions:
(15) Let H be a distributive complete lattice, and let a be an element of H,
and let X be a finite subset of H. Then sup({a} M X) = aMsup X.
(16) Let H be a distributive complete lattice, and let a be an element of H,
and let X be a finite subset of H. Then inf({a} Ll X) = a Uinf X.

(17)  Let H be a complete distributive lattice, and let a be an element of H,
and let X be a finite subset of H. Then a MO preserves sup of X.

2. THE PROPERTIES OF NETS

The scheme ExNet concerns a non empty relational structure A, a prenet
B over A, and a unary functor F yielding an element of the carrier of A, and
states that:
There exists a prenet M over A such that
(i)  the relational structure of M = the relational structure of B,
and
(ii)  for every element i of the carrier of M holds (the mapping of
M) (i) = F((the mapping of B)(i))
for all values of the parameters.
The following three propositions are true:

(18) Let L be a non empty relational structure and let N be a prenet over
L. If N is eventually-directed, then rngnetmap (N, L) is directed.

(19)  Let L be a non empty reflexive relational structure, and let D be a non
empty directed subset of L, and let n be a function from D into the carrier
of L. Then (D, (the internal relation of L) |2(D),n) is a prenet over L.

(20) Let L be a non empty reflexive relational structure, and let D be a non
empty directed subset of L, and let n be a function from D into the carrier
of L, and let N be a prenet over L. Suppose n = idp and N = (D, (the
internal relation of L) |?(D),n). Then N is eventually-directed.

Let L be a non empty relational structure and let N be a net structure over
L. The functor sup N yielding an element of L is defined by:

(Def. 1) sup N = Sup(the mapping of N).

Let L be a non empty relational structure, let J be a set, and let f be a
function from J into the carrier of L. The functor FinSups(f) yields a prenet
over L and is defined by the condition (Def. 2).

(Def. 2)  There exists a function g from FinJ into the carrier of L such that
for every element x of FinJ holds g(z) = sup(f°x) and FinSups(f) =
<F1H Ja gFinJ) g>

The following proposition is true
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(21) Let L be a non empty relational structure, and let J, x be sets, and
let f be a function from J into the carrier of L. Then x is an element of
FinSups(f) if and only if x is an element of Fin J.

Let L be a complete antisymmetric non empty reflexive relational structure,
let J be a set, and let f be a function from J into the carrier of L. Note that
FinSups(f) is monotone.

Let L be a non empty relational structure, let x be an element of L, and let
N be a non empty net structure over L. The functor M N yielding a strict net
structure over L is defined by the conditions (Def. 3).

(Def. 3) (i)  The relational structure of x M N = the relational structure of N,
and
(ii)  for every element i of the carrier of M N there exists an element y of L
such that y = (the mapping of N)(i) and (the mapping of xMN)(i) = xMy.
We now state the proposition

(22) Let L be a non empty relational structure, and let N be a non empty
net structure over L, and let & be an element of L, and let y be a set.
Then y is an element of N if and only if y is an element of x M .

Let L be a non empty relational structure, let x be an element of L, and let
N be a non empty net structure over L. Observe that z M IV is non empty.

Let L be a non empty relational structure, let x be an element of L, and let
N be a prenet over L. Note that x M N is directed.

Next we state several propositions:

(23)  Let L be a non empty relational structure, and let z be an element of L,
and let F' be a non empty net structure over L. Then rng (the mapping
of M F) = {x} Mrng (the mapping of F).

(24) Let L be a non empty relational structure, and let J be a set, and let
f be a function from J into the carrier of L. If for every set z holds sup
f°x exists in L, then rng netmap(FinSups(f), L) C finsups(rng f).

(25)  Let L be a non empty reflexive antisymmetric relational structure, and
let J be a set, and let f be a function from J into the carrier of L. Then
rng f C rng netmap(FinSups(f), L).

(26) Let L be a non empty reflexive antisymmetric relational structure, and
let J be a set, and let f be a function from J into the carrier of L.
Suppose sup rng f exists in L and sup rngnetmap(FinSups(f), L) exists
in L and for every element x of FinJ holds sup f°x exists in L. Then
Sup(f) = sup FinSups(f).

