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Summary. Let X be a topological space and let D be a subset of
X. D is said to be discrete provided for every subset A of X such that
A C D there is an open subset G of X such that A = Dn G (comp. e.g.,
[7]). A discrete subset M of X is said to be mazimal discrete provided for
every discrete subset D of X if M C D then M = D. A subspace of X
is discrete (mazimal discrete) iff its carrier is discrete (maximal discrete)
in X. :

Our purpose is to list a number of properties of discrete and maximal
discrete sets in Mizar formalism. In particular, we show here that if D
is.dense and discrete then D is mazimal discrete; moreover, if D is open
and marimal discrete then D is dense. We discuss also the problem of
the existence of maximal discrete subsets in a topological space.

To present the main results we first recall a definition of a class of
topological spaces considered herein. A topological space X is called al-
most discrete if every open subset of X is closed; equivalently, if every
closed subset of X is open. Such spaces were investigated in Mizar for-
malism in [4] and [5]. We show here that every almost discrete space
contains a mazimal discrete subspace and every such subspace is a retract
of the enveloping space. Moreover, if Xo is a maximal discrete subspace
of an almost discrete space X andr: X — Xy is a continuous retraction,
then r~1(z) = {z} for every point z of X belonging to Xo. This fact is
a specialization, in the case of almost discrete spaces, of the theorem of
M.H. Stone that every topological space can be made into a Tp-space by
suitable identification of points (see [9]).
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The terminology and notation used in this paper are introduced in the following
papers: [13], [14], [10], [2], [3], [12], (1], [8], [15], [11], [4], and [6].
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1. PROPER SUBSETS OF 1-SORTED STRUCTURES

A non empty set is trivial if:
‘(Def.1) There exists an element s of it such that it = {s}.
.1, . Let us note that there exists a non empty set which is trivial and there exists
" a non empty set which is non trivial.
" - Next we state four propositions:
" (1) = For every non empty set A and for every trivial non empty set B such
' that A C B holds 4 = B.
(2) For every trivial non empty set A and for every set B such that AN B
is non empty holds A C B.
. (3) For every l-sorted structure Y holds Y is trivial iff the carrier of ¥ is
trivial.
(4) Let Yo, Y1 be 1l-sorted structures. Suppose the carrier of Yo = the
carrier of Y;. If Yy is trivial, then Y7 is trivial.

Let S be a set. An element of S is proper if:
(Def.2) Tt #US.

Let S be a set. Observe that there exists a subset of S which is non proper.
Next we state the proposition

(5) For every set S and for every subset A of S holds A is proper iff A # 5.

Let S be a non empty set. Observe that every subset of § which is non
proper is also non empty and every subset of § which is empty is also proper.

Let S be a trivial non empty set. Observe that every subset of S which
is proper is also empty and every subset of S which is non empty is also non
‘proper. k :
Let S be a non empty set. One can check that there exists a subset of 5
which is proper and there exists a subset of .§ which is non proper.

Let S be a non empty set and let y be an element of S. Then {y} is a non
empty subset of 5.

Let S be a non empty set. Observe that there exists a non empty subset of
S which is trivial.

Let S be a non empty set'and let y be an element of . T hen {y} is a trivial
non empty subset of §.

We now state two propositions:

(6) For every non empty set S and for every element y. of S such that {y}
is proper holds S is non trivial.
(7) For every non trivial non empty set S and for every element y of S
holds {y} is proper.
Let S be a trivial non empty set. Note that every non empty subset of 5 is
non proper and every non empty subset of § which is non proper is also trivial:
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Let S be a non trivial non empty set. Observe that every non empty subset
of S which is trivial is also proper and every non empty subset of S which is
non proper is also non trivial.

Let S be a non trivial non empty set. One can check that there exists a
non empty subset of S which is trivial and proper and there exists a non empty
subset of S which is non trivial and non proper.

One can prove the following propositions:

(8) Let Y be a l-sorted structure and let y be an element of the carrier of
Y. If {y} is proper, then Y is non trivial.

(9) For every non trivial 1-sorted structure Y and for every element y of
the carrier of Y holds {y} is proper.

Let Y be a trivial 1-sorted structure. Note that every non-empty subset of
Y is non proper and every non empty subset of Y which is non proper is also
trivial.

