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Summary. The main goal of the paper is to prove the correctness
of the Euclid’s algorithm for SCM. We define the Euclid’s algorithm
and describe the natural semantics of it. Eventually we prove that the
Euclid’s algorithm computes the Euclid’s function. Let us observe that
the Euclid’s function is defined as a function mapping finite partial states
to finite partial states of SCM rather than pairs of integers to integers.

MML Identifier: AMI_4.

The papers [20], [18], 5], [6], [19], [11], [1], [15], [22], 4], [12], (2], [16], [23], [17],
(7], [8], [10], [3], [9], [13], [14], and [21] provide the notation and terminology for
this paper.
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1. PRELIMINARIES

One can prove the following propositions: :
(1) For all integers 4, j such that i > 0 and j > 0 holds i +j > 0.
(2) For all integers i, j such that < > 0 and j > 0 holds |¢| mod |j| = imod j
and [¢] + [j] = i + .
In the sequel i, 7, k£ denote natural numbers.
Next we state the proposition
(3) For all 4, j such that < > 0 and 5 > 0 holds ged(4,5) > 0.

The scheme Euklides’ concerns a unary functor F yielding a natural number,
a unary functor G yielding a natural number, a natural number A, and a natural
number B, and states that: o
There exists k such that F(k) = gcd(A, B) and g(k) = 0
provided the fo]lowmg requirements are met:
o 0<B,
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B < A,

F(0) = A,

g(0) = B,

For every k such that G(k) > 0 holds F(k+1) = G(k) and G(k+1) =
F(k) mod G(k).

2. Evcrip’s ALGORITHM

The Euclid’s algorithm is a programmed finite partial state of SCM and is
- defined by: ‘
. (Def.1) The Euclid’s algorithm = (ip——(da:=dy)) +- ((iy+—Divide(do, d1)) +-
S ((izl—'—>(d02:d2)) +- ((i3l——>(if d1 >0 gOtO io)) +- (i4l—>haltSCM))))
Next we state the proposition
(4) dom (the Euclid’s algorithm) = {io, i1,12,13,14}.

3. THE NATURAL SEMANTICS OF THE EUCLID’S ALGORITHM

‘We now state several propositions:

(5) Let s be a state of SCM. Suppose the Euclid’s algorithm C s. Given
k. Suppose IC(Computation(s))(k) = ip. Then IC(Computation(s))(k+1) =
iy and (Computation(s))(k + 1)(do) = (Computation(s))(k)(do)
and (Computation(s))(k + 1)(d;) = (Computation(s))(k)(d1) and
(Computation(s))(k + 1)(dz) = (Computation(s))(k)(d1). |

- (6) Let s be a state of SCM. Suppose the Euclid’s algorithm C s. Given
k. Suppose IC(Computation(s))(k) = i1~ Then IC(Computation(s))(k+1) =
i, and (Computation(s))(k + 1)(do) = (Computation(s))(k)(do) +
(Computation(s))(k)(dy) and (Computation(s))(k + 1)(dy) =
(Computation(s))(k)(do) mod (Computation(s))(k)(d;) and
(Computation(s))(k + 1)(d2) = (Computation(s))(k)(dz)-

(7) Let s be a state of SCM. Suppose the Euclid’s algorithm C s. Given
k. Suppose IC(Computation(s))(k) = i. Then IC(Computation(s))(k-i-l) =
iz and (Computation(s))(k + 1)(do) = (Computation(s))(k)(d2)
and (Computation(s))(k + 1)(d1) = (Computation(s))(k)(d;) and
(Computation(s))(k + 1)(dz) = (Computation(s))(k)(da)-

(8) Let s be a state of SCM. Suppose the Euclid’s algorithm C s. Given
k. SHPPOSG IC(Computation(s))(k) = i3. Then ) '

(i) if (Computation(s))(k)(d1) > 0, then IC(gomputation(s))(k+1) = io,
(ll) if (Computatlon(s))(k)(dl)‘S 0, then IC(Computation(s))(k+1) =1,
(iii) (Computation(s))(k + 1)(do) = (Computation(s))(k)(do), and
(iv) (Computation(s))(k + 1)(d1) = (Computation(s))(k)(d1).
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(9) For.every state s of. SCM such that the Euclid’s algorithm C s and for
all k, 7 such that IC(computation(s)) (k) = i4 holds (Computation(s))(k+4) =
(Computatlon(s))(k)

(10) Let s be a state of SCM. Suppose s starts at ip and the Euclid’s
algorithm C s. Let z, y be integers. If s(dg) = z and s(d;) = yand z > 0
and y > 0, then (Result(s))(do) = ged(z, ).

The Euclid’s function is a partial function from FinPartSt(SCM) to
FinPartSt(SCM) and is defined by the condition (Def.2).

(Def.2) Let p, ¢ be finite partial states of SCM. Then (p, ¢) € the Euclid’s
function if and only if there exist integers z, y such that z > 0 and y > 0
and p = [dp — z,d; — y] and ¢ = do—— ged(z, ).

The following three propositions are true:

(11)  Let p be arbitrary. Then p € dom (the Euclid’s function) if and only
if there exist integers z, y such that ¢ > 0 and y > 0 and p = [dg —
z, dl = y]

(12) For all integers 4, j such that ¢ > 0 and j > 0 holds (the Euclid’s
function)({do +— ¢,dy — 7)) = dor— ged(s, 7).

(13)  Start-At(ip) +- (the Euclid’s algorithm) computes the Fuclid’s function.
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