(27)  Let L be an antisymmetric transitive relational structure with g.l.b.’s,
and let N be a prenet over L, and let x be an element of L. If N is
eventually-directed, then = M N is eventually-directed.

(28) Let L be an up-complete semilattice. Suppose that for every element z
of L and for every non empty directed subset E of L such that z < sup F
holds x < sup({z} M E). Let D be a non empty directed subset of L and
let = be an element of L. Then z Msup D = sup({z} N D).
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(29) Let L be a poset with L.u.b.’s. Suppose that for every directed subset
X of L and for every element = of L holds zMsup X = sup({z} M X). Let
X be a subset of L and let  be an element of L. If sup X exists in L,
then z Msup X = sup({z} M finsups(X)).

(30) Let L be an up-complete lattice. Suppose that for every subset X of L
and for every element x of L holds z Msup X = sup({z} I finsups(X)).
Let X be a non empty directed subset of L and let = be an element of L.
Then x Msup X = sup({z} N X).

3. ON THE INF AND SUP OPERATION

Let L be a non empty relational structure. The functor inf op(L) yields a
map from [ L, L] into L and is defined as follows:

(Def. 4)  For all elements z, y of L holds (inf_op(L))({z, y)) =z MNy.
One can prove the following proposition
(31)  For every non empty relational structure L and for every element z of
E L, L] holds (inf_op(L))(z) = x1 Mza.

Let L be a transitive antisymmetric relational structure with g.l.b.’s. Note
that inf_op(L) is monotone.
The following two propositions are true:
(32)  For every non empty relational structure S and for all subsets D1, Do
of S holds (inf_op(S))°[ D1, D2] = Dy M Do.
(33)  For every up-complete semilattice L and for every non empty directed
subset D of [ L, L] holds sup((inf_op(L))°D) = sup(m1(D) M ma(D)).
Let L be a non empty relational structure. The functor sup_op(L) yielding
a map from [ L, L] into L is defined by:
(Def. 5)  For all elements z, y of L holds (sup-op(L))({x, y)) =z Uy.
We now state the proposition
(34)  For every non empty relational structure L and for every element z of
E L, L] holds (sup-op(L))(z) = x1 U za.
Let L be a transitive antisymmetric relational structure with l.u.b.’s. Observe
that sup_op(L) is monotone.
The following two propositions are true:
(35)  For every non empty relational structure S and for all subsets D1, Do
of S holds (sup-op(S5))°} D1, D2 ] = Dy U Ds.

(36)  For every complete non empty poset L and for every non empty filtered
subset D of [ L, L] holds inf((sup-op(L))°D) = inf(m (D) U ma(D)).
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4. MEET-CONTINUOUS LATTICES

Let R be a non empty reflexive relational structure. We say that R satisfies
MC if and only if:

(Def. 6)  For every element x of R and for every non empty directed subset D of
R holds z Msup D = sup({z} M D).

Let R be a non empty reflexive relational structure. We say that R is meet-
continuous if and only if:

(Def. 7) R is up-complete and satisfies MC.

One can check that every non empty reflexive relational structure which is
trivial satisfies MC.

Let us observe that every non empty reflexive relational structure which
is meet-continuous is also up-complete and satisfies MC and every non empty
reflexive relational structure which is up-complete and satisfies MC is also meet-
continuous.

Let us observe that there exists a lattice which is strict, non empty, and
trivial.

Next we state two propositions:

(37) Let S be a non empty reflexive relational structure. Suppose that for
every subset X of S and for every element x of S holds z Msup X =
Llg{z My : y ranges over elements of S, y € X}. Then S satisfies MC.

(38)  Let L be an up-complete semilattice. If SupMap(L) is meet-preserving,
then for all ideals Iy, I of L holds sup I} Msup Iy = sup(I; M I3).

Let L be an up-complete sup-semilattice. Note that SupMap(L) is join-
preserving.
One can prove the following propositions:

(39) Let L be an up-complete semilattice. If for all ideals Iy, I of L holds
sup I Msup Iy = sup(I; M I3), then SupMap(L) is meet-preserving.

(40) Let L be an up-complete semilattice. Suppose that for all ideals I,
I of L holds sup I3 Msup Iy = sup(I; M Is). Let Dy, Do be directed non
empty subsets of L. Then sup D; Msup Dy = sup(D1 M D).

