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Summary. Formalizes the basic concepts of binary arithmetic and
its related operatlons We present the definitions for the following logical
operators: ’or’ and ’xor’ (exclusive or) and include in this article some
theorems concerning these operators. We also introduce the concept of an
n-bit register. Such reglsters are used in the definition of binary unsigned
arithmetic presented in this article. Theorems on the relationships of
such concepts to the operations of natural numbers are also given.

MML Identifier: BINARITH.

The notation and terminology used in this paper are introduced in the fo]lowmg

papers: [12], [1], [13], [15], [7], [8], [4], [2], [9], {11], [10], [5], (3], [6], and [14].
Let us observe that there exists a natural number which is non empty
One can prove the following proposition

(1)  For all natural numbers ¢, j holds +n(7, j) =44 7.

Let n be a natural number and let X be a non empty set. A tuple of n and
X is an element of X ™. '

One can prove the following propositions:

(2) Let 4, n be natural numbers, and let D be a non empty set, and let d
be an element of D, and let 2 be a tuple of » and D If 1 6 Segn then

mi(2 ™ (d)) = miz.

(3) Let n be a natural number, and let D be a non émﬁfy’set and let d be
an element of D, and let 2 be a tuple of n and D. Then 7,41 (2" (d)) =

(4) For every non empty natural number » holds n > 1.
(5)  For all natural numbers 7, n such that i € Segn tiolds 4 is noii empty.

Let z, y be elements of Boolean. The functor z V-y yields an element of
Boolean and is defined by: ~

(Def.l) zVy=-(-zA-y).
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Let z, y be elements of Boolean. The functor z @ y yielding an element of
Boolean is defined by:

| (Def2) z@y=-zAyVaeA-y.

In the sequel z, y, z will denote elements of Boolean.
The following propositions are true:

v (6) zvy=yVa.
} ~ (7) @V false = z and falseV z = z.
~ (8) aVy=(-zA-y).
(9) ~(zAy)=-zV-y.
(10) -(zVy)=-zA-y.
(11) z20y=yP=.
(12) zAy=-(-zV-y).
(13) true @ x = ~z and = @ true = —z.
- (14) false ® z = z and = & false = .
(15) =z @z = false.
(16) zAz=z.
‘ (17) 2 @ -2z = true and ~z @ = = true.

- (18) zV -z = true and -z V z = true.
(19) =z V true = true and true V x = true.
(20) (zVy)Vz=zV(yV=z).

(21) zvz=x.

(22) zA(yvz)=zAyvVzAz

(23) zVyAz=(zVy)A(zVa).

(24) aVeAy=uz.

(25) zA(zVy) =z

(26) zV-zAy=2zVy.

(27) zA(-zVy)=2zAy.

(28) @ A -z = false and ~z A = = false.
(29) false A z = false and z A false = false.
(30)  zAzAy=zAyA=z

(31) zAyAz=¢ AyAz
(32) cAZAYy=zAYA 2.

(33) true @ false = true and false @ true = true.
(34) z@yPz=20yd-=.

(35) z@-zAy=zVy.

(36) zvVzOy=2zVy:-

37) zV-z@y=2zV-y.

(38) zAyPz=zAydzAz
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In the sequel 4, j, k will be natural numbers. »
Let us consider ¢, 7. The functor ¢ —'j yields a natural number and is defined
as follows:
(Def3)(i)) t-'j=i—35ifi—5>0,
(ii) ¢-'7 =0, otherwise.
Next we state the proposition
(39) (i+7)-'j=1
We adopt the following convention: n will denote a non empty natural num-
ber and z, y, z, z1, 22 will denote tuples of n and Boolean.
Let us consider n, z. The functor -z yields a tuple of n and Boolean and is
defined as follows:
(Def.4)  For every ¢ such that ¢ € Segn holds 7;-2 = —7;z.
Let us consider y. The functor carry(z,y) yielding a tuple of n and Boolean is
defined as follows:
(Def.5)  m carry(z,y) = false and for every 4 such that 1 < 4 and 7 < n holds
Tig1 carry(z,y) = mx A my V mz A m; carry(z, y) V my A m; carry(z, y).
Let us consider n, . The functor Binary(z) yielding a tuple of » and N is
defined by:
(Def.6)  For every 7 such that ¢ € Segn holds ; Binary(z) = (mz = false —
0,the ¢ —" 1-th power of 2).
Let us consider n, . The functor Absval(z) yielding a natural number is

defined by:
(Def.7)  Absval(z) = +n ® Binary(z).
Let us consider n, z, y. The functor z + y yielding a tuple of n and Boolean
is defined by:
(Def.8) Forevery isuch that i € Seg n holds m;(z+y) = mzOm YD carry(w, Y)-
Let us consider n, 21, 23. The functor add_ovfl(z, z3) yleldlng an element of
Boolean is defined by
(Def.9) addovfl(z1,29) = 721 A Tpze V Tpz1 A T, carty(z1,22) V Thzg A
Ty, carry(z1, 2z2).
Let us consider n, 2, z2. We say that z; and 2, are summable if and only if:
(Def.10)  add-ovfl(z1, 22) = false.
Let us consider », k. Then n + k is a non empty natural number.
One can prove the following proposition Coe
(40)  For every tuple 2, of 1 and Boolean holds z; = { false) or z1 = (true)
Let ny be a non empty natural number, let ng be a natural number, let D
be a non empty set, let z; be a tuple of ny and D, ‘and let 2z, be a tuple of ny
and D. Then 2z, ~ 2; is a tuple of ny + ny and D.
Let D be a non empty set and let d be an element of D. Then (d) is a tuple

of 1 and D.
The following propositions are true:
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(41) Given n, and let z;, 2, be tuples of n and Boolean, and let dy, dy be
elements of Boolean, and let ¢ be a natural number. If ¢ € Segn, then
m; carry(z1 ™ (d1), 22 ~ (d2)) = m; carry(z1, 22). i

(42)  For every n and for all tuples z;, z; of n and Boolean and for all element
dy, dy of Boolean holds add_ovil(z1, 22) = w41 carry(z1 = {d1), 22 ™ (d2)).

(43)  For every n and for all tuples z;, 23 of n and Boolean and for all elements
d]_, da of Boolean holds z = (dl) + 297 (d2> = (Zl + 22) - (dl @ dy D
add_ovfl(zy, 22)).

/%(44)  For every n and for every tuple z of n and Boolean and for every element

o)

~d of Boolean holds Absval(z~ (d)) = Absval(z) + (d = false — 0,the n-th
power of 2).
(45)  For every n and for all tuples 21, 2, of n and Boolean holds Absval(z; +
z3) + (add_ovfl(z1, z3) = false — 0,the n-th power of 2) = Absval(z) +
Absval(zs). ‘

(46)  For every n and for all tuples 2, 22 of n and Boolean such that z and

2y are summable holds Absval(z; + 2z2) = Absval(z1) + Absval(z;).
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