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Summary. The article is to give a number of useful theorems con-
cerning equalities and inequalities in real numbers. Some of the theorems
are extentions of [1] theorems, others were found to be needed in practice.

MML Identifier: REAL_2.

The terminology and notation used here are introduced in the following articles:
[1], [3], [2], and [4]. In the sequel a, b, d, e will be real numbers. One can prove
the following propositions:

(1) Ifb+a=bora+b=borb—a=D>b, thena=0.
(2)  Suppose that
(i) a—b=0ora+(-b)=0o0r (-b)+a=00r —a=—-bora—e=b—e
ora—e=b+(—e)ora—e=(—e)+bore—a=e—bore—a=e+(-b)
ore—a=(-b)+e.
Then a = b.
) Ifa=—b,thena+b=0andb+a=0and —a=>h.
) Ifa+b=0orb+a=0,then a =—b.
5 (—a)—b=(-b) —a.
) —(a+0b) =(—a)+ (-b) and —(a+b) = (=b) + (—a) and —(a + b) =
(=b) —a and —(a +b) = (—a) — b.
(7) a—b=(-b)+a.
(a—b)=(—a)+band —(a—b) =b—a and —(a — b) = b+ (—a).
9) ((ma) +b) =a—>band —((—a) +b) = a+ (=b) and —((—a) +b) =
(—=b) + a.
(10) (i) a+b=—((—a)-b),
(i) a+b=—((-b)—a),
(i) a+b=—((=b)+ (—a)),
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(iv) a+b=—((-a)+ (=),
(v) a+b=a—(-b),
(vi) a+b=b—(—a).
(11) Ifa+b=-eorb+a=e,thena=e—banda=e+(—b)and a = (—b)+e.
(12) Ifa=e—bora=e+(—-b)ora=(—b)+e, thena+b=candb+a=c¢
and b =e —a.
(13) Ifa+b=e+d,thena—e=d—banda—d=e—bandb—e=d—a
andb—d=e—a.
(14) Ifa—e=d—b,thena+b=e+danda+b=d+eandb+a=d+e
and b+a =e+d.
(15) Ifa—b=e—d,thena—e=>b—d.
(16) Ifa+b=e—dorb+a=e—d,thena+d=e—bandd+a=e—Db.
(17) i) a=a+(b—0),
(i) a=(a+0b)—b,
(ili) a=a+ (b+ (D)),
(iv) a=(a+b)+(-b),
(v) a=a—(b-b),
(vi) a=(a—"0)+b,
(vii) a=a—(b+(=b)),
(vili) a=a+ ((=b) +b),
(ix) a=(a+(=b))+b,
(x) a=b+(a—0D),
(xi) a=(b+a)=b
(xii) a=0b+ (a+ (-d)),
(xiii) a=(b+a)+ (=b),
(xiv) a=b-—(b—a),
(xv) a=(b-0b)+a,
(xvi) a=(=b)+ (a+D),
(xvii)) a=((=b)+a)+b,
(xviii) a=(=b)+ (b+ a),
(xix) a=((=b)+0b)+a,
(xx) a=(=b) = ((—a) =),
(oxi)  a=(=b) — ((—b) — ).

—b)—e)=(a—b)—eand a— ((-b) —e) =(a+b) +e.
(a+b)+e = (a+e)+b and (a+b)+e = (b+e)+a and (a+b)+e = (e+a)+b
and (a+b) +e = (e +b) + a.
(22) (a+b)—e=(a—e)+band (a+b)—e=(b—€e)+aand (a+b)—e=
((—e)+a)+band (a+b)—e=((—e)+b) +a.
(23) (a—b)+e=(e—b)+aand (a—b)+e=((-b)+a)+eand (a—b)+e =
((=b) +e) +a.

