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Summary. The theorem on the proper and the improper limit of
a composition of real functions at a point, at infinity and one-side limits
at a point are presented.

MML Identifier: LIMFUNCA4.

The terminology and notation used in this paper have been introduced in the
following articles: [17], [4], [1], [2], [15], [13], [5], [8], [14], [16], [3], [10], [11],
[12], 7], [9], and [6]. We follow a convention: 7, r1, ro, g, g1, g2, o Will be
real numbers and f1, fo will be partial functions from R to R. The following
propositions are true:

(1) Let s be a sequence of real numbers. Then for every set X such that
rngs C dom(fs - f1) N X holds rngs C dom(fs - f1) and rngs C X and
rng s C dom f; and rngs C dom f; N X and rng(f1 - s) C dom fs.

(2)  For every sequence of real numbers s and for every set X such that
rngs C dom(f2 - f1) \ X holds rngs C dom(fs2 - f1) and rngs C dom f;
and rng s C dom f1 \ X and rng(f1 - s) C dom fs.

(3) If f1 is divergent in +oo to +oo and fs is divergent in 400 to 400 and
for every r there exists g such that r < g and g € dom(f2- f1), then fo- f1
is divergent in 400 to +oo.

(4) If fy is divergent in +00 to +o00 and fs is divergent in +o00 to —oo and
for every r there exists g such that r < g and g € dom(f2- f1), then fo- f1
is divergent in 400 to —oo.

(5) If f1 is divergent in +oo to —oo and fs is divergent in —oo to 400 and
for every r there exists g such that » < g and g € dom(f2- f1), then fo- f1
is divergent in +00 to +o0.
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(6) If f1 is divergent in +00 to —oo and f9 is divergent in —oo to —oco and
for every r there exists g such that r < g and g € dom(f2- f1), then fo- f1
is divergent in 400 to —oo.

(7) If fy is divergent in —oo to +oo and fs is divergent in +00 to +oo and
for every r there exists g such that g < r and g € dom(f2- f1), then fo- f1
is divergent in —oo to 4-o00.

(8) If fy is divergent in —oo to +oo and fs is divergent in +00 to —oo and
for every r there exists g such that g < r and g € dom(f2- f1), then fo- f1
is divergent in —oo to —oo.
(9) If f1 is divergent in —oo to —oo and f9 is divergent in —oo to +o00 and
for every r there exists g such that g < r and g € dom(f2- f1), then fo- f1
is divergent in —oo to 4o0.
(10)  If fy is divergent in —oo to —oo and fs is divergent in —oo to —oo and
for every r there exists g such that g < r and g € dom(f2- f1), then fo- f1
is divergent in —oco to —oo.
(11)  If f; is left divergent to +o00 in z¢ and fs is divergent in +oo to 400
and for every r such that r < x( there exists g such that » < g and g < x
and g € dom(fy - f1), then fo - f1 is left divergent to +o00 in x.

(12) If f; is left divergent to +o00 in ¢ and fs is divergent in +00 to —oo
and for every r such that r < x( there exists g such that r < g and g < x¢
and g € dom(fs - f1), then fy - f1 is left divergent to —oo in zg.

(13) If fi is left divergent to —oo in ¢ and fs is divergent in —oo to 400
and for every r such that r < x( there exists g such that » < g and g < x
and g € dom(fy - f1), then fo - f1 is left divergent to +o00 in x.

(14) If f; is left divergent to —oo in z¢ and fs is divergent in —oo to —oo
and for every r such that r < x( there exists g such that r < g and g < x¢
and g € dom(fy - f1), then fo - f1 is left divergent to —oo in zy.

(15)  If fy is right divergent to 400 in xp and fo is divergent in 400 to +00
and for every r such that z¢ < r there exists g such that ¢ < r and g < g
and g € dom(fy - f1), then fo - f1 is right divergent to +oo in z.

(16)  If fy is right divergent to +oo in xg and fo is divergent in +o0o to —oo
and for every r such that xg < r there exists g such that g < r and zg < g
and g € dom(fy - f1), then fo - f1 is right divergent to —oo in z.