(41)  Let L be a non empty reflexive relational structure. Suppose L satisfies
MC. Let x be an element of L and let N be a non empty prenet over L. If
N is eventually-directed, then  Msup N = sup({z} Mrngnetmap(N, L)).

(42) Let L be a non empty reflexive relational structure. Suppose that for
every element x of L and for every prenet N over L such that N is
eventually-directed holds zMsup N = sup({z} Mrngnetmap(N, L)). Then
L satisfies MC.

(43) Let L be an up-complete antisymmetric non empty reflexive relational
structure. Suppose inf_op(L) is directed-sups-preserving. Let Dy, Do be
non empty directed subsets of L. Then sup D1 Msup Dy = sup(D; M Dy).
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(44) Let L be a non empty reflexive antisymmetric relational structure. If
for all non empty directed subsets D1, Do of L holds sup Dy Msup Dy =
sup(Dj M Ds), then L satisfies MC.

(45)  Let L be an antisymmetric non empty reflexive relational structure with
g.1.b.’s, satisfying MC, and let x be an element of L, and let D be a non
empty directed subset of L. If x < sup D, then x = sup({z} M D).

(46)  Let L be an up-complete semilattice. Suppose that for every element z
of L and for every non empty directed subset E of L such that z < sup F
holds z < sup({z} M E). Then inf_op(L) is directed-sups-preserving.

(47)  Let L be a complete antisymmetric non empty reflexive relational struc-
ture. Suppose that for every element x of L and for every prenet N
over L such that N is eventually-directed holds x Msup N = sup({z} M
rng netmap(N, L)). Let z be an element of L, and let J be a set, and
let f be a function from J into the carrier of L. Then x M Sup(f) =
sup(z M FinSups(f)).

(48) Let L be a complete semilattice. Suppose that for every element x of
L and for every set J and for every function f from J into the carrier of
L holds z M Sup(f) = sup(z M FinSups(f)). Let = be an element of L and
let N be a prenet over L. If N is eventually-directed, then x Msup N =
sup({z} Mrngnetmap(N, L)).
(49) For every up-complete lattice L holds L is meet-continuous iff
SupMap(L) is meet-preserving and join-preserving.
Let L be a meet-continuous lattice. One can verify that SupMap(L) is meet-
preserving and join-preserving.
We now state four propositions:
(50)  Let L be an up-complete lattice. Then L is meet-continuous if and only
if for all ideals I, I of L holds sup I; Msup Iy = sup(I; M I3).

(51)  Let L be an up-complete lattice. Then L is meet-continuous if and only
if for all non empty directed subsets D1, Do of L holds sup D1 Msup Dy =
sup(D; M Dy).

(52)  Let L be an up-complete lattice. Then L is meet-continuous if and only

if for every element x of L and for every non empty directed subset D of
L such that z < sup D holds x = sup({z} N D).
(53)  For every up-complete semilattice L holds L is meet-continuous iff
inf_op(L) is directed-sups-preserving.
Let L be a meet-continuous semilattice. Observe that inf op(L) is directed-
sups-preserving.
The following two propositions are true:
(54) Let L be an up-complete semilattice. Then L is meet-continuous if
and only if for every element x of L and for every non empty prenet N
over L such that N is eventually-directed holds z Msup N = sup({z} M
rng netmap(N, L)).
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(55)

ARTUR KORNILOWICZ

Let L be a complete semilattice. Then L is meet-continuous if and only
if for every element x of L and for every set J and for every function f
from J into the carrier of L holds = M Sup(f) = sup(z M FinSups(f)).

Let L be a meet-continuous semilattice and let x be an element of L. One

can verify that x MO is directed-sups-preserving.

The following proposition is true
(56)

For every complete non empty poset H holds H is Heyting iff H is
meet-continuous and distributive.

Let us mention that every non empty poset which is complete and Heyting

is also meet-continuous and distributive and every non empty poset which is
complete, meet-continuous, and distributive is also Heyting.
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The “Way-Below” Relation !
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Summary. In the paper the “way-below” relation, in symbols
x < vy, is introduced. Some authors prefer the term “relatively compact”
or “way inside”, since in the poset of open sets of a topology it is natural
toread U < V as “U is relatively compact in V”. A compact element of
a poset (or an element isolated from below) is defined to be way below
itself. So, the compactness in the poset of open sets of a topology is
equivalent to the compactness in that topology.

