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Summary. The list of theorems concerning properties of real se-
quences and functions is enlarged. (See e.g. [9], [4], [8]). The monotone
real functions are introduced and their properties are discussed.

MML Identifier: RFUNCT_2.

The papers [11], [3], [1], [9], [5], [6], [4], [2], [7], [10], and [8] provide the ter-
minology and notation for this paper. For simplicity we follow a convention:
x is arbitrary, X, X1, Y denote sets, g, r, r1, r2, p denote real numbers, R
denotes a subset of R, seq, seqi, seqa, seqs denote sequences of real numbers,
Ns denotes an increasing sequence of naturals, n denotes a natural number,
and h, hi, ho denote partial functions from R to R. The following propositions
are true:
(1) For all functions F, G and for every X such that X C domF and
F° X CdomG holds X C dom(G - F).
(2) For all functions F, G and for every X holds G | (F°X) -F | X =
(G-F)1X.
(3)  For all functions F', G and for all X, X7 holdsG | X;-F | X = (G-F) |
(XNF~1Xy).
(4)  For all functions F, G and for every X holds X C dom(G - F) if and
only if X C dom F and F'° X C domG.
(5)  For every function F and for every X holds (F | X)° X =F° X.
Let us consider seq. Then rng seq is a subset of R.
One can prove the following propositions:
(6) seq; = seqa — seqs if and only if for every n holds seqi(n) = seqa(n) —
seqs(n).
(7)  rng(seq ™ n) C rng seq.
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(8) If rngseq C domh, then seq(n) € dom h.
(9)  z € rngseq if and only if there exists n such that = seq(n).
(10)  seq(n) € rng seq.
(11)  If seq; is a subsequence of seq, then rng seq; C rng seq.
(12)  If seq is a subsequence of seq and seq is non-zero, then seq; is non-zero.
(13)  (seqq + seq2) - Ns = seq; - Ns + seqa - Ns and (seq; — seqz) - Ns =

seqi - Ns — seqa - Ns and (seqq ¢ seqa) - Ns = (seqi - Ns) ¢ (seqa - Ns).
(poseq) - Ns=po(seq- Ns).
(—seq) - Ns = —seq- Ns and |seq| - Ns = |seq - Ns|.

seqi | Ng — seq1-Ns

If seq is non-zero, then ol eq N5 -

(14)

(15)

(16)  If seq is non-zero, then (seq- Ns)~! = seq~!- Ns.

(17)

(18)  If seq is convergent and for every n holds seq(n) < 0, then lim seq < 0.
(19)  If for every n holds seq(n) € Y, then rngseq C Y.

Let us consider h, seq. Let us assume that rngseq C domh. The functor
h - seq yields a sequence of real numbers and is defined by:

h - seq = (hquaa function) - seq.

The following propositions are true:

(20) If rngseq C domh, then h - seq = (h quaa function) - seq.

(21) If rngseq C domh, then (h - seq)(n) = h(seq(n)).

(22) If rngseq C domh, then (h-seq) “n=h-(seq” n).

(23)  Suppose rng seq C dom hy N dom he. Then (hy + hg) - seq = hy - seq +
ho - seq and (hy — hg) - seq = hy - seq — hy - seq and (hy © hg) - seq =
(hy - seq) o (hy - seq).

If rng seq C dom h, then (r o h) - seq = 7o (h - seq).

N DN
(G2

If rng seq C dom h, then |h - seq| = |h| - seq and —h - seq = (—h) - seq.

[\)
D

If rng seq C dom %, then h - seq is non-zero.
If rng seq C dom %, then % -seq = (h-seq)~ L.
If rng seq C dom h, then (h - seq) - Ns = h - (seq- Ns).
If rng seq; € dom h and seqs is a subsequence of seqq, then h - seqs is a
subsequence of h - seq;.
(30) If his total, then (h - seq)(n) = h(seq(n)).
(31) If his total, then h - (seq ™ n) = (h - seq) ™ n.
(32)  If hy is total and hsg is total, then (hy + ho) - seq = hy - seq + ho - seq and
(h1 — hg) - seq = hy - seq— hy - seq and (hy o hg) - seq = (hy - seq) © (he - seq).
(33) If his total, then (roh)-seq =1 (h- seq).
(34) If rngseq C dom(h | X), then h | X - seq = h - seq.
(35)  If rngseq C dom(h | X) but rngseq C dom(h | Y) or X C Y, then
hl X -seq=h]Y -seq.
(36) If rngseq C dom(h | X), then |h | X - seq| = |h| | X - seq.
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(37) If rmgseq C dom(h | X) and A ~' {0} = 0, then 7 | X - seq = (h |
X - seq)~L.

(38) If rngseq C dom h, then h ° rng seq = rng(h - seq).

(39) If rngseq C dom(hg - hy), then hy - (hy - seq) = (hg - hy) - seq.

(40)  If h is one-to-one, then (h | X)™' =h~! | (h° X).

(41)  If rngh is bounded and sup(rng h) = inf(rng h), then h is a constant on

dom h.

(42) IfY Cdomh and h°Y is bounded and sup(h°Y) = inf(h°Y), then h
is a constant on Y.