IThe proposition (19) was either repeated or obvious.
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(ii)) (a—b)—e=((-b)+a)—ce

(iii) (a—b)—e=((—=b) —e) +a,

(iv) (a—0b)—e=((—€)+a)—0b,

(v) (a—b)—e=((—e)—b)+a.
(

(i) ((ma)=b)—e=((-b)—€)—a
(i) ((—a)—=b)—e=((-e)—a)—b
(iv) ((-a)—b)—e=((-e)—b)—a

27) (i) —((a+b)+e)=((-a)—b)—e

(ii)) —((a+b)—e)=((—a)—0)+e,
(i) —((a=b)+e)=((—a)+b)—e
(iv) —(((—a)+b)+e)=(a—b)—e

(v) —((a=b)—e)=((-a)+b)+e,
(vi)  —(((=a)+b) —e)=(a—b)+e,
(vii)  —(((—a) —b)+e)=(a+10b) —e,

(viii)  —(((—a)—b)—€e)=(a+b)+e

(i) at+e=(b+a)+(e—0),
(iii) a4+e=(a—>b)+ (e+0),
(iv) a+e=(a—0b)+ (b+e),
(v) e+a=(a+0b)+(e—b),
(vi) e4+a=((b+a)+(e—D),
(vii) e4+a=(a—0b)+ (e+b),
(vii) e4+a=(a—0)+ (b+e),
(ix) a+e=(a+b)—(b—e)
(x) at+e=(b+a)—(b—re),
(xi) e+a=((b+a)—(b—e)
(xii) e4+a=(a+b)—(b—-e).

(29) i) a—e=(a—b)—(e—b),
i) a—e=(a—b)+(b—re),
(i) a—e=(a+b)— (e+Db),
) a—e=(b+a)—(e+b),

) a—e=(b+a)—(b+e).
(30) Ifb#0,thenif¢=1lora-b~'=1lorb'-a=1, thena=>0.

(31) Ife;éOand%:g,thena:b.
Next we state a number of propositions:

(32) Ifa-1=b-lora-1=1-borl-a=1-borl-a=>b-1, then a="o.
(33) Ifa#0andb#0,thenifat=b"lori=1ord =571 thena=0»
(34) Ifb#0and § = —1, then a = —b and b = —a.
(35) Ifa-b=1lorb-a=1,thena=3anda=>b"".
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Ifb#0buta-b=borb-a=2», then a=1.
Ifb;éObuta‘b:—borb a = —b, then a = —1.
If a # 0 and b # 0 and 2

Ifa;é()andb;éOand

If a # 0, then *
a~t- b1 #£0and

1
I
a
I

) 1 _

) 1
0!
) 1

)

If a # 0 and b # 0, then
(—a)-b=—b-a,

If b# 0, then § =
Ifa;«é()andb750,then%-1

= #0.
Ifa;é()andb#O then a-b~! # 0 and b~ ! -a # 0 and

40,

=—1and £

If a # 0, thenT—a
Suppose e 75 0 and d # 0. Then

a, b _ ba

e d e~d’

a. b _ ba

e d = de’

a. b _ ab

e d = de’
g.é_g.lz

e d  d

If a # 0, thena = =1.

[SEISESRISY

= b, then a = 1.
= —b, then a =

=land17!=1and 2
—ganda-1"1=q and 1_1-a:a.
If a # 0, then —*

S

= —1and (—

0 if and only if a = 0.

1

b~ ab’

Suppose b # 0 and e # 0. Then

a _ ae
b eb?

—1 and (—a

—1.

™' =—-1and (-

)—1 — _a—l'

,thena=1ora=—1.

a =1 and
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a _ ea
b~ be’
a _ ¢a
b~ eb
a
a e
b b
a N a
b=
B2 e
b= ©
b= be &
a a
= . £
b — ¢
a a
b b6
a_a. e
b e b
If b # 0, then

a
If b # 0, then T

b
If b# 0, then — =% = ¢ and —=* = ¢ and

sl o=

If e # 0, then ¢+ = b 4 ¢

€ € €

Suppose e # 0 and d # 0. Then

a b _ datbe
&b deteb
a b _ date
Ay
a _ adte
E—i_g_de'db 7
a o -a+b-e
e+zl_ddve b’
a b _ date
N oy
a a-d+e-
eTd= de >
a__ b _ da=be
e d—  ed
a__ b d-a—e-b
e d ed
a__ b a-d—e-b
e d~—  ed
a__ b _ da-be
e d—  de
a__ b d-a—e-b
e d "~  de
a__ b _ ad—eb
e d—  de
Suppose b # 0 and e # 0. Then
a _ ea
b T b
b=as
b=s-a
a a
T =€ %
a_a
325-6.
Suppose b # 0. Then
a:a-g,
_ab
(I—T,

1
a=a-(b-g),

Sl
_Q oL

|||
e
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(v) a=4%,
(vi) a= %b - b,
(vil) a= b—f%—,
(vii) a=a-(3b),
(ix) a=(a-g)-b
(X) a=b- %7
(i) a=t2,
(xii) a=b-(a"3),
(xiil) a=(b-a)-%,
(xiv) a= ll—; -a,
() a=(}b)-a,
(xvi) a=1-(b-a),
(xvi)) a=¢-(a-b),
(xvil) a=(3-a)-b
The following propositions are true:
(63)  For every a, b there exists e such that a =b —e.