The article includes definitions, facts and examples 1.1-1.8 presented
in [15, pp. 38-42].
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1. THE “WAY-BELOW” RELATION

Let L be a non empty reflexive relational structure and let x, y be elements
of L. We say that x is way below y if and only if:
(Def. 1)  For every non empty directed subset D of L such that y < sup D there
exists an element d of L such that d € D and x < d.
We introduce x < y and y > x as synonyms of x is way below .
Let L be a non empty reflexive relational structure and let = be an element
of L. We say that x is compact if and only if:

(Def. 2)  z is way below z.
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1336.
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We introduce z is isolated from below as a synonym of = is compact.

Next we state several propositions:

(1) Let L be a non empty reflexive antisymmetric relational structure and
let x, y be elements of L. If x < y, then z < y.

(2) Let L be a non empty reflexive transitive relational structure and let w,
x, y, z be elements of L. If u <z and z < y and y < z, then u < z.

(3) Let L be a non empty poset. Suppose L is inf-complete or has Lu.b.’s.
Let z, y, z be elements of L. If x < z and y < z, then sup {z,y} exists
inLand z Uy < 2.

(4) Let L be a lower-bounded antisymmetric reflexive non empty relational
structure and let z be an element of L. Then 1 < .

(5)  For every non empty poset L and for all elements x, y, z of L such that
r << yand y < z holds = < z.

(6) Let L be a non empty reflexive antisymmetric relational structure and
let z, y be elements of L. If z < y and = > y, then z = y.

Let L be a non empty reflexive relational structure and let = be an element
of L. The functor |z yields a subset of L and is defined as follows:

(Def. 3) |z = {y : y ranges over elements of L, y < z}.
The functor fx yielding a subset of L is defined by:
(Def. 4) 1z = {y : y ranges over elements of L, y > x}.
We now state several propositions:
(7)  For every non empty reflexive relational structure L and for all elements
x,y of L holds x € |y iff z < y.
(8)  For every non empty reflexive relational structure L and for all elements
x,y of L holds xz € Ty iff z > y.
(9)  For every non empty reflexive antisymmetric relational structure L and
for every element x of L holds z > |x.
(10)  For every non empty reflexive antisymmetric relational structure L and
for every element x of L holds x < {x.
(11)  Let L be a non empty reflexive antisymmetric relational structure and
let  be an element of L. Then |z C |z and fz C Tz.
(12)  Let L be a non empty reflexive transitive relational structure and let x,
y be elements of L. If <y, then |z C |y and {y C fa.
Let L be a lower-bounded non empty reflexive antisymmetric relational struc-
ture and let = be an element of L. Note that |z is non empty.
Let L be a non empty reflexive transitive relational structure and let x be
an element of L. Note that |z is lower and Tz is upper.
Let L be a sup-semilattice and let x be an element of L. One can verify that
Lz is directed.

Let L be an inf-complete non empty poset and let  be an element of L.
Note that |z is directed.
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Let L be a connected non empty relational structure. One can check that
every subset of L is directed and filtered.

Let us note that every non empty chain which is up-complete and lower-
bounded is also complete.

One can verify that there exists a non empty chain which is complete.

We now state several propositions:

(13)  For every up-complete non empty chain L and for all elements z, y of
L such that x < y holds z < y.

(14) Let L be a non empty reflexive antisymmetric relational structure and
let x, y be elements of L. If x is not compact and x < y, then z < y.

(15)  For every non empty lower-bounded reflexive antisymmetric relational
structure L holds L is compact.

(16) For every up-complete non empty poset L and for every non empty
finite directed subset D of L holds sup D € D.

(17)  For every up-complete non empty poset L such that L is finite holds
every element of L is isolated from below.

2. THE WAY-BELOW RELATION IN OTHER TERMS

The scheme SSubsetEx deals with a non empty relational structure A and a
unary predicate P, and states that:
There exists a subset X of A such that for every element x of A
holds x € X iff Plx]
for all values of the parameters.
We now state several propositions:

(18) Let L be a complete lattice and let =, y be elements of L. Suppose
r < y. Let X be a subset of L. If y < sup X, then there exists a finite
subset A of L such that A C X and z < sup A.

