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Summary. We introduce the notions of commutators of element,
subgroups of a group, commutator of a group and center of a group. We
prove P.Hall identity. The article is based on [6].

MML Identifier: GROUP_5.

The terminology and notation used in this paper are introduced in the following
articles: [9], [4], [1], (3], [5], [10], [7], [14], [16], [2], [12], [8], [15], [11], and [13].

PRELIMINARIES

The scheme SubsetFDS8 concerns a non-empty set A, a non-empty set B, a
non-empty set C, a ternary functor F yielding an element of B, and a ternary
predicate P, and states that:

{F(e,d,e) : Ple,d,e]}, where ¢ ranges over elements of A, and d ranges over
elements of B, and e ranges over elements of C, is a subset of B
for all values of the parameters.

For simplicity we adopt the following rules: x will be arbitrary, k, n will
denote natural numbers, ¢ will denote an integer, G will denote a group, a, b,
¢, d will denote elements of G, A, B, C, D will denote subsets of G, H, Hi,
H,, H;, Hy will denote subgroups of G, N, Ni, No, N3 will denote normal
subgroups of G, F, F, F5 will denote finite sequences of elements of the carrier
of G, and I will denote a finite sequence of elements of Z. Next we state several
propositions:

(1) =z e€{1}gifand only if z = 14.

(2) Ifa€ Handbe H, then a® € H.

(3) Ifa€ N, then a® € N.

(4) = € Hy- Hy if and only if there exist a, b such that z = a-b and a € H;
and b € Hs.

(5) 1If Hy- Hy = Hy - Hy, then € Hy U Hy if and only if there exist a, b
such that t = a-b and a € H; and b € Hs.
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(6) If G is an Abelian group, then x € Hy U H, if and only if there exist a,
b such that x = a-band a € Hy and b € Hs.

(7)  x € N1U Ny if and only if there exist a, b such that x = a-b and a € N,
and b € N,.

(8 H-N=N-H.
Let us consider G, F', a. The functor £'* yielding a finite sequence of elements
of the carrier of G is defined by:
(Def.1)  len(F®) =len F and for every k such that k € Seglen F' holds F*(k) =
(mi )"
One can prove the following propositions:
(9) Iflen Fy = len Fy and for every k such that k € Seglen Fy holds Fi (k) =
(ﬂ'kFg)a, then F| = Fy®.
len(F*) =len F.
For every k such that k € Seglen F' holds F*(k) = (miF')“.
(Fla) ~ Ry = (Fl - Fg)a.
5((ltho carrier of G) =é&
(@)’ = (a’).
(a,b)¢ = (a®,b°).
{a,b,c)® = (a?, b9, c?).
[I(F?) = (ITF)*.
If len ' = len I, then (F%)! = (F1)e.
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COMMUTATORS

Let us consider G, a, b. The functor [a,b] yields an element of G and is defined
by:
(Def.2) [a,b] =a=!-b71-a-b
One can prove the following propositions:
(19) (i) [a,b)=a"t b7 a-b,

(i) [a,b]=a"t-(b"!-a)-b,

(iii) [a,b] =a"t-(b71-a-b),

(iv) [a,b)=a"t (07" (a-b)),

(v) [a,b]=a"t-b71-(a-b).
(20)  [a,b] = (b-a)"t-(a-b).
(21)  Ja,b] = (b"")*-band [a,b] =a"! - ab
(22) [lg,a] =1¢g and [a,1g] = 1g.
(23)  la,a] =1¢
(24)  [a,a '] =1g and [a7!,a] = 1.
(25)  [a,b]"t = [b,a].
(26)  [a,b]® = [a®,b°].
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27)  [a,b] = (a™H?% - (a-b"1)2 - b2
28)  [a-b,c] = [a,c]’-[b,c].
29)  [a,b-c] =la,c] - |a,b].
30)  [aL,b] = [b,a]* .
31)  [a,b7Y =[b,al’
32) [ 407 =[a,b] @Y and [0 !, b7 = [a, ]
33)  [a,b% '] =[b,a!]
[0 = b, q]
[
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a,b’] = (b*)~ - b
39) [a,b] =1g ifand only ifa-b=10b-a.
40) G is an Abelian group if and only if for all a, b holds [a,b] = 1¢.
41) Ifa € H and b € H, then [a,b] € H.

Let us consider G, a, b, c. The functor [a, b, | yielding an element of G is
defined by:

(Def.3)  [a, b, c] = [[a,b],].

One can prove the following propositions:

(42)  [a, b, ] = [[a,b], c].

(43)  la, b, 1g] = 1¢ and [a, 1g, b] = 1¢ and [1g, a, b] = 1.
(44) [a, a, b] = 1G

(45)  la, b, a] = [a’,a].

(46) [b, a, a] = ([b a= - [b,a])?.

(47)  [a, b, b*] = [b, [b, a]].

(48) [a- b cl =la,c]-la, c, b] - [b,].

(49) [ ] [ a, ] [a7 b] : [CL, b7 C].

(50) [a, b_ P [b, ¢, al¢ e, a7t D) = 1g.

Let us consider GG, A, B. The commutators of A & B yielding a subset of G
is defined as follows:

(Def.4)  the commutators of A & B = {[a,b] :a € AANb € B}.