(17)  If fy is right divergent to —oo in xg and fo is divergent in —oo to +o00
and for every r such that z¢ < r there exists g such that g < r and g < g
and g € dom(fy - f1), then fo - f1 is right divergent to +oo in z.

(18) If fy is right divergent to —oo in xp and fo is divergent in —oo to —oo
and for every r such that z¢ < r there exists g such that ¢ < r and g < g
and g € dom(fy - f1), then fo - f1 is right divergent to —oo in zg.

(19)  Suppose that

(i)  f1 is left convergent in xg,
(i)  fois left divergent to 400 in lim, - f1,
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(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(f3 - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f1 N
o — g,%0[ holds fi(r) < lim, - fi.
Then f5 - f is left divergent to 4+o00 in xzg.
(20)  Suppose that
(i)  f1 is left convergent in xg,
(ii)  fo is left divergent to —oo in lim, - f1,
(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(fs - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
lzo — g, o[ holds fi(r) < lim, - fi.
Then fs - f1 is left divergent to —oo in xg.
(21)  Suppose that
(i)  f1 is left convergent in x,
(ii)  fo is right divergent to +o0 in lim, - f1,
(iii)  for every r such that r < z( there exists g such that r < g and g < z
and g € dom(f2 - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
]1‘0 — g,l’o[ holds hmm(r f1 < fl(’l“).
Then fs - f1 is left divergent to 400 in zg.
(22)  Suppose that
(i)  f1 is left convergent in xg,
(i)  fo is right divergent to —oo in lim, - fi,
(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(fs - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f1 N
]1‘0 — g,l’o[ holds hm:cg* f1 < fl(’l“).
Then f5 - f is left divergent to —oo in xzg.
(23)  Suppose that
(i)  f1 is right convergent in xg,
(i)  fo is right divergent to +o0 in lim, + f1,
(iii)  for every r such that z¢p < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
|zo, xo + g[ holds lim, + fi < fi(r).
Then fs5 - f1 is right divergent to 400 in xg.
(24)  Suppose that
(i)  f1 is right convergent in z,
(ii)  f is right divergent to —oo in lim, + fi,
(iii)  for every r such that z¢p < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f1 N
|xo, zo + g[ holds limx0+ f1 < fa(r).
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Then fs - f1 is right divergent to —oo in xy.
(25)  Suppose that

(i)  f1 is right convergent in xq,

(i)  fo is left divergent to +o0 in lim, + f1,

(ili)  for every r such that xg < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f1 N
Jzo, 20 + g[ holds fi(r) < lim, + fi.
Then fs - f1 is right divergent to +oo in .

(26)  Suppose that

(i)  f1 is right convergent in z,

(i)  fois left divergent to —oo in lim, + f1,

(iii)  for every r such that 2y < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
|zo, z0 + g[ holds fi(r) < lim, + fi.
Then f5 - f1 is right divergent to —oo in x.

(27) If f1 is convergent in +oo and fo is left divergent to +oo in lim o fi
and for every r there exists ¢g such that » < g and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N ]r, +oo[ holds
fi1(g) <limys f1, then fy - f1 is divergent in 400 to +oc.

(28) If f1 is convergent in +oo and fo is left divergent to —oo in lim4 o fi
and for every r there exists ¢g such that r < g and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N |r, +oo[ holds
fi1(g) <limy f1, then fy - f1 is divergent in +o00 to —oc.

(29) If fy is convergent in 400 and f is right divergent to +oo in lim . fi
and for every r there exists ¢ such that » < g and g € dom(fs - f1) and
there exists  such that for every g such that g € dom f; N ]r, +oo[ holds
limi o f1 < f1(g), then fo - fi is divergent in +oo to 4o0.

(30) If fy is convergent in +oo and fs is right divergent to —oo in lim o f1
and for every r there exists g such that r < g and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f1 N ]r,+oo[ holds
limi o f1 < f1(g), then fo - fi is divergent in +oo to —oo.

(31) If f1 is convergent in —oo and fs is left divergent to +o00 in lim_ f1
and for every r there exists g such that g < r and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N]—o0, [ holds
fi(g) < lim_s f1, then fo - f1 is divergent in —oo to +oo.