(19)  Let L be a complete lattice and let z, y be elements of L. Suppose that
for every subset X of L such that y < sup X there exists a finite subset
A of L such that A C X and x < sup A. Then z < y.

(20) Let L be a non empty reflexive transitive relational structure and let
xz, y be elements of L. If z <« y, then for every ideal I of L such that
y <sup/ holds = € I.

(21)  Let L be an up-complete non empty poset and let x, y be elements of
L. If for every ideal I of L such that y < sup[l holds xz € I, then z < .

(22) Let L be a lower-bounded lattice. Suppose L is meet-continuous. Let
x, y be elements of L. Then z < y if and only if for every ideal I of L
such that y =sup/ holds z € I.

(23) Let L be a complete lattice. Then every element of L is compact if and
only if for every non empty subset X of L there exists an element z of
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L such that x € X and for every element y of L such that y € X holds

3. CONTINUOUS LATTICES

Let L be a non empty reflexive relational structure. We say that L satisfies
axiom of approximation if and only if:

(Def. 5)  For every element z of L holds z = sup |x.

Let us note that every non empty reflexive relational structure which is trivial
satisfies axiom of approximation.

Let L be a non empty reflexive relational structure. We say that L is con-
tinuous if and only if:

(Def. 6)  For every element z of L holds |z is non empty and directed and L is
up-complete and satisfies axiom of approximation.

One can check that every non empty reflexive relational structure which is
continuous is also up-complete and satisfies axiom of approximation and ev-
ery lower-bounded sup-semilattice which is up-complete and satisfies axiom of
approximation is also continuous.

Let us note that there exists a lattice which is continuous, complete, and
strict.

Let L be a continuous non empty reflexive relational structure and let z be
an element of L. One can verify that |z is non empty and directed.

Next we state two propositions:

(24) Let L be an up-complete semilattice. Suppose that for every element
x of L holds |z is non empty and directed. Then L satisfies axiom of
approximation if and only if for all elements z, y of L such that x £ y
there exists an element u of L such that v < z and u £ y.

(25)  For every continuous lattice L and for all elements x, y of L holds x <y
iff Lz C ly.

One can verify that every non empty chain which is complete satisfies axiom
of approximation.

The following proposition is true

(26)  For every complete lattice L such that every element of L is compact
holds L satisfies axiom of approximation.

4. THE WAY-BELOW RELATION IN DIRECT POWERS

Let f be a binary relation. We say that f is nonempty if and only if:
(Def. 7)  For every 1-sorted structure S such that S € rng f holds S is non empty.
We say that f is reflexive-yielding if and only if:
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(Def. 8)  For every relational structure S such that S € rng f holds S is reflexive.

Let I be a set. Observe that there exists a many sorted set indexed by [
which is relational structure yielding, nonempty, and reflexive-yielding.

Let I be a set and let J be a relational structure yielding nonempty many
sorted set indexed by I. Observe that [[J is non empty.

Let I be a non empty set, let J be a relational structure yielding nonempty
many sorted set indexed by I, and let ¢ be an element of /. Then J(7) is a non
empty relational structure.

Let I be a set and let J be a relational structure yielding nonempty many
sorted set indexed by I. Note that every element of []J is function-like and
relation-like.

Let I be a non empty set, let J be a relational structure yielding nonempty
many sorted set indexed by I, let « be an element of [] J, and let ¢ be an element
of I. Then z(i) is an element of J(1).

Let I be a non empty set, let J be a relational structure yielding nonempty
many sorted set indexed by I, let ¢ be an element of I, and let X be a subset of
[TJ. Then m; X is a subset of J(z).

Next we state two propositions:

(27)  Let I be a non empty set, and let J be a relational structure yielding
nonempty many sorted set indexed by I, and let z be a function. Then x
is an element of []J if and only if domxz = I and for every element ¢ of
I holds (i) is an element of J(7).

(28) Let I be a non empty set, and let J be a relational structure yielding
nonempty many sorted set indexed by I, and let x, y be elements of []J.
Then x < y if and only if for every element i of I holds z(i) < y(7).

Let I be a non empty set and let J be a relational structure yielding nonempty
reflexive-yielding many sorted set indexed by I. Note that []J is reflexive. Let
i be an element of I. Then J(i) is a non empty reflexive relational structure.

