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Summary. A basis for investigations on incidence projective spaces.
With every projective space defined in terms of collinearity relation we as-
sociate the incidence structure consisting of points and lines of the given
space. We introduce the general notion of projective space defined in
terms of incidence and define several properties of such structures (like
satisfability of the Desargues Axiom and conditions on the dimension).

MML Identifier: INCPROJ.

The papers [7], [8], [6], [1], [2], [3], [4], and [5] provide the notation and ter-
minology for this paper. We consider projective incidence structures which are
systems

(points, lines, an incidence),
where the points constitute a non-empty set, the lines constitute a non-empty
set, and the incidence is a relation between the points and the lines.

We see that the projective space defined in terms of collinearity is a proper
collinearity space.

For simplicity we follow a convention: C; will be a proper collinearity space,
x, y will be arbitrary, Y will be a set, and B will be an element of 2the points of Ci1
Let us consider Cy. We see that the line of C} is an element of 2the points of €1

Let us consider C';. The functor L(C}) yielding a non-empty set is defined
by:

(Def.1) L(Cy) ={B: Bisalineof C}.

We now state two propositions:
(1) L(Cy)={B:Bisalineof C;}.
(2)  For every x holds z is a line of Cy if and only if x is an element of L(C4).
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Let us consider C';. The functor I, yields a relation between the points of
Cy and L(C1) and is defined by:
(Def.2)  for all z, y holds (x,y) € I¢, if and only if x € the points of C; and
y € L(C1) and there exists Y such that y=Y and z € Y.
Let us consider C7. The functor Inc-ProjSp(C1) yields a projective incidence
structure and is defined by:
(Def.3)  Inc-ProjSp(Ci) = ( the points of C1, L(C1),1¢,).
Next we state four propositions:
(3)  Inc-ProjSp(Cy) = ( the points of C1, L(C1),1I¢,).
(4)  For every C; holds the points of Inc-ProjSp(C;) = the points of
C; and the lines of Inc-ProjSp(C;) = L(Cp) and the incidence of
Inc-ProjSp(Cy) = I¢y,.
(5)  For every x holds z is a line of C; if and only if z is an element of the
lines of Inc-ProjSp(Ch).
(6)  For every x holds z is an element of the points of Inc-ProjSp(C}) if and
only if x is an element of the points of Cj.

For simplicity we adopt the following rules: a, b, ¢, p, ¢, s will be ele-
ments of the points of Inc-ProjSp(C1), P, @, S will be elements of the lines of
Inc-ProjSp(C1), P’ will be a line of Cy, and d’, ¥/, ¢/, p’ will be elements of the
points of C'y. Let I; be a projective incidence structure, and let s be an element
of the points of I, and let S be an element of the lines of I;. The predicate
s | S is defined as follows:

(Def.4)  (s,S) € the incidence of I;.

One can prove the following propositions:

7) s |Sif and only if (s,S) € I¢,.

8) Ifp=p and P = P’ then p | P if and only if p’ € P'.
There exist a/, V', ¢ such that a’ # V' and b’ # ¢’ and ¢ # d'.
For every a’ there exists b’ such that a’ # 0.

Ifp|Pand g|Pand p|Q and q | Q, then p=qgor P = Q.
For every p, g there exists P such that p | P and ¢q | P.
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If a =a and b = b and ¢ = ¢/, then d’, ¥’ and ¢ are collinear if and
only if there exists P such that a | P and b | P and ¢ | P.

(14)  There exist p, P such that p{ P.

For simplicity we follow the rules: C; is a projective space defined in terms

of collinearity, a, b, ¢, d, p, q are elements of the points of Inc-ProjSp(C), P,
Q, S, M, N are elements of the lines of Inc-ProjSp(C1), and o', V', ¢, d', p’ are
elements of the points of C';. One can prove the following propositions:

(15)  For every P there exist a, b, ¢ such that a # b and b # ¢ and ¢ # a and
a|Pandb| P andc|P.

(16)  Suppose that
(i) alM,
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(i) b M,
(iii) c|N,
(v) »plM,
(vi) pI|N,
(vil) a| P,
(viii) ¢ | P,
(ix) b|Q,
(x) d|@,
(xi) ptP,
(xil) pt@,
(xii) M # N.

Then there exists ¢ such that ¢ | P and ¢q | Q.
(17)  Iffor every a’, ¥/, ¢, d' there exists p’ such that a’, b’ and p’ are collinear

and ¢, d’ and p’ are collinear, then for every M, N there exists g such
that ¢ | M and ¢ | N.

(18)  If there exist elements p, p1, 7, r1 of the points of C; such that for no
element s of the points of C'; holds p, p1 and s are collinear and r, r1 and
s are collinear, then there exist M, N such that for no ¢ holds ¢ | M and
q|N.

(19)  Suppose for every elements p, p1, q, q1, 72 of the points of C; there exist
elements r, r; of the points of Cy such that p, ¢ and r are collinear and
p1, q1 and 71 are collinear and r9, r and 71 are collinear. Then for every
a, M, N there exist b, ¢, S such that a | Sand b| S and ¢ | S and b | M
and ¢ | N.