We now state several propositions:

(51)  The commutators of A & B = {[a,b] :a € AANb € B}.

(52)  x € the commutators of A & B if and only if there exist a, b such that
x =la,b] and a € A and b € B.

(563)  The commutators of (ine carrier of ¢ & A = () and the commutators of A

& wthe carrier of G = 0.
(54)  The commutators of {a} & {b} = {[a, ]}.
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(55) If AC B and C C D, then the commutators of A & C' C the commu-
tators of B & D.

(56) G is an Abelian group if and only if for all A, B such that A # () and
B # ) holds the commutators of A & B = {1¢}.

Let us consider G, Hy, Hs. The commutators of Hy & Hs yields a subset of
G and is defined by:

(Def.5)  the commutators of H; & Hs = the commutators of Hy & Ho.

Next we state several propositions:
(57)  The commutators of H; & Hs = the commutators of H; & Ho.

(58)  x € the commutators of H; & Hs if and only if there exist a, b such
that © = [a,b] and a € H; and b € Hj.

(59) 1g € the commutators of Hy & Ho.

(60)  The commutators of {1}¢ & H = {1} and the commutators of H &
{1}e = {lc}.

(61)  The commutators of H & N C N and the commutators of N & H C N.

(62) If Hy is a subgroup of Hy and Hjs is a subgroup of Hy, then the com-
mutators of Hy & H3 C the commutators of Hy & Hy.

(63) G isan Abelian group if and only if for all H;, Hs holds the commutators
of Hl & H2 = {1g}.
Let us consider G. The commutators of G yielding a subset of G is defined
by:
(Def.6)  the commutators of G = the commutators of Qg & Q.
Next we state three propositions:
(64) The commutators of G = the commutators of Q¢ & Q.
(65) x € the commutators of G if and only if there exist a, b such that
x = [a,b].
(66) G is an Abelian group if and only if the commutators of G = {1¢}.

Let us consider G, A, B. The functor [A, B] yielding a subgroup of G is
defined as follows:

(Detf.7)  [A, B] = gr(the commutators of A & B).

Next we state four propositions:
(67) [A, B] = gr(the commutators of A & B).
(68) Ifae€ Aandbe B, then [a,b] € [A, B].
(69) x € [A, B] if and only if there exist F, I such that len F = len I and
rng F' C the commutators of A & B and z = [[(F7).
(70) If AC C and B C D, then [A, B] is a subgroup of [C, D].
Let us consider G, Hy, Hs. The functor [H;, Hs] yielding a subgroup of G is
defined by:
(Def.8)  [Hy, Ha] = [Hy, Ha).

Next we state a number of propositions:
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(71)  [Hy, Ho] = [Hy, Ho).
(72)  [Hy, Hs) = gr(the commutators of Hy & Ha).

(73) x € [Hy, Ho] if and only if there exist F', I such that len F =len I and
rng F' C the commutators of Hy & Hy and r = [[(F1).

(74) If a € Hy and b € Hy, then [a,b] € [Hy, Ho].
(75)  If Hy is a subgroup of Hs and Hj is a subgroup of Hy, then [Hq, H3] is
a subgroup of [Ho, Hy].

(76) [N, H] is a subgroup of N and [H, N] is a subgroup of N.
(77) [N, N3] is a normal subgroup of G.

(78)  [N1, No| = [Na, V]

(79) [Nl |_|N2,N3] [Nl,Ng] (] [NQ,N;),].

(

80) [Ny, No LI N3] = [Ny, Na] U [Ny, Ns).
Let us consider G. The functor G° yields a normal subgroup of G and is
defined by:
(Def.9)  G° = 1[Qq, Q.
Next we state several propositions:
(81) G°=1[Q¢, Q).
(82) G = gr(the commutators of G).

(83) x € G° if and only if there exist F, I such that len F' = len/ and
rng F' C the commutators of G and x = [[(F1).

(84)  [a,b] € G°.

(85) @G is an Abelian group if and only if G¢ = {1}4.

(86)  If the left cosets of H is finite and |e : H|y = 2, then G° is a subgroup
of H.

CENTER OF A GROUP

Let us consider G. The functor Z(G) yielding a subgroup of G is defined as
follows:

(Def.10)  the carrier of Z(G) = {a: N\ya-b=">b-a}.

We now state several propositions:

(87)  If the carrier of H = {a: \ya-b=>b-a}, then H = Z(G).

(88)  The carrier of Z(G) ={a: \pa-b=">b-a}.

(89) a € Z(G) if and only if for every b holds a-b =10 a.

(90)  Z(G) is a normal subgroup of G.

(91) If H is a subgroup of Z(G), then H is a normal subgroup of G.
(92) 7Z(G) is an Abelian group.

(93) a€ Z(G) if and only if a® = {a}.

(94) G is an Abelian group if and only if Z(G) = G.
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AUXILIARY THEOREMS

In the sequel E will be a non-empty set and p, ¢ will be finite sequences of
elements of F. The following propositions are true:

(95)
(96)

[1]
2]

3]
[4]
[5]
[7]
8]
[9]

[10]
[11]

[12]
[13]

[14]
[15]

[16]

If k € domp or k € Seglenp, then 7x(p ~ q) = mkp.
If k£ € domgq or k € Seglenq, then menprk(p ™ q) = Tiq.
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