Let I be a non empty set, let J be a relational structure yielding nonempty
reflexive-yielding many sorted set indexed by I, let x be an element of []J, and
let ¢ be an element of I. Then x(i) is an element of J(i).

One can prove the following propositions:

(29) Let I be a non empty set and let J be a relational structure yielding
nonempty many sorted set indexed by I. If for every element i of I holds
J (1) is transitive, then []J is transitive.

(30) Let I be a non empty set and let J be a relational structure yielding
nonempty many sorted set indexed by I. Suppose that for every element
i of I holds J(i) is antisymmetric. Then []J is antisymmetric.

(31) Let I be a non empty set and let J be a relational structure yielding
nonempty reflexive-yielding many sorted set indexed by I. Suppose that
for every element 7 of I holds J(i) is a complete lattice. Then []J is a
complete lattice.

(32) Let I be a non empty set and let J be a relational structure yielding
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nonempty reflexive-yielding many sorted set indexed by I. Suppose that
for every element ¢ of I holds J(i) is a complete lattice. Let X be a subset
of [TJ and let ¢ be an element of I. Then (sup X)(i) = supm; X.

(33) Let I be a non empty set and let J be a relational structure yielding
nonempty reflexive-yielding many sorted set indexed by I. Suppose that
for every element i of I holds J(i) is a complete lattice. Let z, y be
elements of [][J. Then z < y if and only if the following conditions are
satisfied:

(i)  for every element 4 of I holds x(i) < y(i), and
(ii)  there exists a finite subset K of I such that for every element ¢ of I
such that i ¢ K holds x(i) = L ;4.

5. THE WAY-BELOW RELATION IN TOPOLOGICAL SPACES

One can prove the following four propositions:

(34) Let T be a non empty topological space and let x, y be elements of
(the topology of T', C). Suppose x is way below y. Let F' be a family of
subsets of T'. If F' is open and y C |J F, then there exists a finite subset
G of F such that x C |JG.

(35) Let T be a non empty topological space and let z, y be elements of (the
topology of T', C). Suppose that for every family F' of subsets of T' such
that F is open and y C |J F' there exists a finite subset G of F' such that
z CUG. Then z is way below .

(36) Let T be a non empty topological space, and let x be an element of
(the topology of T, C), and let X be a subset of T. If x = X, then z is
compact iff X is compact.

(37)  Let T be a non empty topological space and let  be an element of (the
topology of T', C). Suppose = = the carrier of T. Then x is compact if
and only if T is compact.

Let T be a non empty topological space. We say that T is locally-compact
if and only if the condition (Def. 9) is satisfied.

(Def. 9)  Let x be a point of T and let X be a subset of T'. Suppose x € X and
X is open. Then there exists a subset Y of T such that € IntY and
Y C X and Y is compact.
Let us observe that every non empty topological space which is compact and
Ts is also T3 , Ty , and locally-compact.
We now state the proposition
(38)  For every set x holds {z}op is Th.
One can verify that there exists a non empty topological space which is
compact and 75 .
One can prove the following two propositions:



(39)

(40)
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Let T be a non empty topological space and let x, y be elements of (the
topology of T', C). If there exists a subset Z of T' such that x C Z and
Z Cy and Z is compact, then z < y.

Let T be a non empty topological space. Suppose T is locally-compact.
Let x, y be elements of (the topology of T', C). If x < y, then there exists
a subset Z of T such that x C Z and Z C y and Z is compact.

Let T be a topological structure and let X be a subset of the carrier of T

Then X is a subset of 7.

(42)

(43)

(1]

2]
8]

[4]
[5]

[6]
[7]

8]
[9]

[10]
[11]

[12]
[13]

[14]
[15]
[16]

[17]

The following three propositions are true:
(41)

Let T be a non empty topological space. Suppose T is locally-compact
and a Tq space. Let z, y be elements of (the topology of T', C). If <y,

then there exists a subset Z of T such that Z = x and Z C y and 7 is
compact.

Let X be a non empty topological space. Suppose X is a T3 space and
(the topology of X, C) is continuous. Then X is locally-compact.

For every non empty topological space T" such that T' is locally-compact
holds (the topology of T', C) is continuous.
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