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Summary. We define the set C of complex numbers as the set of
all ordered pairs z = (a,b) where a and b are real numbers and where
addition and multiplication are defined. We define the real and imaginary
parts of z and denote this by a = (2), b = J(z). These definitions satisfy
all the axioms for a field. Oc = 04 0i and 1¢ = 1 + 0¢ are identities
for addition and multiplication respectively, and there are multiplicative
inverses for each non zero element in C. The difference and division of
complex numbers are also defined. We do not interpret the set of all
real numbers R as a subset of C. From here on we do not abandon the
ordered pair notation for complex numbers. For example: i2 = (0+ li)2 =
—1+0i # —1. We conclude this article by introducing two operations
on C which are not field operations. We define the absolute value of z
denoted by |z| and the conjugate of z denoted by z*.

MML Identifier: COMPLEX1.

The articles [1], [3], [2], and [4] provide the notation and terminology for this
paper. In the sequel a, b, ay, by, as, bs denote real numbers. The following two
propositions are true:

(1) Ifa#0,then 2 =0.

(2)  a?+b%=0if and only if a = 0 and b = 0.

The non-empty set C is defined as follows:

C=[R, R

One can prove the following proposition

(3) C=[R, R].

In the sequel z, z1, 22, 23, 24 will denote elements of C. We now define two
new functors. Let us consider z. The functor R(z) yielding a real number, is
defined by:

R(z) = #1.
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The functor 3(z) yielding a real number, is defined as follows:

S(z) = 22.

We now state two propositions:
(4)  R(z) =21
(5)  S(z) = 22.
Let z, y be elements of R. The functor x + yi yields an element of C and is
defined as follows:
x+yi = (z,y).
Next we state several propositions:
6) For all elements x, y of R holds = + yi = (x,y).
7)  R(a+bi) =a and S(a + bi) = b.
8) R(z)+3(2)i = 2.
9) If R(z1) = R(22) and F(z1) = S(22), then z; = 2.
0) If a; + b1i = ag + byi, then a1 = ag and by = bs.
Let us consider 21, z5. Let us note that one can characterize the predicate
z1 = z9 by the following (equivalent) condition: R(z1) = R(z2) and J(z1) =
3(22).
We now define three new functors. The element O¢ of C is defined as follows:
Oc = 0+ 0s.
The element 1¢ of C is defined by:
le =1+ 0.
The element 4 of C is defined as follows:
t =0+ 1i.
The following propositions are true:

=~~~ —

(

(11)  0c =0 + 0i.

(12)  R(0c) =0 and 3(0¢) = 0.

(13) 2z =0c if and only if §R(z)2 + %(2)2 =0.
(14)  1c =1+ 0i.

(15)  R(lc) =1 and S(1¢) = 0.

(16) =0+ 1d.

(17) () =0 and S() = 1.

Let us consider z1, z3. The functor z; + zo yields an element of C and is
defined as follows:
21+ 29 = 3?(21) + %(22) + S(Zl) + %(ZQ)Z
We now state several propositions:
( ) 21+ 29 = %(21) + %(22) + %(21) + %(ZQ)'i.
(19)  R(z1 + 22) = R(z1) + R(22) and (21 + 22) = F(21) + S(22).
(20) 21+ 290 =29+ 21.
( ) Zl+(22+23):(21+22)+23.
(22) Oc+z==zand z+0c = z.
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Let us consider z1, zo. The functor z; - zo yielding an element of C, is defined
as follows:
21 - 29 = R(z1) - R(22) — S(21) - S(22) + R(21) - S(22) + R(22) - S(21)1.
Next we state a number of propositions:
(23) 2120 =R(21) - R(22) — S(21) - S(22) + R(21) - S(22) + R(z2) - S(21)i.
(24)  R(z1-22) = R(2z1) - R(22) —S(21) - S(22) and (21 - 22) = R(21) - S(22) +
%(22) . %(21)

(25) 21 "R = 29" 21.