Let Y be a non trivial 1-sorted structure. Omne can verify that every non
empty subset of Y which is trivial is also proper and every non empty subset of
Y which is non proper is also non trivial.

Let Y be a non trivial 1-sorted structure. One can check that there exists a
non empty subset of Y which is trivial and proper and there exists a non empty
subset of Y which is non trivial and non proper.

2. PROPER SUBSPACES OF TOPOLOGICAL SPACES

The following three propositions are true:

(10) Let X be a topological structure and let Xy be a subspace of X. Then
the topological structure of Xg is a strict subspace of X.

(11) Let X be a topological structure and let X3, Xy be subspaces of X.
Suppose the carrier of X; = the carrier of X;. Then the topological
structure of X; = the topological structure of X5.

(12) Let Yo, Y1 be topological structures. Suppose the topological structure
of Yy = the topological structure of Y;. If Yy is topological space-like,
then Y; is topological space-like. g

Let Y be a topological structure. A subspace of Y is proper if:
(Def.3) For every subset A of Y such that A = the carrier of it holds A is
proper.
We now state three propositions:

(13) Let Yp be a subspace of Y and let A be asubset of Y. If A = the carrier
of Yy, then A is proper iff Yp is proper.

(14) Let Yp, Y7 be subspaces of Y. Suppose the topological structure of
Yo = the topological structure of Y;. If Yy is proper, then Y; is proper-

(15) For every subspace Yy of Y such that the carrier of Yp = the carrier of
Y holds Y; is non proper. : :
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Let Y be a trivial topological structure. Observe that every subspace of Y’
is non proper and every subspace of Y which is non proper is also trivial.
Let Y be a non trivial topological structure. Observe that every subspace of
Y which is trivial is also proper and every subspace of Y which is non proper is
also non trivial.
‘ Let Y be a topological structure. Observe that there exists a subspace of Y
\ n ‘which is non proper and strict.
.+ Next we state the proposition

{16)  For every non proper subspace Yp of Y holds the topological structure
of Yy = the topological structure of Y.

Let Y be a topological structure. One can check the following observations:
* every subspace of Y which is discrete is also topological space-like,
* every subspace of Y which is anti-discrete is also topological space-like,

+ every subspace of Y which is non topological space-like is also non
discrete, and

* every subspace of Y which is non topological space-like is also non anti-
- discrete.

One can prove the following propositions:

(17) Let Yo, Yy be topological structures. Suppose the topological structure
of Yy = the topological structure of Y7. If Yy is discrete, then Y is discrete.

(18) Let Yo, Y5 be topological structures. Suppose the topological structure
of Yo = the topological structure of Y5. If Y; is anti-discrete, then Y1 is
anti-discrete.

Let Y be a topological structure. One can verify the following observations:
o every subspace of Y which is discrete is also almost discrete,

*  every subspace of Y which is non almost discrete is also non discrete,
'*‘ every subspace of Y which is anti-discrete is also almost discrete, and
*

every subspace of ¥V which is non almost discrete is also non anti-
‘discrete.

One can prove the following proposition
(19) Let Yb,‘Yl be topologicalbstructures. Suppose the topological structure
of Yy = the topological structure of Y;. If Yj is almost discrete, then Y
is almost discrete.
Let Y be a topological structure. One can check the following observations:
* every subspace of Y which is discrete and anti-discrete is also trivial,
% every subspace of Y which is anti-discrete and non trivial is also non
discrete, and
. % every subspace of Y which is discrete and non trivial is also non anti-
" discrete:

Let Y be a topological structure and let y be a point of Y. The functor
Sspace(y) yielding a strict subspace of Y is defined as follows:
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(Def.4)  The carrier of Sspace(y) = {y}.

Let Y be a topological structure. Observe that there exists a subspace of Y
which is trivial and strict.
‘ Let Y be a topological structure and let y be a point of Y. Then Sspace(y)
is a trivial strict subspace of Y.
We now state three propositions:
(20) For every topological structure Y and for every point y of Y holds
Sspace(y) is proper iff {y} is proper.
(21) For every topological structure Y and for every point y of Y such that
Sspace(y) is proper holds Y is non trivial.
(22) For every non trivial topological structure Y and for every point y of
Y holds Sspace(y) is proper.

