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Summary. The aim is to prove, using Mizar System, the following
simplest version of the Brouwer Fixed Point Theorem [2]. For every

continuous mapping f : | — [ of the topological unit interval | there exists
a point x such that f(z) = x (see e.g. [9], [3]).

MML Identifier: TREAL_1.

The terminology and notation used here are introduced in the following papers:

23], [22], [25], [16], [5], [6], [20], [4], [18], [10], [24], [14], [19], [17], [7], [15], [11],
[1], [21], [8], [13], and [12].

1. PROPERTIES OF TOPOLOGICAL INTERVALS

The following three propositions are true:

(1)  For all real numbers a, b, ¢, d such that a < cand d < b and ¢ < d
holds [e,d] C [a, b].

(2)  For all real numbers a, b, ¢, d such that a < cand b < d and ¢ < b holds
[a,b] U [c,d] = [a,d].

(3)  For all real numbers a, b, ¢, d such that a < cand b < d and ¢ < b holds
[a,b] N [e,d] = e, b)].

In the sequel a, b, ¢, d are real numbers. We now state four propositions:

(4)  For every subset A of R! such that A = [a,b] holds A is closed.

(5) If @ < b, then [a, bt is a closed subspace of RL.

(6) Ifa<candd<bandc<d, then [c, d|T is a closed subspace of [a, b]T.

!This paper was done under the supervision of Z. Karno while the author was visiting the
Institute of Mathematics of Warsaw University in Bialystok.
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(7) Ifa<cand b < d and ¢ < b, then [a, d|T = [a, b]T U [c, d]7 and
[C, b]T = [a, b]T N [C, d]T.
We now define two new functors. Let a, b be real numbers. Let us assume
that a < b. The functor ay, ), yields a point of [a, b]T and is defined by:
(Def.1)  apgp), = a-
The functor by, ), yields a point of [a, b]r and is defined by:
(Def2) b[a,b}T == b
One can prove the following two propositions:
(8) 0|] = O[le]T and 1[] = 1[071]T'

(9) Ifa<bandb<c, then apy, = A and Cpp = Clac)p-

2. CONTINUOUS MAPPINGS BETWEEN TOPOLOGICAL INTERVALS

Let a, b be real numbers satisfying the condition: a < b. Let t1, to be points
of [a, bl7. The functor Lo (¢1,t2) yielding a mapping from [0, 1]t into [a, b]T is
defined as follows:
(Det.3)  for every point s of [0, 1]T and for all real numbers r, r1, 7o such that
s=rand ry =t; and ro =t holds (Loi(t1,t2))(s) = (1 —7) -1 + 7 - ro.
We now state four propositions:

(10) Let a, b be real numbers. Then if a < b, then for all points tq, ty of
[a, b]T and for every point s of [0, 1] and for all real numbers r, r1, 75 such
that s = r and r; =t and ro = t9 holds (Lo (t1,t2))(s) = (re—ry)-r+7ry.

(11)  For all real numbers a, b such that a < b and for all points ¢1, to of
[a, b]T holds Lo (t1,t2) is a continuous mapping from [0, 1]7 into [a, b]T.

(12)  For all real numbers a, b such that a < b and for all points ¢y, t2 of
[CL, b]T holds (L01(t17t2))(0[0,1]T) =1 and (L01(t17t2))(1[071]T) = to.

(13)  Lo1(0p0,11» Ljo,11) = id(j0, 1))

Let a, b be real numbers satisfying the condition: a < b. Let t1, t3 be
points of [0, 1]7. The functor P (a,b,t1,t2) yielding a mapping from [a, b]
into [0, 1]T is defined as follows:

(Def.4)  for every point s of [a, b]r and for all real numbers r, r1, ro such that
s =rand r; =ty and ro = t5 holds (Po1(a, b, t1,t2))(s) = (bzr)mit(r=a)rs

b—a
The following propositions are true:

(14)  Let a, b be real numbers. Suppose a < b. Let t1, to be points of [0, 1]7.
Let s be a point of [a, b]p. Then for all real numbers r, r1, 5 such that s =
rand r; = t1 and 7 = tp holds (Po1(a,b,t1,t2))(s) = B=2L - r + b'r},:%.

(15)  For all real numbers a, b such that a < b and for all points ¢1, t2 of [0, 1]
holds Po1(a, b, t1,t2) is a continuous mapping from [a, b]7 into [0, 1]r.

(16)  For all real numbers a, b such that a < b and for all points ¢4, t2 of [0, 1]
holds (P(]l (a, b, t1, tg))((l[&b]T) =1t and (P01 (CL, b, t1, t2))(b[a,bh~) = to.
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(A7) Poi(0, L, 0po,11rs Loyr) = id(go,1])-
(18)  Let a, b be real numbers. Then if a < b, then
id((a,b)r) = Lo1(fap]rs Ola,plz) - Por(a; 0,010,115 1j0,1])
and id((o, 1)7) = Po1(a, b, 0j0,1)15 Ljo,1)1) - Lo1(@ja,p)rs Djap)r)-
(19)  Let a, b be real numbers. Then if a < b, then
id((a,b)r) = Lo1(bfa s Afa,blr) - Por(a;0, 10,1105 0p0,1))
and idpo, 11) = Por(a, b, 10,11 00,11 ) - Lot (ba,p) 0fa,p))-
(20)  Let a, b be real numbers. Suppose a < b. Then
) Loi(ap,prsbla,p)r) is @ homeomorphism,
) (Lot(aapr bape)) = Por(a, b, 001755 Lo,152)
) Poi(a,b,0(01),, 1[0,1);) is @ homeomorphism,
) (Poi(a,b,00.1755 1j0,110)) " = Lot (afaprs bja,bjr)-
(21)  Let a, b be real numbers. Suppose a < b. Then
) Lo1(bja,p)ps Aap]) 18 @ homeomorphism,
) (Lot (blabrs Aair)) = Por(a, b, 1 1755 0p0,154)
(iii)  Poi(a,b,1(0,1)1,0(0,1),) is @ homeomorphism,
) (Poi(a, b, 101355 010,110)) " = Lot (bpapjr» G, )-

3. CONNECTEDNESS OF INTERVALS AND BROUWER FIXED POINT THEOREM
FOR INTERVALS

We now state several propositions:

(22) 11is connected.

(23)  For all real numbers a, b such that a < b holds [a, b1 is connected.

(24)  For every continuous mapping f from [ into [ there exists a point = of
I such that f(x) = z.

(25)  For all real numbers a, b such that a < b and for every continuous
mapping f from [a, b1 into [a, b]T there exists a point x of [a, b]T such
that f(z) = x.

(26) Let X, Y be subspaces of RL. Then for every continuous mapping f
from X into Y such that there exist real numbers a, b such that a < b and
[a,b] C the carrier of X and [a,b] C the carrier of Y and f ° [a,b] C [a, D]
there exists a point « of X such that f(z) = x.

(27)  For all subspaces X, Y of Rl and for every continuous mapping f from
X into Y such that there exist real numbers a, b such that a < b and
[a,b] C the carrier of X and f °[a,b] C [a,b] there exists a point = of X
such that f(z) = .
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