(26) AN (2’2 . 2’3) = (21 . 22) * Z3.

(27) z-(z:1+22)=z-z1+z-2and (21 +22) - 2=21-2+ 29 2.

(28) Oc:z=0c and z-0c = O¢.

(29) 1lc-z==zand z-1¢c = 2.

(30)  IfY(z1) = 0and I(z2) = 0, then R(21-22) = RN(21)-R(22) and I(21-22) =

0.
(31) If R(z1) = 0 and R(z2) = 0, then R(z1 - 22) = —(21) - F(22) and
%(21 . Zg) =0.
(32)  R(z-2) =R(2)? - 3(2)? and S(z- 2) =2+ (R(2) - S(2)).
Let us consider z. The functor —z yielding an element of C, is defined by:
—z=—R(z) + —(2)i.
One can prove the following propositions:

(33)  —z=-R(2) +—S(2)i.
(34)  R(—z) = —RN(2) and I(—2) = —(2).

(35)  —0c = 0c.

(36) If —z = 0c, then z = 0c.

(37)  i-i=—l¢.

(38)  z+ (—2) =0c and (—z) 4 z = Oc.

(39) If 21 + 22 = O¢, then zp = —2; and z; = —2».

(40) —(—2) ==z

(11) T —2 = —2, then 2 — 2.

(42) Ifzy+z2=2+zo0r 21+ 2= 2+ 2, then z; = 2o.
(43)  —(21+22) = (—21) + (—22).

(44) (_Zl) ~29 = —21 - 29 and 27 - (—2;2) = —21 - 29.

(45)  (=21) - (=22) = 21 2.

(46) —z=(—1c)- 2.

Let us consider z1, z2. The functor z; — 29 yields an element of C and is
defined by:
Z1 — k9 = §R(21) — %(2’2) + %(21) — %(22)2'.
We now state a number of propositions:
(47) Z1 — k9 = §R(21) — %(2’2) + %(21) — %(Zg)i.
(48)  R(z1 — 22) = R(z1) — R(22) and (21 — 22) = S(21) — S(22).
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(49) 21— 29 = 21 + (—ZQ).

(50)  If 2y — 29 = Oc, then z; = 2.

(51) z—2z=0c.

(52) z—0¢c = z.

(53) 0c —z=—=z.

(54) Z1 — (—2’2) = z1 + 292.

(55) —(21 — Z2) = (—Zl) + z9.

(56)  —(z1—22) =22 —21.

(57) 21 + (Zz — zg) = (Zl + z2) — 23.

(58) 21 — (22 — 23) = (21 — 22) + 23.

(59) (21 — 2’2) — 23 =21 — (22 + 2’3).

(60) 21 =(214+2)—2z

(61) 21 =(21—2)+=2.

(62) z-(21—2)=z2-21—2-20and (21 —22) - 2=21 2 — 29" 2.
Let us consider z. The functor 27! yields an element of C and is defined by:

-1 — R(z) —3(2) )
R(2)243(2)2 | R(z)2+3(2)2
Next we state a number of propositions:

-1 __ R(z —(z
(63) =7 = §R(z)2—(i-i)?(z)2 §R(z)2+(%)(z)22'
(64) R = %(z)sz;(z)z and S(=71) = én(z)_zi(;)(z)z'
(65) Ifz#0c,then z-27 1 =1c and 271 - 2 = 1¢.
(66) If z1 - 20 = O¢, then z; = 0¢ or zo = O¢.
(67) If 2 # Oc, then 271 # Oc.
(68) If z; # Oc and 29 # Oc and 217! = 237!, then 2, = 2.
(69) If 29 # Oc but 2q - 20 = I¢ or 29 - 21 = 1¢, then 2y = 2071
(70) If 25 # Oc but z; - 20 = 23 or 23 - 21 = 23, then z; = 23 - 207! and
21 = 22_1 - 23.
1) 1l t=1c
72 il =—i

-3
w

If 21 # Oc and 23 # Oc, then (21 - 20) ' = 2171 - 2o~ L

If 2 # Oc, then (27171 = 2.