Next we state a number of propositions:
(32) If f1 is convergent in —oo and fs is left divergent to —oo in lim_ f1
and for every r there exists g such that g < r and g € dom(fs - f1) and

there exists r such that for every g such that g € dom f; N ]—o0, [ holds
fi(g) < lim_« f1, then fo - f1 is divergent in —oco to —oo.
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(33) If fy is convergent in —oo and fo is right divergent to +oc in lim_, f1
and for every r there exists g such that g < r and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N ]—o0, [ holds
lim_ f1 < fi1(g), then fo - f1 is divergent in —oo to +oo.

(34) If f1 is convergent in —oo and fo is right divergent to —oo in lim_o f1
and for every r there exists ¢g such that ¢ < r and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N]—o0, [ holds
lim_ f1 < fi1(g), then fo - f1 is divergent in —oco to —oo.

(35)  Suppose f; is divergent to +o0o in zg and fy is divergent in +o00 to 400
and for all r1, 79 such that vy < zg and zg < 7y there exist g1, go such
that 1 < g1 and g1 < 29 and g; € dom(fs - f1) and g2 < 79 and zp < g
and go € dom(fy - f1). Then fy - fi is divergent to +oo in xg.

(36) Suppose f; is divergent to +o0 in zg and fy is divergent in +o00 to —oo
and for all 1, r9 such that vy < zg and zg < 7y there exist g1, go such
that 1 < g1 and g1 < z¢ and g; € dom(f2 - f1) and g2 < 1o and zp < g
and go € dom(fy - f1). Then fy - fi is divergent to —oo in xg.

(37)  Suppose fi is divergent to —oo in zg and fy is divergent in —oo to 400
and for all r1, 79 such that vy < zg and zg < 7y there exist g1, go such
that 1 < g1 and g1 < z¢ and g; € dom(fs - f1) and g2 < 79 and zp < g
and go € dom(fy - f1). Then fy - fi is divergent to +oo in xg.

(38)  Suppose f; is divergent to —oo in zo and fy is divergent in —oo to —oo
and for all r1, 79 such that vy < zg and zg < 7y there exist g1, go such
that 1 < g1 and g1 < z¢ and g; € dom(f2 - f1) and g2 < 7o and zp < g
and go € dom(fy - f1). Then fy - fi is divergent to —oo in xg.

(39)  Suppose that

(i)  f1 is convergent in z,

(ii)  f2 is divergent to +o0 in limgy, f1,

(iii)  for all 1, 3 such that 71 < xg and z¢ < ry there exist g1, g2 such that
r1 < g1 and g1 < xp and g1 € dom(fs - f1) and g2 < 9 and xy < g2 and
g2 € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(]IL’O -9 .130[ U ].130, o + g[) holds fl(r) 7é hmxofl-

Then fs5 - f1 is divergent to 400 in zg.

(40)  Suppose that

(i)  fi1 is convergent in z,

(ii)  fa is divergent to —oo in limg, f1,

(iii)  for all 71, 79 such that r; < xg and xg < ry there exist gq, g2 such that
r1 < g1 and g1 < xg and g1 € dom(fs - f1) and g2 < 79 and xg < g2 and
g2 € dom(fz - 1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f1 N
(Jzo — g, zo[ U |z, 2o + g[) holds fi(r) # limy, f1.

Then fs5 - f1 is divergent to —oo in zg.

(41)  Suppose that
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(i)  f1 is convergent in z,

(ii)  fo is right divergent to +oo in limg, fi,

(iii)  for all 1, o such that 7 < xo and z¢ < ro there exist g1, g2 such that
r1 < g1 and g1 < zg and g; € dom(fy - f1) and g2 < ry and xy < g2 and
g2 € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(Jzo — g, z0[ U]z, 0 + g[) holds f1(r) > limg, fi.

Then fs5 - f1 is divergent to +o0 in zg.

(42)  Suppose that

(i)  f1 is convergent in z,

(ii)  fo is right divergent to —oo in limg, f1,

(iii)  for all 1, o such that 7 < xy and z¢ < ro there exist g1, g2 such that
r1 < g1 and g1 < xp and g1 € dom(fy - f1) and g2 < 9 and xy < g2 and
g2 € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(Jxo — g, x0[ U |xo, To + g]) holds fi(r) > limgy, f1.