(64
(65

For all a, b such that a # 0 and b # 0 there exists e such that a = g.
Suppose b # 0. Then

S — —

(i) ¢+e=tel
(ii) ¢ +e=ofle,
(i) ¢ +e=2ete
(iv) 4 +e= b2,
(v) et ==

Y

(vi) e+ § =l

(vii) e+ § = ofbe,

(vil) e+ ¢ = beta
(66)  Suppose b # 0. Then

(1) % — €= a_be'bv
(ii) ¢ —e=3e,
(i) e—§=<be
. _ bee—
(iv) e—%=>5"2

(67)  Suppose b # 0 and e # 0. Then

(i) % = b%ev
W f-g
() =3
m t=}

(V) é = % : %7

NoOF 1
(VI) é — e’ %7

.o b 1
i) E-gl,
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(viii) =-¢ =%,
: 1 a a
(ix) e D T e
a 1 a
(%) B % Py
. a _ a
() §c=pe
(68) Suppose b # 0. Thene-7 = 9% ande- ¢ = %° and § -e = % and
a,,— ea
b= -

(69) (a-b)-e=(a-e)-band (a-b)-e=(b-e)-aand (a-b)-e=(e-a)-b
and (a-b)-e=(e-b)-a.
(70)  Suppose e # 0 and d # 0. Then

N ab %
(1) ?3 = d
o ab b2
(ii) ;fl = —£,
b.g
(i) b==<=
) wb  ab
(IV) ed de7
a- %'b
(v) §2=-<r,
N ab bE
(Vl) d_.lé - d>
a-t
(vi) 4t =Ze
i up b
(viii) ==
(711) (-1)-a=—-aanda-(—1) = —aand (—a)-(—1) =aand (-1)-(—a) =a
and —a = % and a = =7.
(72) Ife;é(),thenifa-e:bore-a:b,thena:g.
(73) Ife;é()anda:g,thena-e:bande-a:b.
(74) Ifa;éOandeyéOanda:g,thene:g.
(75) Ife#0and d#0, thenifa-e=b-dore-a=b-dore-a=4d-bor

a-e:d-b,then%:g.
(76) Ife#Oandd#Oand%:g,thena-e:b'dande-a:b-dand
eca=d-banda-e=d-0.

(77) Ife#Oandd#O,thenifa-e:gore~a:§,thena-d:gand

d-a:g.

(78)  Suppose b # 0. Then
() a-e=(a-b)£
(i) a-e=(b-a)-7,
(iii) a-e=%-(e-b),
(iv) a-e=%-(b-e),
(V) e-a=(a-b)-f,
(vi) e-a=(b-a)-%,
(vii) e-a=7%-(e-b),

(viii) e-a=%-(b-e).
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(79)  Supposeb#0ande#0. Thena-e= % anda-e= %% ande-a = 42

ande‘a:%b.
(80) Ifb#0,then % -e=¢-aand $-e=(3-a)-eand $-e=(7-e)-a.
(81) (—a)-(=b)=a-band (—a)-(—b)=0b-a.
(82) Ifb#0andd#0andb#dand § =5, then § = =5
(83)

