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Summary. The value of a partial function from a domain to a
domain and a inverse partial function are introduced. The value and
inverse function were defined in the article [1], but new definitions are
introduced. The basic properties of the value, the inverse partial func-
tion, the identity partial function, the composition of partial funtion, the
1—1 partial function, the restriction of a partial function, the image, the
inverse image and the graph are proved. Constant partial function are
introduced, too.

MML Identifier: PARTFUN2.

The terminology and notation used here are introduced in the following papers:
[5], [1], [2], [6], [4], and [3]. For simplicity we follow the rules: z, y are arbitrary,
X, Y denote sets, C, D, E denote non-empty sets, SC denotes a subset of C,
SD denotes a subset of D, SE denotes a subset of E, ¢, ¢1, c3 denote elements
of C, d denotes an element of D, e denotes an element of E, f, fi, g denote
partial functions from C to D, t denotes a partial function from D to C, s
denotes a partial function from D to F, h denotes a partial function from C to
E, and F denotes a partial function from D to D. The following proposition is
true

(1) zis an element of E if and only if z € E.

Let us consider C, D, f, c. Let us assume that ¢ € dom f. The functor f(c)
yielding an element of D is defined by:

f(c) = (f quaa function)(c).

Next we state four propositions:

(2) If c € dom f, then f(c) = (f quaa function)(c).
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(3) Ifdom f = dom g and for every c such that ¢ € dom f holds f(c) = g(c),
then f =g.

(4)  y € rng f if and only if there exists ¢ such that ¢ € dom f and y = f(c).

(5) If c € dom f, then f(c) € rng f.

Let us consider D, C, f. Then dom f is a subset of C. Then rng f is a subset
of D.

The following propositions are true:

(6) h = s- fif and only if for every ¢ holds ¢ € domh if and only if
¢ € dom f and f(c) € doms and for every ¢ such that ¢ € domh holds

h(e) = s(f(c))-

(7)  cedom(s- f) if and only if ¢ € dom f and f(c) € dom s.

(8) Ifcedom(s- f), then (s- f)(c) = s(f(c)).

(9) Ifcedomf and f(c) € doms, then (s- f)(c) = s(f(c)).
(10) Ifrng f C doms and ¢ € dom f, then (s - f)(c) = s(f(c)).
(11) If rng f = doms and ¢ € dom f, then (s - f)(c) = s(f(c)).

Let us consider D, SD. Then idgp is a partial function from D to D.
Next we state several propositions:

(12) F =idgp if and only if dom F' = SD and for every d such that d € SD
holds F(d) = d.

(13) Ifd e SD, then idgp(d) = d.

(14) Ifdedom FNSD, then F(d) = (F -idsp)(d).

(15) d e dom(idgp -F) if and only if d € dom F and F(d) € SD.

(16)  f is one-to-one if and only if for all ¢, co such that ¢; € dom f and

¢y € dom f and f(c1) = f(c2) holds ¢; = ca.

Let us consider C, D, and let f be a partial function from C to D. Let us
assume that f is one-to-one. The functor f~! yields a partial function from D
to C and is defined as follows:

f~! = (f quaa function) '
One can prove the following propositions:
(17)  If f is one-to-one, then for every partial function g from D to C holds
g = f~1if and only if g = (f quaa function) 1.
(18)  If f is one-to-one, then for every partial function g from D to C holds

g = f~!if and only if dom g = rng f and for all d, ¢ holds d € rng f and
¢ = g(d) if and only if ¢ € dom f and d = f(c).

(19) If f is one-to-one, then rng f = dom(f~!) and dom f = rng(f~1).

(20)  If f is one-to-one, then dom(f~!- f) = dom f and rng(f~!- f) = dom f.
(21) If f is one-to-one, then dom(f - f~') = rng f and rng(f - f~!) = rng f.
(22) If f is one-to-one and ¢ € dom f, then c = f~(f(c)) and c = (f~1-f)(c).
(23) If f is one-to-one and d € rng f, thend = f(f~(d)) and d = (f-f~1)(d).



PARTIAL FUNCTIONS FROM A DOMAIN TO A DOMAIN 699

(24) If f is one-to-one and dom f = rngt and rng f = domt and for all ¢, d
such that ¢ € dom f and d € domt holds f(c) = d if and only if ¢(d) = ¢,
then t = f~1.

(25) If f is one-to-one, then f~1- f =idgom f and f- f7! = idypg s

(26)  If f is one-to-one, then f~!is one-to-one.

27 If f is one-to-one and rng f = doms and s - f = idgom f, then s = f~L.

!

28 If f is one-to-one and rngs = dom f and f - s = idne f, then s = f~L.
gf

(29)  If f is one-to-one, then (f~1)~1 = f.

(30) If f is one-to-one and s is one-to-one, then (s- f)~!1 = f=1.s7L.

(31) (idsc)_l =idgc.

Let us consider C, D, f, X. Then f | X is a partial function from C to D.
We now state several propositions:

(32) g¢g= f X if and only if domg = dom f N X and for every ¢ such that
¢ € dom g holds g(c) = f(c).

(33) If cedom(f | X), then ( X)(e) = f(eo).

(34) If cedom fNX, then (f )(c): f(e).