Then f5 - f1 is divergent to —oo in zg.

(43)  Suppose that

(i)  f1 is right convergent in xq,

(i)  fo is divergent to +oo in lim, + fi,

(iii)  for every r such that xg < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
Jzo, zo + g[ holds fi(r) # lim, + fi.

Then f5 - f1 is right divergent to +oo in x.

(44)  Suppose that

(i)  f1 is right convergent in z,

(i)  fo is divergent to —oo in lim, + f1,

(iii)  for every r such that z¢p < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that » € dom f; N
|zo, x0 + g[ holds fi(r) # lim, + fi.

Then fs5 - f1 is right divergent to —oo in x.

(45) If f1 is convergent in +oo and fy is divergent to 400 in lim, f1 and
for every r there exists g such that r < ¢g and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f1 N ]r,+oo[ holds
fi1(g) # limy f1, then fo - f1 is divergent in 400 to +oo.

(46) If f1 is convergent in +oo and fy is divergent to —oo in lim o f1 and
for every r there exists g such that r < ¢g and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f1 N ]r,+oo[ holds
fi1(g) # limy o f1, then fo - f1 is divergent in 400 to —oo.

(47) If f1 is convergent in —oo and fy is divergent to 400 in lim_., f1 and
for every r there exists g such that ¢ < r and g € dom(fs - f1) and
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there exists r such that for every g such that g € dom f; N ]—o0, [ holds
fi(g) # lim_o f1, then fo - f1 is divergent in —oo to +oo.

(48) If fy is convergent in —oo and fs is divergent to —oo in lim_. f; and
for every r there exists g such that ¢ < r and ¢ € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N]—o0, [ holds
fi(g) # lim_o f1, then fo - f1 is divergent in —oco to —oo.

(49)  Suppose that

(i)  f1 is convergent in z,

(ii)  fais left divergent to +o0 in lim,, fi,

(iii)  for all 71, 79 such that r; < xg and xg < ro there exist gy, g2 such that
r1 < g1 and g1 < xg and g1 € dom(fs - f1) and g2 < 79 and xg < g2 and
g2 € dom(fs - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(Jzo — g, z0[ U ]xo, 0 + g[) holds fi1(r) < limg, fi.

Then fs5 - f1 is divergent to 400 in zg.

(50)  Suppose that

(i)  f1 is convergent in z,

(ii)  fais left divergent to —oo in lim,, f1,

(iii)  for all 71, 79 such that r; < xg and xg < ro there exist gy, g2 such that
r1 < g1 and g1 < xg and g1 € dom(fs - f1) and g2 < 79 and xy < g2 and
g2 € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(Jzo — g, z0[ U ]xo, 0 + g[) holds fi1(r) < limg, fi.

Then fs5 - f1 is divergent to —oo in zg.

(51)  Suppose that

(i)  f1 is left convergent in xg,

(i)  fo is divergent to +ooc in lim, - f1,

(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(fs3 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
lzo — g, o[ holds fi(r) # lim, - fi.

Then fs - f1 is left divergent to 400 in xg.

(52)  Suppose that

(i)  f1 is left convergent in xg,

(i)  fo is divergent to —oo in lim, - f1,

(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(fs3 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
lzo — g, o[ holds fi(r) # lim, - fi.

Then fs - f1 is left divergent to —oo in xg.

(53) If f; is divergent in 400 to 400 and f is convergent in +oo and for
every r there exists g such that r < g and g € dom(f2 - f1), then fo - f is
convergent in 400 and lim o (f2 - f1) = lim o fo.
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(54) If fy is divergent in 400 to —oo and fo is convergent in —oo and for
every r there exists g such that r < g and g € dom(f3 - f1), then fo - f is
convergent in 400 and lim o (f2 - f1) = lim_ fo.

(55) If fy is divergent in —oo to +o0o and fs is convergent in +oo and for
every r there exists g such that g < r and g € dom(fs - f1), then fo- fi is
convergent in —oo and lim_(f2 - f1) = limy o fo.