|| e
T’
QU

Suppose b # 0 and d # 0 and b # —d and 3

__ eta and a __ eta and a __ ate

a
b b+d b~ d+b — d+b-

(84).(1) e-(a+b)=a-e+e- b,

(ii) e-(a+b):e~a+b-e,
(iii) e-(a+b)=a-e+b-e,
(iv) (a+b)-e=e-a+b-e,
(v) (a+b)-e=a-e+e-b
(vi) (a+b)-e=e-a+e-b,
(vii) e-(b+a)=a-e+e-b,
(vii) e-(b+a)=e-a+b-e,
(ix) e-(b+a)=a-e+b-e,
(x) (b+a)-e=e-a+b-e,
(xi) (b4+a)-e=a-e+e-b,
(xii) (b+a)-e=e-a+e-b,
(xiii) (a+b)-e=b-e+a-e,
(xiv) e-(a+b)=e-b+e-a.
(85) (i) e-(a—b)=a-e—e-b,
(i) e-(a—b)=e-a—b-e,
(iii) e-(a—b)=a-e—b-e,
(iv) (a—b)-e=e-a—b-e,
(v) (a—b)-e=a-e—e-b,
(vi) (a—b)-e=e-a—e-b,
(vii) (a—0)-e=(b—a) (—e),
(viii) (a—b)-e=—(b—a)-e,
(ix) e-(a=b)=(-€) (b—a),
(x) e-(a—b)=—e-(b—a).
(86 Ifa;«é(),thenifézlora_l:1,thena:1.

)
(87) If a # 0, then if % =—lora!=—1, thena=—1.
(88) (i) 2-a=a+ta,

(i) a-2=a+a,
(iii) 3- = (a+a)+a,
(iv) a-3=(a+a)+
(v) 4-a=((a+a)+ )+a
(vi) a-4=((a+a)+a)+a.
(89) %“:aand%:aandw—aand”“:%.
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2tg=0
(§a+ §(2+§a: a,a
(F+D+9+i=0a
sia—g
171 :
If b# 0, then 5% + 5% = ¢ and (35 + 35) + 3% = ¢

Suppose e # 0. Then
atb=c-(2+1Y,

€ €

bta=e-(2+2),

bt+a=(2+2) ¢
a+b=(2+2) e

Ife#0,thena—b=ce- (———) anda—b=(2—-2).e

One can prove the following propositions:

(94)
(i
(11

)
)
ii)
iv)
)
1)
vii)
)

(v111

(

Ne)
Ot
=

—
© —~ —~
> D e =
Lo — < B : >
S N e N

—~
S~
—
. —_

— — — N N N

Suppose e # 0. Then
a+b= retbe
a+b= reteb
a+ b= eeteb
a+ b= eetbe
b+a=cetbe
b+a:ﬁ,
Zizz ae-el—be7
Suppose e 7é 0. Then

ae—be

— b= &=

__ ae—eb
a—b— we—eb
_b= ea—eb

e )
a—b= e-a;be‘
Suppose a # 0. Then
a+b=a-(1+2),

a+b=(1+2)aq,

a+b=( —i—l)‘a

a+b=a-(2+1),

b+a=a-(1+2),

b+a (1+)a,

b+a= (2 +1) a,

bt+a=a-(2+1).
Ifa#0,thena—b=a-(1-2)anda—-b=(1-2) a
(@=b)-(e—d)=(b—a)-(d—e)

((a+b)+e)-d=(a-d+b-d)+e-d,
d-((a+b)+e)=(d-a+d-b)+d-e,
((a+b)—e)-d=(a-d+b-d)—e-d,

o7
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(iv) d-((a+b)—e)=(d-a+d-b)—d-e,
(v) ((a=b)+e)-d=(a-d—b-d)+e-d,
(vi) d-((a—b)+e)=(d-a—d-b)+d-e,
(vii) ((a—b)—e)-d=(a-d—b-d)—e-d,
(viii) d-((a—b)—e)=(d-a—d-b)—d-e.

(100)  Suppose d # 0. Then

. a+b e a e

(i) %z(ﬂgwd,

.s e a b e

(i) i— = ita) &

N g*e:(%—swg,

(iv) == =G-9- %
(101) i) (a+b)-(e+d)=((a-e+a-d)+b-e)+b-d,

(i) (a+b)-(e—d)=((a-e—a-d)+b-e)—b-d,
(ii) (a—b)-(e+d)=({(a-e+a-d)—b-e)—b-d,
(iv) (a—=b)-(e—d)=((a-e—a-d)—b-e)+b-d.
(103)2 Ifa>b,thena+e>e+bande+a>e+bande+a>b+e.
(104) Ifa+e>b+eorat+e>e+bore+a>e+bore+a>b+eor

a—e>b—e, then a>b.
(105)  Suppose that
(i) a—b<O0ora+(-b)<Oor(-b)+a<0or—a>-borb—a>0or
b+ (—a)>0or (—a)+b>0ora—e<b+(—e)ora—e<(—e)+bor
a+(—e)<b—eor(—e)+a<b—eore—a>e—b.
Then a < b.
(106)  Suppose that
(i) a-b<Oora+(-b)<Oor (=b)+a<0or—a>-borb—a>0or
b+ (—a)>0o0r (—a)+b>00ra—e<b+(—e)ora—e<(—e)+bor
a+(—e)<b—ecor(—e)+a<b—eore—a>e—b
Then a < b.

