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Summary. In this article we deal with the notion of equivalence
relation. The main properties of equivalence relations are proved. Then
we define the classes of abstraction determined by an equivalence relation.
Finally, the connections between a partition of a set and an equivalence
relation are presented. We introduce the following notation of modes:
FEquivalence Relation, a partition.

MML Identifier: EQREL_1.

The notation and terminology used in this paper are introduced in the following
articles: [6], [7], [9], [8], [5], [3], [2], [4], and [1]. For simplicity we adopt the
following rules: x, y, z are arbitrary, i, j are natural numbers, X, Y are sets,
A, B are subsets of X, R, R;, Ry are relations on X, and SFXX is a family
of subsets of [ X, X ]. The following two propositions are true:

(1) Ifi< g, then j — i is a natural number.

(2)  For every Y such that Y C [ X, X ] holds Y is a relation on X.

Let us consider X. The functor Vx yielding a relation on X, is defined as
follows:

Vx =X, X1I.

We now state a proposition

(8) Vx=fX, X}

Let us consider X, Ry, Ry. Then Rq N Ry is a relation on X. Then Ry U Ry
is a relation on X.

Next we state a proposition

(4)  Ax is reflexive in X and Ax is symmetric in X and Ax is transitive

in X.
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Let us consider X. A relation on X is called an equivalence relation of X if:
it is reflexive in X and it is symmetric in X and it is transitive in X.

The following three propositions are true:

(5) R is an equivalence relation of X if and only if R is reflexive in X and
R is symmetric in X and R is transitive in X.

(6) Ax is an equivalence relation of X.

(7)  Vx is an equivalence relation of X.

Let us consider X. Then Ax is an equivalence relation of X. Then Vx is
an equivalence relation of X.

In the sequel EqR, EqR;1, EqRo will be equivalence relations of X. We now
state several propositions:
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EqR is reflexive in X.
EqR is symmetric in X.
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FEqR is transitive in X.

If x € X, then (x,z) € FqR.

If (z,y) € EqR, then (y,z) € EqR.

If (x,y) € EqR and (y, z) € EqR, then (x,z) € EqR.

If there exists x such that x € X, then EFqR # 2.

field FqR = X.

R is an equivalence relation of X if and only if R is pseudo reflexive
and R is symmetric and R is transitive and field R = X.

Let us consider X, FEqR1, EqRs. Then EqR; N EqRs is an equivalence

relation of X.
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We now state four propositions:
(17) Ax NEqR = ANx.
(18) (Vx)NR=R.
(19) For every SFXX such that SFXX # () and for every Y such that

Y € SFXX holds Y is an equivalence relation of X holds N SFXX is an
equivalence relation of X.
(20)  For every R there exists EqR such that R C EqR and for every EqR,
such that R C EqRs holds FqR C EqRo.
Let us consider X, FqRi, EqRy. The functor EqR; U EqRs yielding an
equivalence relation of X, is defined by:
EqRi1UEqRy; C EqR; U EqRy and for every EqR such that FqRy U EqRy C
EqR holds EqR, U EqRy C EqR.
Next we state several propositions:
(21)  For every equivalence relation R of X holds R = EqR; Ul EqR» if and
only if FqR1 U EqRy C R and for every EqR such that EqR,1 U EqRy C
FEqR holds R C EqR.
(22) EqRUEqR = EqR.
(23) EqR; U EqRs = EqRs U EqR;.
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(24) EqR; N (EqRy U EqRy) = EqR;.
(25) EqRi U (Equ N EqRQ) = FqR;.
The scheme Fz_FEq_Rel concerns a set A, and a binary predicate P, and states
that:
there exists an equivalence relation EqR of A such that for all z, y holds
(z,y) € EqR if and only if x € A and y € A and Pz, y]
provided the parameters satisfy the following conditions:
e for every z such that x € A holds P[z, z],
e for all x, y such that P[z,y] holds Ply, z],
e for all z, y, z such that P[z,y| and P[y, z] holds P[z, z].
Let us consider X, FqR, x. The functor [z] EqR yielding a subset of X, is
defined by:
(] gr = EqR° {z}.
We now state a number of propositions:

(26) [zl r = EqR° {z}.

(27)  y € [z]p,p if and only if (y,z) € EqR.

(28)  For every z such that € X holds x € [z] g, p.

(29)  For every z such that x € X there exists y such that x € [y] g p-

(30) Ifye€ [2]g,p and 2 € 2], g, then (y, 2) € EqR.

(31)  For every z such that x € X holds y € [z]p,p if and only if [z]5,z =
[y]EqR‘

(32)  For all z, y such that x € X and y € X holds [z] g,z = [y]p,r OF [2]g4p
misses [y] g, p-

(33)  For every x such that € X holds [z], = {z}.

(34)  For every z such that € X holds 7]y, = X.

(35)  If there exists x such that [z]p, p = X, then EqR = V.

(36) Suppose x € X. Then (x,y) € EqR;EqR, if and only if there exists a

finite sequence f such that 1 <len f and z = f(1) and y = f(len f) and for
every i such that 1 <iand ¢ < len f holds (f (i), f(i+1)) € EqR1UFEqR,.
(37)  For every equivalence relation E of X such that £ = EqR; U EqRy for
every x such that z € X holds [z]p = [2]g g, or [z]5 = [7]g,Rk,-
(38) If EqR1 U EqRy = Vx, then EqR; = Vx or EqRy = V.
Let us consider X, EqR. The functor Classes FqR yields a family of subsets
of X and is defined as follows:
A € Classes EqR if and only if there exists x such that € X and A = [z] g p.
The following two propositions are true:
(39) A € Classes EqR if and only if there exists z such that x € X and
A= [l’] EqR’
(40) If X =0, then Classes EqR = ().
Let us consider X. A family of subsets of X is said to be a partition of X if:
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Uit = X and for every A such that A € it holds A # () and for every B such
that B € it holds A = B or A misses B if X # (), it = (), otherwise.

We now state several propositions:

(41) If X # 0, then for every family F' of subsets of X holds F' is a partition
of X if and only if | JF = X and for every A such that A € F holds A # ()
and for every B such that B € F holds A = B or A misses B.

(42)  Classes EqR is a partition of X.

(43)  For every partition P of X there exists EqR such that P = Classes FqR.

(44)  For every z such that € X holds (z,y) € EqR if and only if [z] 5,z =
[v] EqR-

(45) If = € Classes EqR, then there exists an element y of X such that
17::[y]EqR-

(46)  For every x such that z € X holds [z]p, 5 € Classes EqR.
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