(56) If fy is divergent in —oo to —oo and fs is convergent in —oo and for
every r there exists g such that g < r and g € dom(fs - f1), then fo- f is
convergent in —oo and lim_(f2 - f1) = lim_ fo.

(57) If fy is left divergent to 400 in ¢ and f is convergent in +o0o and for
every r such that r < zg there exists g such that » < g and g < zg and
g € dom(f2- f1), then f5- fi is left convergent in x and lim, - (f2- f1) =
lim o fo.

(58) If fy is left divergent to —oo in xg and fs is convergent in —oo and for
every r such that r < x( there exists g such that » < g and g < x¢ and
g € dom(fz- f1), then fo- fi is left convergent in x¢ and lim, - (f2- f1) =
lim_oo f2.

(59) If f; is right divergent to 400 in xp and fs is convergent in +oo and for
every r such that zg < r there exists g such that ¢ < r and zg < g and
g € dom(f2- f1), then fo- fi is right convergent in zo and lim, +(f2- f1) =
hm—i—oo f2-

(60) If fi is right divergent to —oo in x and fs is convergent in —oo and for
every r such that xg < r there exists g such that ¢ < r and zg < g and
g € dom(f2- f1), then fo- fi is right convergent in zo and lim, +(f2- f1) =
lim_oo fg.

(61)  Suppose that

(i)  f1 is left convergent in z,
(i)  fo is left convergent in lim, - f1,
(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(f2 - f1),
(iv)  there exists g such that 0 < g and for every r such that r € dom f1 N
o — g, o[ holds fi(r) < lim, - fi.
Then f5 - fi is left convergent in x¢ and lim, - (f2- f1) = limhmx( - fo

(62)  Suppose that

(i)  f1 is right convergent in xq,

(i)  fo is right convergent in lim, + fi,

(iii)  for every r such that 2y < r there exists g such that g < r and zg < g
and g € dom(fs - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
|xo, zo + g[ holds limx0+ f1< fa(r).
Then fy- f1 is right convergent in x¢ and lim, +(f2- f1) = hmlimx(ﬁ f+ Jo

One can prove the following propositions:
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(63)  Suppose that

(i)  f1 is left convergent in xg,

(i)  fo is right convergent in lim, - fi,

(iii)  for every r such that r < z( there exists g such that r < g and g < z
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
Jzo — g, 20[ holds lim, - f1 < fi(r).
Then fo - fi is left convergent in x¢ and lim, - (f2 - f1) = limlimzf f+ Jo

(64) Suppose that
(i)  f1 is right convergent in xg,

(i)  fo is left convergent in lim, + f1,

(iii)  for every r such that z¢p < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
Jzo, zo + g[ holds fi(r) < lim, + fi.
Then fy- fi is right convergent in o and lim, +(f2- f1) = limlimzo+ - fo

(65)  Suppose f1 is convergent in +oo and fs is left convergent in lim, o f1
and for every r there exists g such that r < g and g € dom(f - f1) and
there exists r such that for every g such that g € dom f1 N ]r,+oo[ holds
f1(g) < limyo f1. Then fo- f1 is convergent in +oo and lim o (f2 - f1) =
hmlim+oo i~ fg.

(66)  Suppose fi is convergent in +oo and fs is right convergent in lim, o, f1
and for every r there exists g such that r < g and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f1 N ]r,+oo[ holds
lim, o f1 < f1(g). Then f5- fi is convergent in +oo and lim o (f2- f1) =
hmlim+oo f1+ fg.

(67)  Suppose f1 is convergent in —oo and fy is left convergent in lim_., f1
and for every r there exists g such that g < r and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N]—o0, [ holds
fi(g) <lim_q f1. Then fo- f1 is convergent in —oo and lim_(f2 - f1) =
limlim,oo A~ f2.

(68)  Suppose fi is convergent in —oo and fs is right convergent in lim_ . f1
and for every r there exists ¢g such that ¢ < r and g € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N]—o0, 7| holds
lim_ o f1 < f1(g). Then fo- f1 is convergent in —oo and lim_(f2 - f1) =
limlim,oo f1+ f2.