(107)  Suppose a < b. Then a —b < 0 and a + (—=b) < 0 and (—b) +a < 0
and b—a >0 and b+ (—a) > 0 and (—a) +b > 0 and —a > —b and
e—a>e—b.

(108)  Suppose a < b. Then a —b < 0 and a + (—=b) < 0 and (=b) +a < 0

and b—a > 0 and b+ (—a) > 0 and (—a) +b > 0 and —a > —b and

e—a>e—b.

(109) Ifa< —b,thena+b<0and b+a <0 and —a > b.

(110) Ifa< —b,thena+b<0and b+a <0 and —a > b.

(111) If —a<b,thenb+a>0and a+b >0 and a > —b.

(112) If -b<a,thena+b>0and b+a >0 and b > —a.

(113) Ifa+b<0orb+a<0,then a < —b.

(114) Ifa+b<0orb+a<0,then a < —b.

(115) Ifa+b>0o0rb+a >0, then a > —b.

2The proposition (102) was either repeated or obvious.
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(116) Ifa+b>0o0rb+a >0, then a > —b.
(117)  Suppose b > 0. Then
) if £ > 1, then a > b,
) if § <1, then a <,
(iii) if § > —1, then a > —b and b > —a,
) if § < -1, then a < —band b < —a.
(118)  Suppose b > 0. Then
) if § > 1, then a > b,
) if § <1, then a <b,
(iii) if $ > —1, then a > —b and b > —a,
) if ¢ <—1,then a < —band b < —a.
(119)  Suppose b < 0. Then
) if § > 1, then a < b,
) if £ <1, then a > b,
(iii) if § > —1, then a < —b and b < —a,
) if § < —1, then a > —b and b > —a.
(120)  Suppose b < 0. Then
(i) if § > 1, then a <,
ii) if § <1, then a > b,
(iii) if $ > —1, then a < —b and b < —a,
) if ¢ <—1, then ¢ > —b and b > —a.
(121) Ifa>0ora>0butb>0o0orb>00ra<0ora<0butb<O0or
b<0,thena-b>0and b-a > 0.
(122) Ifa<Oandb<Oora>0andb>0,thena-b>0.
(123) Ifa>0ora>0butb<0Oorb<Oora<O0ora<O0butbdb>0or
b>0,thena-b<0and b-a <0.

(124) Ifa>0and b<0,thena-b<0andb-a<0.

One can prove the following propositions:
(125) Ifa<O0andb<0ora>0andb>0, then
(126) Ifa>0and b<0ora<0andb>0,then
(127) Ifa>0and b>0ora <0 andb <0, then
(128) Ifa<0andb>0,then ¢ <0and 2 <0.
(129) Ifa-b<0,thena>0and b<0ora<0andb>0.
(131)3 Ifa-b>0,thena>0and b>0ora<0andb< 0.
(132)
(133)
(134)
(135)
(

e e oie

132 Ifa-b<0,thena>0and b<0ora<0andb>D0.

133 Ifb;é()and%§0,thenb>0anda§00rb<0anda20.
134 Ifb;é()and%20,thenb>0anda200rb<0anda§0.
135 Ifb#0and 3 <0, thenb<0anda>0orb>0anda<O0.
136) Ifb#0and § >0, then b>0and a>0orb<0anda<0.

3The proposition (130) was either repeated or obvious.
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(137) fa>1butb>1lorb>1lora< —1butb< —1orb< —1, then
a-b>1landb-a>1.

(138) Ifa>landb>1lora<—-1landb< —1,thena-b>1.

(139)  Suppose that
(i) 0<aor0<abuta<lbutO<borO<bbutb<lorb<1or
O>aor0>abuta>—-1butO>bor0>bbutb>—-1orb>—1.
Thena-b<landb-a < 1.

(140) Hf0<aanda<landO0<bandb<lor0O>aanda>-1and0>b
and b> —1,thena-b<1.