Let Y be a non trivial topological structure. One can verify that there exists
a subspace of Y which is proper trivial and strict.
We now state two propositions:

(23) Let Y be a topological structure and let Yy be a trivial subspace of Y.
Suppose Y is topological space-like. Then there exists a point y of Y .
such that the topological structure of Y5 = the topological structure of
Sspace(y).

(24) Let Y be a topological structure and let y be a point of Y. If Sspace(y)
is topological space-like, then Sspace(y) is discrete and anti-discrete.

Let Y be a topological structure. Note that every. subspace of Y which is
trivial and topological space-like is also discrete and anti-discrete.

Let X be a topological space. Note that there exists a subspace of X" which
is trivial strict and topological space-like.

Let X be a topological space and let z be a point of X. Then Sspace(z) is
a trivial strict topological space-like subspace of X. .

Let X be a topological space. Observe that there exists a subspa,ce of X
which is discrete anti-discrete and strict. :

Let X be a topological space and let = be a point of X. Then Sspace(m) is
a discrete anti-discrete strict subspace of X. ‘

Let X be a topological space. One can check the following observatlons

*  every subspace of X which is non proper is also open and closed,
*  every subspace of X which is non open is also proper, and
*  every subspace of X which is non closed is also proper.

Let X be a topological space. Note that there exists a subspace of X which
is open closed and strict.

Let X be a discrete topological space. Note that every subspace of X which
is anti-discrete is also trivial and every subspace of X which is non trivial is also
non anti-discrete. ‘ )

Let X be ‘a discrete non trivial topological space. Observe that there exists
a subspace of X which is discrete open closed proper and strict.
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Let X be an anti-discrete topological space. One can check that every sub-
space of X which is discrete is also trivial and every subspace of X which is non
trivial is also non discrete.

Let X be an anti-discrete non trivial topological space. One can verify that
every proper subspace of X is non open and non closed and every discrete
subspace of X is trivial and proper.

Let X be an anti-discrete non trivial topological space. One can check that
~,  there exists a subspace of X which is anti-discrete non open non closed proper
! and strict.

A Let X be an almost discrete non trivial topological space. Observe that there
exists a subspace of X which is almost discrete proper and strict.

3. MAXIMAL DISCRETE SUBSETS AND SUBSPACES

Let Y be a topological structure. A subset of Y is discrete if:
. (Def.5) For every subset D of Y such that D C it there exists a subset G of ¥
such that G is open and it NG = D.
Let Y be a topological structure. Let us observe that a subset of Y is discrete
if: )
(Def.6) For every subset D of Y such that D C it there exists a subset F' of Y.
such that F is closed and it NF = D. )
We now state three propositions:

(25) Let Yg, Y1 be topological structures, and let Do be a subset of Yo, and
let Dy be a subset of Y;. Suppose the topological structure of Yy = the
topological structure of Y3 and Do = D;. If Do is discrete, then Dy is
discrete.

(26) Let Y be a topological structure, and let Yo be a subspace of Y, and let
A be a subset of Y. Suppose A = the carrier of Yy. Then A is discrete if
and only if Yy is discrete. '

(27) Let Y be a topological structure and let A be a subset of Y. Suppose
A = the carrier of Y. Then A is discrete if and only if Y is discrete.

In the sequel Y will denote a topological structure.
We now state several propositions:

(28)  For all subsets A, B of Y such that B C A holds if A is discrete, then
B is discrete.

(29) For all subsets A, B of Y such that A is discrete or B is discrete holds
AN B is discrete.

(30) Suppose that for all subsets P, ¢ of Y such that P is open and @ is
open holds P N @ is open and PU Q) is open. Let A, B be subsets of Y.
Suppose ‘A is open and Bis open. If A is discrete and B is discrete, then
AU B is discrete.
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(31) Suppose that for all subsets P, @ of Y such that P is closed and Q is
closed holds PN Q is closed and P U @ is closed. Let A, B be subsets of
Y. Suppose A is closed and B is closed. If A is discrete and B is discrete,
then A U B is discrete.

(32) Let A be a subset of Y. Suppose A is discrete. Let z be a point of
Y. If € A, then there exists a subset G of Y such that G is open and
ANG = {z}.

(33) Let A be a subset of Y. Suppose A is discrete. Let = be a point of
Y. If z € A, then there exists a subset F' of Y such that F is closed and
ANF = {z}.

