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Summary. The article contains definitions and properties of con-
vergent serieses.

MML Identifier: SERIES_1.

The articles [12], [2], [10], [1], [7], [6], [4], [3], [5], [11], [8], and [9] provide the
notation and terminology for this paper. We follow the rules: n, m will denote
natural numbers, a, p, v will denote real numbers, and s, s1, so will denote
sequences of real numbers. We now state three propositions:
(1) Tf0 < aand a < 1 and for every n holds s(n) = a™*!, then s is
convergent and lim s = 0.
(2) If a #0, then |a|™ = |a™|.
(3) If |a] < 1 and for every n holds s(n) = a™*!, then s is convergent and
lims = 0.
Let us consider s. The functor (3 5_,s(a))ken yielding a sequence of real
numbers is defined by:
(Def.1) (35— s(@))ken (0) = s(0) and for every n holds (35 _g s(a))ken (n +
1) = (36=05())ren (n) + s(n +1).
The following proposition is true
(4) For all s, s holds s1 = (3-h_ s(a))ken if and only if s1(0) = s(0) and
for every n holds s1(n+ 1) = s1(n) + s(n + 1).
Let us consider s. We say that s is summable if and only if:
(Det.2)  (3°h_( s(@))ken is convergent.
Let us consider s. Let us assume that s is summable. The functor ) s yields
a real number and is defined as follows:

(Det.3) > s=lm((>h_s(a))ken)-
!Supported by RPBP.ITI-24.C8

© 1991 Fondation Philippe le Hodey
449 ISSN 0777-4028



450

KONRAD RACZKOWSKI AND ANDRZEJ NEDZUSIAK

The following propositions are true:

(6)2 For all s, r such that s is summable holds r = s if and only if

r=lim (3= s())nen )-

(7) If s is summable, then s is convergent and lim s = 0.

®)  (Za=os1(@))sen + (Xa=o s2())sen = (Xa=o(s1 + 52)(@))ren -

9)  (Ca=osi(@)ren — (Xazo s2())nen = (Zazo(s1 = 52)(@))ren-

10)  If s; is summable and sy is summable, then s; + s9 is summable and

Y(s14+82) =D 81+ so.

(11)  If s; is summable and s is summable, then s; — s2 is summable and
Z(Sl - 82) = 281 - 282.

(12)  (Za=o(rs)(a))ren = r(XZa=o 8())nen -

(13)  If s is summable, then rs is summable and Y (rs) =r->_ s.

(14)  For all s, s1 such that for every n holds s1(n) = s(0) holds (>5_o(s T
D)(@))ken = (Za=o S(@))ren T1—s1.

(15)  If s is summable, then for every n holds s T n is summable.

(16)  If there exists n such that s T n is summable, then s is summable.

(17)  If for every n holds s1(n) < s2(n), then for every n holds
(XCa=051(a))sen (n) < (Xa=o s2())ren (1)

(18)  If s is summable, then for every n holds > s = (35 _ s(a))ken (n) +
2(s T (n+1)).

(19)  If for every n holds 0 < s(n), then (3.5 _, s())xen is non-decreasing.

(20)  If for every n holds 0 < s(n), then (>°5_; s(a))xen is upper bounded if
and only if s is summable.

(21) If s is summable and for every n holds 0 < s(n), then 0 < Y s.

(22)  If for every n holds 0 < s2(n) and s; is summable and there exists m
such that for every n such that m < n holds s3(n) < si1(n), then s is
summable.

(23) If for every n holds 0 < s3(n) and s is not summable and there exists
m such that for every n such that m < n holds sa(n) < s1(n), then s; is
not summable.

(24) If for every n holds 0 < s1(n) and s1(n) < s3(n) and s is summable,
then s; is summable and >~ s1 < > s9.

(25) s is summable if and only if for every r such that 0 < r there exists
n such that for every m such that n < m holds [(35_q s(a))ken (M) —

(2a=08(@))ken (n)| <.
n+1
(26)  Ifa# 1, then (C5_o((a%)nen )(@))nen (n) = 155
(27) Ifa # 1 and for every n holds s(n+1) = a-s(n), then for every n holds

5(0)-(1—ant1
(S5 _g s())wen (n) = 2Q(Q=a™),

(28)  If |a| < 1, then (a”).en is summable and Y ((a")een) = 12

l—a

2The proposition (5) has been removed.
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(29) If |a| < 1 and for every n holds s(n+ 1) = a - s(n), then s is summable
and > s = 50)

1-a
(30) If for every n holds s(n) > 0 and s1(n) = % and sp is convergent
and lim sy < 1, then s is summable.
(31)  If for every n holds s(n) > 0 and there exists m such that for every n
such that n > m holds % > 1, then s is not summable.

(32)  If for every n holds s(n) > 0 and s;(n) = {/s(n) and s; is convergent
and lim sy < 1, then s is summable.

(33)  If for every m holds s(n) > 0 and s1(n) = {/s(n) and there exists m
such that for every n such that m < n holds s;(n) > 1, then s is not
summable.

(34)  If for every n holds s(n) > 0 and s;(n) = {/s(n) and s; is convergent
and lim s; > 1, then s is not summable.

Let us consider n. The n-th power of 2 yields a natural number and is defined
as follows:

(Def.4)  the n-th power of 2= 2.

One can prove the following three propositions:

(35) If s is non-increasing and for every n holds s(n) > 0 and si(n) =
2".s(the n-th power of 2), then s is summable if and only if s; is summable.

(36) If p > 1 and for every n such that n > 1 holds s(n) = %, then s is

summable.
(37) If p<1 and for every n such that n > 1 holds s(n) = -5, then s is not
summable.

Let us consider s. We say that s is absolutely summable if and only if:

(Def.5)  |s| is summable.

We now state several propositions:
(39)3 For all n, m such that n < m holds |(35_, s(a))xen (m)—
(Xa=05(a))ken ()] < [(X6=0 Is[(a))wen (m) — (Xa=0 |5[(c))wen ().
(40)  If s is absolutely summable, then s is summable.

(41)  If for every n holds 0 < s(n) and s is summable, then s is absolutely
summable.

(42)  If for every n holds s(n) # 0 and s;(n) = |8“S(|TZ:)1) and s is convergent
and lim sy < 1, then s is absolutely summable.

(43) If r > 0 and there exists m such that for every n such that n > m holds
|s(n)| > r, then s is not convergent or lim s # 0.

(44)  If for every n holds s(n) # 0 and there exists m such that for every n
such that n > m holds |S“s(|rz:)1) > 1, then s is not summable.

3The proposition (38) has been removed.
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If for every n holds s1(n) = {/|s|(n) and s; is convergent and lim s; < 1,
then s is absolutely summable.

If for every n holds s1(n) = {/|s|(n) and there exists m such that for
every n such that m < n holds s;(n) > 1, then s is not summable.

If for every n holds s1(n) = {/|s|(n) and s; is convergent and lim s; > 1,
then s is not summable.
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