(141) Ife<0anda§bore>0andaZb,then%

(142) If0<aanda<borb<aanda<O0,then ¢ > 1.
(143) I[f0<aanda<borb<aanda<0, then  <1and>1.
(144) Ifa>0andb>1lora<Oandb<1,thena-b>aandb-a>a.
(145)
(146)

Qo Qo

Ifa>0andb<lora<Oandb>1,thena-b<aandb-a < a.
Ifa>0ora>0butb>1lorb>1lora<0ora<O0butb<1or
b<1 thena-b>aand b-a > a.
(147) Ifa>0ora>0butb<lorb<lora<Oora<O0butb>1or
b>1,thena-b<aandb-a<a.

(148) a > 0 if and only if —a < 0 but a > 0 if and only if —a < 0 but a <0
if and only if —a > 0.

(149) Ifa <0, then 1 <0and a™! <0 butif a >0, then > 0.
(150) If a # 0, then if%<07 then a < 0 but if%>07 then a > 0.
(151) If0<aorb<O0buta<b, then 2 > 1.

(152) If0<aorb<0buta§b,thenéz%.

(153) Ifa<0andb>0, then%<%.

(154) Ifa#Oandb#Obut%>00r%<0and%>%,thena<b.
(155) Ifa#0andb#0but + >0o0r 2 <0and L >3, thena <b.

Next we state a number of propositions:

(156) Ifa##0andb+#0and 2 <0and 7 >0, then a < b.

(157) Ifa<—1,then 0> 2 and 1 > —1.

(158) Ifa<—1,then0> 1 and 1> 1.

(159) If -1 <aand a <0, then 1 < —1.

(160) If —1 <a and a < 0, then % < —1.

(161) If0<aand a <1, then % > 1.

(162) If0<aanda<1,theni>1

(163) If1<a,then0<2and i <1.

(164) If1<a,then0<landl <1,

(165) Ifb<e—a,thena<e—Dbbutifb>e—a,thena>e—b.
(166) Ifb<e—a,thena<e—>bbutifb>e—a,thena>e—b.
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(167) Ifa+b<e+d , thena—e<d—bande—a>b—danda—d<e—b
andd—a>b—e.

(168) Ifa+b<e+d,thena—e<d—bande—a>b—danda—d<e—b
andd—a>b—e.

(169) Suppose a —b < e—d. Thena+d <e+band d+a < e+ b and
d+a<bt+eandat+d<b+eanda—e<b—-—dande—a>d—>band
b—a>d-—e.

(170)  Suppose a —b < e—d. Thena+d < e+band d+a < e+ b and
d+a<b+eanda+d<b+eanda—e<b-—dande—a>d—0band
b—a>d—e.

(171) (i) Ifa+b<e—dorb+a<e—d,thena+d<e—bandd+a <e—b,

(i) ifa+b>e—dorb+a>e—d, thena+d>e—bandd+a>e—b.

(172) i) Ifa+b<e—dorb+a<e—d,thena+d<e—bandd+a<e—b,

(i) ifa+tb>e—dorb+a>e—d,thena+d>e—bandd+a>e—b.

(173) Ifa<O0,thenb+a<banda+b<bandb—a>bbutifa+b<bor
b+a<borb—a>b,then a <0.

(174) T a<0,thenb+a<banda+b<bandb—a>bbutifb+a<bor
a+b<borb—a>b, then a <0.

(175) Ifa>0,thenb+a>banda+b>bandb—a<bbutifb+a >bor
a+b>borb—a<b,then a > 0.

(176) Ifa>0,thenb+a>banda+b>bandb—a<bbutifb+a>bor
a+b>borb—a<b, then a > 0.

(177) i) Ifb>O0buta-b<eorb-a<e, thena <,

(ii) ifb<Obuta-b<eorb-a<e, thena> g,
(iii) ifb>0buta~b2€orb'aZe,thenaZ%,
(iv) ifb<Obuta-b>eorb-a>e,thena< 3.

(178) (i) Ifb>0buta-b<eorb-a<e,thena < g,

(ii) ifb<Obuta-b<eorb-a<e, thena> g,
(iii) ifb>0buta-b>eorb-a>e,thena> g,
(iv) ifb<Obuta-b>eorb-a>e, thena< 3.
(179) (i) Ifb>0anda > ¢, thena-b>eand b-a > e,
(ii) ifb>0anda< ¢, thena-b<eandb-a<e,
(iii) ifb<Oanda> ¢, thena-b<eandb-a<e,
(iv) ifb<Oanda<f,thena-b>eandb-a>e.
(180) (i) Ifb>0anda> ¢, thena-b>eandb-a > e,
(ii) ifb>0anda< ¢, thena-b<eandb-a<e,
(iii) ifb<Oanda> g, thena-b<eandb-a <e,
(iv) ifb<Oanda< g, thena-b>eandb-a>e.