In the sequel X denotes a topological space.
The following propositions are true:

(34) Let Ag be a non empty subset of X. Suppose Ag is discrete. Then there
exists a discrete strict subspace Xg of X such that Ag = the carrier of
Xo.

(35) Every empty subset of X is discrete.

(36) For every point z of X holds {z} is discrete.

(37) Let A be a subset of X. Suppose that for every point z of X such that
z € A there exists a subset G of X such that G is open and ANG = {z}.
Then A is discrete.

(38) Let A, B be subsets of X. Suppose A is open and B is open. If A is
discrete and B is discrete, then A U B is discrete.

(39) Let A, B be subsets of X. Suppose A is closed and B is closed. If A is
discrete and B is discrete, then AU B is discrete.

(40)  For every subset A of X such that A is everywhere dense holds if A is

v discrete, then A is open.

(41)  For every subset A of X holds A is discrete iff for every subset D of X
such that D C A holds AND = D.

(42) For every subset A of X such that A is discrete and for every point z
of X such that € A holds AN {z} = {z}. o

(43) For every discrete topologlcal space X holds every subset of X is dis-
crete.

(44) Let X be an anti-discrete topological space and let A be a non empty
subset of X. Then A is discrete if and only if A is trivial.

Let Y be a topological structure. A subset of Y is maximal discrete if:

(Def.7) It is discrete and for every subset D of Y such that D is discrete and it
C D holds it = D.
The following proposition is true
(45) Let Yp, Y; be topological structures, and let Dy be a subset of Yy, and
let D; be a subset of ¥;. Suppose the topological structure of Yg = the
topological structure of Y; and Dy = D;. If Dy is: maximal discrete, then
D, is maximal discrete. :



132 . 7ZBIGNIEW KARNO

In the sequel X will denote a topological space.
Next we state several propositions:
(46) Every empty subset of X is not maximal discrete.
(47)  For every subset A of X such that A is open holds if A is maximal
discrete, then A is dense.
(48) For every subset A of X such that A is dense holds if A is discrete, then
. A is maximal discrete.
‘ ; (49) Let X be a discrete topological space and let A be a subset of X. Then
" A is maximal discrete if and only if A is non proper.
(50) Let X be an anti-discrete topological space and let A be a non empty
subset of X. Then A is maximal discrete if and only if A is trivial.
7 Let Y be a topological structure. A subspace of Y is maximal discrete if:
" (Def.8) TFor every subset A of Y such that A = the carrier of it holds A is
‘ maximal discrete.
One can prove the following proposition
(51) Let Y be a topological structure, and let Yg be a subspace of Y, and let

A be a subset of Y. Suppose A = the carrier of Y. Then A is maximal
discrete if and only if Y is maximal discrete.

Let Y be a topological structure. Note that every subspace of Y which is
maximal discrete is also discrete and every subspace of Y which is non discrete
is also non maximal discrete.

Next we state two propositions:

(52) Let Xo be a subspace of X. Then X, is maximal discrete if and only if
the following conditions are satisfied:
(i) Xpo is discrete, and
(i) for every discrete subspace Yp of X such that Xo is a subspace of Yy
holds the topological structure of Xo = the topological structure of Yo.
(53) Let Ao be a non empty subset of X. Suppose Ag is maximal discrete.
Then there exists a strict subspace Xo of X such that X, is maximal
discrete and Ag = the carrier of Xg.

Let X be a discrete topological space. One can verify the following observa-

tions:
% every subspace of X which is maximal discrete is also non proper,
* every subspace of ",X-;Whi_(?h is proper is also non maximal discrete,
*  every subspa’c:e‘ of XWthh is non proper is also maximal discrete, and
*  every subspacei of X which is non maximal discrete is also proper.

Let X be an anti-discrete topological space. One can check the following
observations: ’ , :
* every subspaté of X.which is m;aixi"mal_ dis@ietq;is also trivial,

+ . every subspace of X which is non trivial is-also non:maximal discrete,
+ every subspace of X which is trivial is also ' maximal dié.c;ete, and
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*x  every subspace of X which is non maximal discrete is also non trivial.