We now define two new predicates. Let x, y, z be arbitrary. We say that z,
y, z are mutually different if and only if:

(Def.5) x#yandy+#zand z # x.
Let u be arbitrary. We say that z, y, z, u are mutually different if and only if:
(Def.6) x#yandy+#zand z# x and u # x and u # y and u # z.

We now define two new predicates. Let Cy be a projective incidence structure,
and let a, b be elements of the points of C9, and let M be an element of the
lines of Cy. The predicate a,b | M is defined as follows:

(Def.7)  a|M and b| M.
Let ¢ be an element of the points of Cy. The predicate a, b, c | M is defined by:
(Def.8) a|M and b| M and c| M.

We now state three propositions:

(20)  Suppose that
(i) for all elements py, 72, q, 71, q1, p,  of the points of Cy such that pq,
ro and ¢ are collinear and r1, ¢; and ¢ are collinear and p1, 1 and p are
collinear and 73, ¢; and p are collinear and p1, g1 and r are collinear and
ro, 71 and r are collinear and p, ¢ and r are collinear holds p1, 7o and ¢
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are collinear or p1, ro and 71 are collinear or p1, r1 and ¢ are collinear or
ro, 71 and ¢p are collinear.

Let p, q, r, s, a, b, ¢ be elements of the points of Inc-ProjSp(C7). Let L,
Q, R, S, A, B, C be elements of the lines of Inc-ProjSp(C7). Suppose

that

(i) qtL,

(iii) rtL,

(iv) ptQ,

(v) st@,
(vi) ptR,
(vil) rtR,

(Viii) qt s,

(ix) st8S,

x)  a,p,s|L,
(Xi) a? q’ r | Q7
(xii)  b,q,s| R,

(xiii)  b,p,r | S,
xiv)  ¢pqlA,
(xv) ¢rs|B,
(xvi) a,b|C.
Then ct C.

(21)  Suppose that

(i) for all elements o, p1, pe, ps, q1, g2, g3, 71, T2, 3 of the points of Cy such
that o # q1 and p; # q1 and 0 # ¢ and p2 # g2 and o # g3 and p3 # g3
and o, p; and ps are not collinear and o, p; and p3 are not collinear and
0, po and ps are not collinear and py, po and rg are collinear and ¢, g
and rg are collinear and po, p3 and r are collinear and g2, q3 and r; are
collinear and p1, p3 and ro are collinear and ¢y, g3 and ry are collinear
and o, p; and ¢ are collinear and o, po and ¢ are collinear and o, p3 and
q3 are collinear holds 71, 7o and 73 are collinear.
Let o, by, a1, ba, ag, b3, as, r, s, t be elements of the points of Inc-ProjSp(C).
Let C3, C4, Cs, Ay, Ay, Az, By, By, B3 be elements of the lines of
Inc-ProjSp(Cy). Suppose that

(ii) o, bl, al ’ Cg,
(iii) 0, a2, b2 ’ C4,
(iV) 0,as, b3 ’ C5,
(V) ag,ag,t ’ Al,
(Vi) as,r,aq ‘ Ag,
(Vii) as, s, ai ‘ Ag,
(viii)  t,bo,bs | Bi,
(IX) bl,?",bg | By,
(X) b1787b2 | Bs,
(xi) Cs, Cy4, C5 are mutually different,
(xii)) o # ay,
(xiil) o # ag,
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(xiv) o # as,
(xv) o0# by,
(xvi) 0 # by,
(xvil) o # bs,
(Xviii) aj 75 bl,
(XiX) a9 75 bQ,
(XX) as 75 bg.
Then there exists an element O of the lines of Inc-ProjSp(C';) such that
r,s,t ] O.

(22)  Suppose that
(i)  for all elements o, pi1, p2, P3, q1, 92, g3, 71, T2, r3 of the points of C;
such that o # po and o # ps and ps # p3 and p; # p2 and p; # p3 and

0# q2 and o # g3 and g2 # g3 and q1 # ¢q2 and ¢q1 # g3 and o, p; and
q1 are not collinear and o, p; and ps are collinear and o, p; and p3 are

collinear and o, q; and ¢o are collinear and o, ¢q; and g3 are collinear and
p1, g2 and rg are collinear and ¢, ps and rg are collinear and p1, g3 and r9
are collinear and p3, ¢; and r9 are collinear and ps, g3 and rq are collinear
and p3, g2 and r; are collinear holds 71, 9 and r3 are collinear.