(181)  If for every a such that a > 0 holds b+ a > e or for every a such that
a <0 holds b —a > e, then b > e.

(182)  If for every a such that @ > 0 holds b — a < e or for every a such that
a <0holds b+ a < e, then b <e.
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(183)  If for every a such that @ > 1 holds b-a > e or for every a such that
0<aanda<1holds326,thenb26.

(184)  If for every a such that 0 < a and a < 1 holds b-a < e or for every a
such thata>1h01ds%§e, then b < e.

(185) Supposeb >0andd>0orb<0andd<Obuta-d<e-bord-a<e-b
ord-a<b-eora-d<b-e Then 7 < 3.

(186) Supposeb>0andd <Oorb<Oandd>O0buta-d<e-bord-a<e-b
ord-a<b-eora-d<b-e Then § > 3.

The following propositions are true:

(187) Supposeb>0andd >0orb<Oandd<Obuta-d<e-bord-a<e-b
ord-agb-eora-dgb-e.Then%gg.

(188) Supposeb>0andd <Oorb<Oandd>O0buta-d<e-bord-a<e-b
ord-a<b-eora-d<b-e Then § > 3.

(189)  Supposeb>0andd>0orb<0andd <O0but § < §. Thena-d<e-b
andd-a<e-bandd-a<b-eanda-d<b-e.

(190)  Supposeb < 0Oandd >0orb>0andd <0but § < §. Thena-d>e-b
andd-a>e-bandd-a>b-eanda-d>"b-e.

(191) Supposeb>Oandd>00rb<0andd<0but%§ 5. Thena-d <e-b
andd-a<e-bandd-a<b-eanda-d<b-e.

(192)  Supposeb <Oandd >0orb>0andd <0but § <& Thena-d>e-b

andd-a>e-bandd-a>b-eanda-d>b-e.
(193)  Supposeb<0and d <0 or b> 0 and d > 0. Then
(i) ifa-b<gorb-a< g, thena-d<fandd-a<g,
i) ifa-b>5orb-a> g, thena-d>fandd-a> f.
(194)  Supposeb<0and d>0or b> 0 and d < 0. Then
i) ifa-b<Jorb-a< g, thena-d>fandd-a> g,

jay

) ifa-b>Sorb-a> 9, thena-d<fandd-a< 3.
(195)  Supposeb< 0and d <0 or b> 0 and d > 0. Then
i) ifa-b<Jorb-a< g thena-d<fandd-a<7,
i) ifa-b>%orb-a> 9§ thena-d>fandd-a>¢.
) Supposeb< 0and d>0orb>0andd<0. Then
i) ifa-b<Sorb-a<§ thena-d>fandd-a> g,

—

(
i
5
(
i
(196
(
(i) ifa-b>5orb-a>9g, thena-d<fandd-a<?.
(197)  Suppose 0 < aor 0 <abuta <bora<bbut0<eor0<eand
e<d. Thena-e<b-danda-e<d-bande-a<d-bande-a<b-d.
(198) Suppose 0 > aor 0 > abuta >bora>bbut0>eor0>eand
e>d. Thena-e<b-danda-e<d-bande-a<d-bande-a<b-d.
(199) Suppose 0 < abuta <bora <band 0 < eande<dor0>abut
a>bora>band0>eande>d. Thena-e<b-danda-e<d-band
e-ra<d-bande-a<b-d.

(200) Ife>0buta>0orb<0anda<b,then £> 7.

(201) Ife>0ore>0buta>0orb<0anda<b, then 2%.

€
a
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(202) Ife<Obuta>0orb<0anda<b,then £ <¢.
(203) Ife<Oore<0buta>0orb<0anda<b,then
Next we state the proposition
(204)  For all subsets X, Y of R such that X # () and Y # () and for all a, b
such that ¢ € X and b € Y holds a < b there exists d such that for every

a such that ¢ € X holds a < d and for every b such that b € Y holds
d <b.

€
<e

<2
a
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