4. MAXIMAL DISCRETE SUBSPACES OF ALMOST DISCRETE SPACES

The scheme EzChoiceFCol deals with a topological structure A, a family B
of subsets of A, and a binary predicate P, and states that:
There exists a function f from B into the carrier of A such that for
every subset S of A such that S € B holds P[5, f(9)]
provided the following condition is met:
o For every subset S of A such that S € B there exists a point z of
A such that P[§,z].
In the sequel X will denote an almost discrete topological space.
We now state a number of propositions:
(54)  For every subset A of X holds A = U{{a} : a ranges over points of X,
a € A}
(55)  For all points a, b of X such that a € {b} holds {a} = {b}.
(56)  For all points a, b of X holds {a} N {8} = 0 or {a} = {b}.
(57) Let A be a subset of X. Suppose that for every point z of X such that

& € A there exists a subset F' of X such that F is closed and ANF = {z}.
Then A is discrete.

(58)  For every subset A of X such that for every point z of X such that
z € Aholds An{z} = {2} holds A is discrete.

(59) Let A be a subset of X. Then A is discrete if and only if for all points
a, b of X such that @ € A and b € A holds if a # b, then {a} N {6} = 0.

(60) Let A be a subset of X. Then A is discrete if and only if for every point
z of X such that ¢ € A there exists a point a of X such that a € A and
An{z} = {a}.

(61) For every subset A of X such that A is open or closed holds if A is
maximal discrete, then A is not proper.

(62) For every subset A of X such that A is maximal discrete holds A is
dense.

(63) For every subset A of X such that A is maximal dlscrete holds U{{a} a
ranges over points of X, a € A} = the carrier of X

(64) Let A be a subset of X. Then A is maximal discrete if and only if
for every point 2 of X there exists a point a of X such that @ € A and
An{z} = {a}.

(65) For every subset A of X such that A is discrete there exists a subset M
of X such that A C M and M is maximal discrete.

(66) There exists subset of X which is maximal discrete. :

(67)  Let Y; be a discrete subspace of X. Then there exists a strict subspace
Xo of X such that Yp is a subspace of Xy and X is maximal discrete.
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Let X be an almost discrete non discrete topological space. One can verify

. that every subspace of X which is maximal discrete is also proper and every
" subspace of X which is non proper is also non maximal discrete.

Let X be an almost discrete non anti-discrete topological space. Observe
. that every subspace of X which is maximal discrete is also non trivial and every
E -, subspace of X which is trivial is also non maximal discrete. :
/.. Let X be an almost discrete topological space. Note that there exists a
.. subspace of X which is maximal discrete and strict.

" 5. CONTINUOUS MAPPINGS AND ALMOST DISCRETE SPACES

' The scheme MapFEzChoiceF concerns a topological structure A, a topological
structure B, and a binary predicate P, and states that:
: There exists a map f from A into B such that for every point = of
A holds Pz, f(z)]
_provided the parameters have the following property:
e For every point z of A there exists a point y of B such that P[z,y].
In the sequel X, Y are topological spaces.
Next we state four propositions:
(68) For every discrete topological space X holds every mapping from X
into Y is continuous.
(69) If for every topological space Y holds every mapping from X into Y is
continuous, then X is discrete.
(70)  For every anti-discrete topological space Y holds every mapping from
X into Y is continuous
(71)  If for every topological space X holds every mapping from X mto Y is
- continuous, then Y is anti-discrete.
In the sequel X will be a discrete topological space and X will be a subspace
of X. _
One can prove the following two propositions:
(72)  There exists continuous mapping from X into Xo which is a retraction.
(73) Xo is a retract of X.

In the sequel X will be an almost discrete topological space and X, will be
a maximal discrete.subspace of X
Next we state four propositions:
(74)  There exists continuous mapping from X into Xo which is a retraction.
(75)  Xo is a retract of X.
(76) Let r be a continuous mapping from X into Xo. Suppose r is a retrac-
tion. Let F be a subset of Xy and let E be a subset of X. U F=EFE,then
r1F=F.



MAXIMAL DISCRETE SUBSPACES OF ALMOST ... 135

(77) Let r be a continuous mapping from X into Xo. Suppose r is a retrac-
tion. Let a be a point of Xg and let & be a point of X. If a = b, then

r =1 {a} = {b}.
In the sequel X, is a discrete subspace of X.
The following two propositions are true:

(78)  There exists continuous mapping from X into Xy which is a retraction.
(79) Xp is a retract of X.
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