We now define four new predicates. Let us consider h, Y. We say that h is
increasing on Y if and only if:

for all r1, r9 such that r1 € Y Ndomh and ro € Y Ndom h and r1 < 73 holds
h(r1) < h(rs).
We say that h is decreasing on Y if and only if:

for all r1, r9 such that r1 € Y Ndomh and ro € Y Ndom h and r1 < 79 holds
h(?"g) < h(Y’l).
We say that h is non-decreasing on Y if and only if:

for all r1, r9 such that r;1 € Y Ndomh and r9 € Y Ndom h and r1 < 79 holds
h(’l“l) S h(T‘g).
We say that h is non-increasing on Y if and only if:

for all r1, r9 such that 1 € Y Ndomh and ro € Y Ndom h and r1 < 73 holds
h(’l“Q) S h(T‘l).

Let us consider h, Y. We say that h is monotone on Y if and only if:

h is non-decreasing on Y or h is non-increasing on Y.

Next we state a number of propositions:

(43)  hisincreasing on Y if and only if for all r1, 3 such that r; € Y Ndomh
and 79 € Y Ndomh and 71 < 73 holds h(ry) < h(ra).

(44)  his decreasing on Y if and only if for all 71, rg such that ;1 € YNdom h
and 19 € Y Ndomh and 71 < 73 holds h(re) < h(r1).

(45)  h is non-decreasing on Y if and only if for all r1, 7o such that r; €
Y Ndomh and 72 € Y Ndomh and 71 < 19 holds h(ry) < h(rq).

(46)  h is non-increasing on Y if and only if for all r;, re such that r €
Y Ndomh and 72 € Y Ndomh and 71 < 79 holds h(ra) < h(ry).

(47)  h is monotone on Y if and only if A is non-decreasing on Y or h is
non-increasing on Y.

(48)  h is non-decreasing on Y if and only if for all rq, 7o such that r; €
Y Ndomh and 72 € Y Ndomh and r; < 79 holds h(ry) < h(rq).

(49)  h is non-increasing on Y if and only if for all 71, ro such that r; €
Y Ndomh and 72 € Y Ndomh and r; < 79 holds h(rz) < h(ry).

(50)  h is increasing on X if and only if A | X is increasing on X.
(51)  h is decreasing on X if and only if h | X is decreasing on X.
(52)  h is non-decreasing on X if and only if 4 | X is non-decreasing on X.
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(53)  h is non-increasing on X if and only if A | X is non-increasing on X.

(54) If Y Nndomh = 0, then h is increasing on Y and h is decreasing on
Y and h is non-decreasing on Y and A is non-increasing on Y and h is
monotone on Y.

(@)
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If A is increasing on Y, then h is non-decreasing on Y.

(@M
D

If h is decreasing on Y, then h is non-increasing on Y.

If h is a constant on Y, then h is non-decreasing on Y.
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If h is a constant on Y, then h is non-increasing on Y.
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If A is non-decreasing on Y and h is non-increasing on X, then h is a
constant on Y N X.

If X CY and h is increasing on Y, then h is increasing on X.
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If X CY and h is decreasing on Y, then h is decreasing on X.
If X CY and h is non-decreasing on Y, then h is non-decreasing on X.
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If X CY and h is non-increasing on Y, then h is non-increasing on X.
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If h is increasing on Y and 0 < r, then r ¢ h is increasing on Y but if
r =0, then r o h is a constant on Y but if h is increasing on Y and r < 0,
then r ¢ h is decreasing on Y.

(65) If h is decreasing on Y and 0 < 7, then r ¢ h is decreasing on Y but if
h is decreasing on Y and r < 0, then r ¢ h is increasing on Y.

(66) If h is non-decreasing on Y and 0 < r, then r ¢ h is non-decreasing on
Y but if h is non-decreasing on Y and r < 0, then r ¢ h is non-increasing
onY.

(67)  If h is non-increasing on Y and 0 < r, then r ¢ h is non-increasing on Y’
but if A is non-increasing on Y and r < 0, then r ¢ h is non-decreasing on
Y.
(68) Ifre (XNY)Ndom(hy+ hs), then r € XNdomhy and r € Y Ndom hs.
(69) (i) If hy is increasing on X and ho is increasing on Y, then hy + hg is
increasing on X NY,
(i1)  if hy is decreasing on X and hg is decreasing on Y, then hy + hy is
decreasing on X NY,
(iii)  if hy is non-decreasing on X and hs is non-decreasing on Y, then hq+hy
is non-decreasing on X NY,
(iv)  if hy is non-increasing on X and hs is non-increasing on Y, then hj +ho
is non-increasing on X NY.
(70)  If hy is increasing on X and hg is a constant on Y, then hy + hg is
increasing on X NY but if Ay is decreasing on X and hs is a constant on
Y, then hq + ho is decreasing on X NY.
(71)  If hy is increasing on X and hg is non-decreasing on Y, then hy + hs is
increasing on X NY.
(72)  If hq is non-increasing on X and hs is a constant on Y, then hq + hg is
non-increasing on X NY.
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If hq is decreasing on X and hs is non-increasing on Y, then hy + ho is
decreasing on X NY.

If hy is non-decreasing on X and hs is a constant on Y, then hy + ho is
non-decreasing on X NY.

h is increasing on {x}.

h is decreasing on {z}.

h is non-decreasing on {z}.

h is non-increasing on {z}.

idp is increasing on R.

If A is increasing on X, then —h is decreasing on X.

If h is non-decreasing on X, then —h is non-increasing on X.

If h is increasing on [p, g] or h is decreasing on [p, g|, then h | [p,g] is
one-to-one.

(83)  If h is increasing on [p, g], then (h [ [p,g])~! is increasing on h ° [p, g].

(84)  If h is decreasing on [p, g], then (h | [p,g]) ™" is decreasing on h ° [p, g].
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