Let o, a1, ao, ag, b1, by, b3, c1, c2, c3 be elements of the points of
Inc-ProjSp(Cy). Let Aj, Ay, As, By, Ba, Bs, C3, Cy, C5 be elements
of the lines of Inc-ProjSp(C7). Suppose that

0, a1, ag, ag are mutually different,

—~
—
—

)

(iii) o, b1, by, by are mutually different,

(iv) As # Bas,

(v) ol As,

(Vi) o | Bg,

(Vii) as, bg, C1 ‘ Al,
(Viii) as, bl, C9 ‘ Bl,

(ix) a1,b2,c3| Cs,

(X) al,b3,02 ‘ AQ,
(Xi) as, bQ, C1 ‘ BQ,
(Xii) as, bl, C3 ‘ C4,
(Xiii) b1, b9, b3 ‘ Ag,
(XiV) ai,as, as ‘ Bg,
(XV) C1,C9 ‘ C5.

Then c3 | Cs.

A projective incidence structure is called a projective space defined in terms
of incidence if:

(Def.9) (i) for all elements p, ¢ of the points of it and for all elements P, @ of
the lines of it such that p | P and ¢ | P and p | @Q and ¢ | @ holds p = ¢
or P=0Q,

(ii)  for every elements p, g of the points of it there exists an element P of
the lines of it such that p | P and ¢ | P,
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(iii)  there exists an element p of the points of it and there exists an element
P of the lines of it such that pt P,

(iv)  for every element P of the lines of it there exist elements a, b, ¢ of the
points of it such that a # b and b # cand ¢ # a and a | P and b | P and
c| P,

(v) for all elements a, b, ¢, d, p, g of the points of it and for all elements
M, N, P, Q of the lines of it such that a | M and b | M and ¢ | N and
d|Nandp|Mandp|Nanda|Pandc|Pand b | Q and d| Q and
ptPand pt@ and M # N there exists an element ¢ of the points of it
such that ¢ | P and ¢ | Q.

Let Cy be a projective space defined in terms of collinearity.
Then Inc-ProjSp(C1) is a projective space defined in terms of incidence.
A projective space defined in terms of incidence is 2-dimensional if:
(Def.10)  for every elements M, N of the lines of it there exists an element ¢ of
the points of it such that ¢ | M and ¢ | N.
A projective space defined in terms of incidence is at least 3-dimensional if:
(Def.11)  there exist elements M, N of the lines of it such that for no element ¢
of the points of it holds ¢ | M and ¢ | N.
A projective space defined in terms of incidence is at most 3-dimensional if:

(Def.12)  for every element a of the points of it and for every elements M, N of
the lines of it there exist elements b, ¢ of the points of it and there exists
an element S of the lines of it such that a | S and b | S and ¢ | S and
b| M and c| N.

A projective space defined in terms of incidence is 3-dimensional if:
(Def.13) it is at most 3-dimensional and it is at least 3-dimensional.

A projective space defined in terms of incidence is Fanoian if:

(Def.14)  Let p, q, r, s, a, b, ¢ be elements of the points of it . Let L, Q, R, S,
A, B, C be elements of the lines of it . Suppose that

i) qtL,

(i) rtL,

(i) pt@,

(iv) stQ,

(v) piR,
(vii) qt5,
(Viii) 518,

(iX) a7p’ 5 | L7

(X) a? Q’ r | Q’

(xi) b,q,5|R,
(xii)  b,p,r| S,
(xili) ¢p,q|A4,
(xiv) e s|B,
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(xv) a,b|C.
Then ct C.
A projective space defined in terms of incidence is Desarguesian if:

(Def.15)  Let o, by, ay, by, aa, bs, as, r, s, t be elements of the points of it . Let
Cs, Cy4, Cs, Ay, Ag, A3, B1, By, B3 be elements of the lines of it . Suppose

that
i) o,bl,al ’ Cg,
(i) o,a2,ba | Cy,
(iii)  o,as,b3 | Cs,
(iV) ag,ag,t ’ Al,
(V) as,Tr,al ’ Ag,
(VI) az, s, ai | A37
(vii)  t,bo,bs | By,
(Viii) bl, r, bg ‘ BQ,
(IX) bl)‘svb? | Bs,
(x) Cs, C4, C5 are mutually different,
(xi) o#ai,

(xii)) o0 # ag,

(xiil) o # as,

(xiv) o0 # by,

(xv) o0 b,

(vi) 0 b,
(Xvii) aq 75 bl,
(Xviii) a9 75 bg,

(xix)  ag # bs.

Then there exists an element O of the lines of it such that r,s,t | O.

A projective space defined in terms of incidence is Pappian if:

(Def.16)  Let o, a1, ag, as, by, be, bs, c1, ¢, c3 be elements of the points of it .
Let Ay, Ao, A3, By, By, B3, C3, C4, C5 be elements of the lines of it .
Suppose that

i) o, ay, ag, az are mutually different,
(ii) o, b1, b, b3 are mutually different,
(iii) As # Bs,

(IV) o | A37

(v) ol Bs,

(Vi) as, bg, C1 ‘ Al,
(vii) a3,b1,c2 | B,
(Vlll) ai, b27 Cc3 | 037

(iX) ai, bg, Co ‘ AQ,

(x) as,by,c1 | By,

(Xl) az, b17 Cc3 | 047
(Xiii) ai,as,as ‘ Bg,
(xiv) ¢1,c2 | Cs.
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Then ¢35 | Cs.
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