(35) Ifcedomf and c€ X, then (f 1 X)(c) = f(e).
(

36) Ifcedomf andce€ X, then f(c) € rg(f I X).
Let us consider C, D, X, f. Then X | f is a partial function from C to D.
The following three propositions are true:

(37) g = X | fif and only if for every ¢ holds ¢ € domg if and only if
¢ € dom f and f(¢) € X and for every ¢ such that ¢ € domg holds

g(c) = f(o).
(38) cedom(X | f)if and only if ¢ € dom f and f(c) € X
(39) Ifcedom(X | f), then (X | f)(c) = f(c).
Let us consider C, D, f, X. Then f ° X is a subset of D.
The following propositions are true:

(40) SD = f° X if and only if for every d holds d € SD if and only if there
exists ¢ such that ¢ € dom f and ¢ € X and d = f(c).

(41) d € f° X if and only if there exists ¢ such that ¢ € dom f and ¢ € X
and d = f(c).
(42) 1If c € dom f, then f° {c} = {f(c)}.
(43) 1If ¢y € dom f and co € dom f, then f° {c1,ca} = {f(c1), f(c2)}.
Let us consider C, D, f, X. Then f ~! X is a subset of C.
The following propositions are true:

(44)  SC = f ~! X if and only if for every ¢ holds ¢ € SC if and only if
cedom f and f(c) € X

(45) ce f ' X if and only if ¢ € dom f and f(c) € X

(46)  For every f there exists a function g from C' into D such that for every
¢ such that ¢ € dom f holds g(c) = f(c).
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(47)  f = g if and only if for every ¢ such that ¢ € dom f N domg holds
fle) = g(c).

In this article we present several logical schemes. The scheme PartFuncEzD
deals with a non-empty set A, a non-empty set B, and a binary predicate P,
and states that:

there exists a partial function f from A to B such that for every element d of
A holds d € dom f if and only if there exists an element ¢ of B such that P]d, ]
and for every element d of A such that d € dom f holds P[d, f(d)]
provided the following condition is satisfied:

e for every element d of A and for all elements ¢y, co of B such that

Pld, c1] and PId, c2] holds ¢; = co.

The scheme LambdaPFD concerns a non-empty set A, a non-empty set BB, a
unary functor F yielding an element of B, and a unary predicate P, and states
that:

there exists a partial function f from A to B such that for every element d
of A holds d € dom f if and only if P[d] and for every element d of A such that
d € dom f holds f(d) = F(d)
for all values of the parameters.

The scheme UnPartFuncD deals with a non-empty set A, a non-empty set
B, a set C, and a unary functor F yielding an element of B and states that:

Let f, g be partial functions from A to B. Then if dom f = C and for every
element ¢ of A such that ¢ € dom f holds f(c) = F(¢) and dom g = C and for
every element ¢ of A such that ¢ € dom g holds g(c) = F(c), then f =g
for all values of the parameters.

Let us consider C, D, SC, d. Then SC +— d is a partial function from C'
to D.

The following propositions are true:
48) If c € SC, then (SC +—— d)(c) =d.
49)  If for every c such that ¢ € dom f holds f(¢) = d, then f = dom f —— d.
50) If ¢ € dom f, then f - (SE +— c¢) = SE — f(c).
1 idgc is total if and only if SC = C.
52) If SC — d is total, then SC # ().
53) SC +—— d is total if and only if SC = C.

Let us consider C, D, f, X. We say that f is a constant on X if and only if:
there exists d such that for every ¢ such that ¢ € X Ndom f holds f(c) = d.

Next we state a number of propositions:

A~ N N N~
t
O — T O T

(54)  f is a constant on X if and only if there exists d such that for every c
such that ¢ € X Ndom f holds f(c) = d.

(55)  fis a constant on X if and only if for all ¢, ¢y such that ¢; € XNdom f
and c2 € X Ndom f holds f(c1) = f(c2).

(56) If X Ndom f # (0, then f is a constant on X if and only if there exists
d such that rng(f | X) = {d}.

(57) If fis a constant on X and Y C X, then f is a constant on Y.
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(58) If X Ndom f =), then f is a constant on X.

(59) If f 1 SC =dom(f | SC)+— d, then f is a constant on SC.

(60)  f is a constant on {z}.

(61) If f is a constant on X and f is a constant on Y and (XNY)Ndom f # (),

then f is a constant on X UY.
(62) If f is a constant on Y, then f | X is a constant on Y.
(63) SC +—— dis a constant on SC.

(64) graph f C graphg if and only if dom f C domg and for every ¢ such
that ¢ € dom f holds f(c) = g(c).

(65) ¢ e dom f and d = f(c) if and only if {c,d) € graph f.

(66) If {c,e) € graph(s- f), then (c, f(c)) € graph f and (f(c),e) € graphs.

(67) If graph f = {{c,d)}, then f(c) = d.

(68) If dom f = {c}, then graph f = {{c, f(c))}.

(69) If graph f; = graph f Ngraph g and ¢ € dom f;, then fi1(c) = f(¢) and

fi(e) = g(c).

(70) If ¢c € dom f and graph f; = graph f U graph g, then fi(c) = f(c).

(71)  If ¢ € dom g and graph f; = graph f U graph g, then f1(c) = g(c).

(72) If ¢ € dom f; and graph f; = graph f U graphg, then fi(c) = f(c) or
fi(e) = g(c).

(73) cedom f and c € SC if and only if (¢, f(c)) € graph(f | SC).

(74)  cedom f and f(c) € SD if and only if {c, f(c)) € graph(SD | f).

(75) ce f =1 SD if and only if {c, f(c)) € graph f and f(c) € SD.
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