(69) Suppose f; is divergent to +o00 in z¢ and fy is convergent in +o0o and
for all r1, r9 such that ;1 < zg and zg < r9 there exist g;, go such that
r1 < g1 and g1 < xp and g1 € dom(fs - f1) and g2 < 9 and xy < g2 and
g2 € dom(fa - f1). Then fo - fi is convergent in xo and lim,,(f2 - f1) =
lim o fo.

(70)  Suppose f; is divergent to —oo in z¢ and fy is convergent in —oo and
for all r1, 7o such that r1 < zg and xy < r9 there exist g1, go such that
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r1 < g1 and g1 < xg and g1 € dom(fy - f1) and g2 < 79 and xy < g2 and
g2 € dom(f2 - f1). Then fy - fi is convergent in xo and lim,,(f2 - f1) =
lim_oo fg.

(71)  Suppose f; is convergent in +oo and f; is convergent in lim, f1 and
for every r there exists g such that r < ¢g and ¢ € dom(fs - f1) and
there exists r such that for every g such that g € dom f; N ]r, +oo[ holds
fi1(g) #limy fi. Then fo- f1 is convergent in +oo and lim ;o (fo- f1) =
limyim, o 1, fo

(72)  Suppose f1 is convergent in —oo and fy is convergent in lim_., fi and
for every r there exists g such that ¢ < r and ¢ € dom(fs - f1) and
there exists  such that for every g such that g € dom f; N]—o0, 7| holds
fi1(g) #lim_ f1. Then fo- f1 is convergent in —oco and im_(f2- f1) =
limyim,_ o £, fo

(73)  Suppose that

(i)  f1 is convergent in xg,

(ii)  fo is left convergent in limg, fi,

(iii)  for all 1, o such that 71 < xp and z¢ < ro there exist g1, g2 such that
r1 < g1 and g1 < xg and g1 € dom(fy - f1) and g2 < 19 and xg < g2 and
g2 € dom(fy - ),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(Jxo — g, x0[ U |xo, To + g]) holds fi(r) < limg, f1.

Then fo - f1 is convergent in zg and limg,(f2 - f1) = limhmxoff fa.

(74)  Suppose that

(i)  f1 is left convergent in xg,

(i)  f2 is convergent in lim, - fi,

(iii)  for every r such that r < x( there exists g such that r < g and g < ¢
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
o — g, o[ holds fi(r) # lim, - f1.

Then f5 - f1 is left convergent in x¢ and lim, - (f2 - f1) = limlim107 ffa

(75)  Suppose that

(i)  f1 is convergent in zg,

(ii)  fo is right convergent in limg, f1,

(iii)  for all 1, o such that 71 < xy and z¢ < ro there exist g1, g2 such that
r1 < g1 and g1 < xp and g1 € dom(fy - f1) and g2 < 9 and xy < g2 and
g2 € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(Jzo — g, z0[ Uz, 0 + g[) holds lim,, f1 < fi(r).

Then fo - f1 is convergent in zg and limg,(f2 - f1) = limlimx0f1+ fo.

(76)  Suppose that

(i)  f1 is right convergent in z,
(i)  f2 is convergent in lim, + fi,
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(iii)  for every r such that xg < r there exists g such that g < r and zg < g
and g € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
|zo, x0 + g[ holds fi(r) # lim, + fi.
Then fo - fi is right convergent in z¢ and lim, +(f2 - f1) = hmlimxo L hfe

(77)  Suppose that
(i)  f1 is convergent in x,

(ii)  fa is convergent in limgy, f1,

(iii)  for all 1, o such that 1 < g and z¢ < ry there exist g1, g2 such that
r1 < g1 and g1 < g and g; € dom(fy - f1) and g2 < ry and xy < g2 and
g2 € dom(f2 - f1),

(iv)  there exists g such that 0 < g and for every r such that r € dom f; N
(20 — g, 20[ U Jwo, g + g]) holds fi(r) # limy, fi.

Then fo - f1 is convergent in zg and limg,(f2 - f1) = limhmzo nfe
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