If 2 # O¢, then (—z)~! = —27L.

If 2z#0c but z1 - z=29-z0r 21 - 2= z - 29, then z1 = 2s.

If 21 # Oc and 2o # O, then 2171+ 2071 = (21 + 22) - (21 - 22)

If 21 # Oc and 2z # O, then 217! — 207! = (22 — 21) - (21 - 22)

If R(z) # 0 and (2) = 0, then R(z71) = R(2)~! and F(271) = 0.

If R(z) =0 and I(2) # 0, then R(z71) =0 and J(z7!) = —=3(2) "L
Let us consider z1, zo. The functor

by:
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Z. yields an element of C and is defined
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2 _ R(z1) R(22)+3(21)-S(22) %(zg)-%(zl)—%(zl)v%(@)Z-'
2 R(22)2+9(22)2 R(z2) 2 4+9(22)2
Next we state a number of propositions:

21 _ R(z1) R(22)+3(21)-S(22) | R(22)-S(21) —R(21) S(22)

®) = Re2rs? T welise? U

R(ZL) = §R(21)'9‘3(222)-1-3(21)'3(22) () = R(22) 3(21) =R(21)-3(22)
= R(22)“+S(22) z2 R(22)2+S3(22)

If z9 # O¢, then z—; =2z -2 L.

If 2 # Oc, then 271 = 1

z

T =z
IfZ;éOC, then % = 1@.
If z # O¢, then 0. — (..

(82)
(83)
(84)
(85)
(86)
(87) z

(88) Ifzz#()@and%zOc,thenz1=0a:-
(89) Ifzz#()@andZ4750@,then§—;-§—i:%.
(90)  If 22 # Oc, then z- 3L = =21,

(91)
(92)
(93)
(94)
(95)
(96)
(97)
(98)

If z9 # 0c and % = 1¢, then z; = 25.
If z # Oc, then z; = =,

If 21 # Oc and 29 # Oc, then 2—;_1 =2,

21
94) 1If 21 # Oc and z3 # Oc, then 2:1 =2,
95 If z9 # Oc, then z;ll =21 - 29.
96) If z1 # Oc and 25 # Oc, then 2~ = (21 - )7\
97) If 21 # Oc and 23 # O, then 27! - % = 2122.
98 Ifz;é()@andZQ#OC,thenz—;:%andz—;:%.
21
(99) If 29 # Oc and z3 # O¢, then 222123 = z—i
(100)  If 25 # Oc and z3 # Oc, then L% = .
Z3
21
101) If 23 # Oc and z3 # Oc and z4 # Oc, then 2% = %
z4
102)  If z9 # Oc and Z4#0@,then§—;+§—i:%‘z3'z2.
103) If z # Oc, then 2 + 2 = 21422
104)  If z9 # Oc, then —j—; = _Z—zl and —2—; = _Z—;Q
105)  If 22 # Oc, then ZL = =ZL.
106) If zo # Oc and 24 # Oc, then 2L — 2 = Z24=202,
107)  If z # O¢, then 2 — 22 = 21222,
108)  If z9 # Oc but 21 - 29 = z3 or 29 - 21 = z3, then z; = 2—2
109)  If S(21) = 0 and J(22) = 0 and R(22) # 0, then R(Z) = ?EZ; and

3(2) = 0.
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(110)  If R(z1) = 0 and R(22) = 0 and I(z2) # 0, then R(Z) = gg;) and
%(2—;) =0.
Let us consider z. The functor z* yielding an element of C, is defined as
follows:
2* = R(z) + =3(2)i.

The following propositions are true:

(111)  z* =R(z) + —=S(»)i.

(112)  R(z*) = R(z) and J(z*) = —F(2).
(113)  0c* = O¢

(114) If z* = 0@, then z = Oc.

(115)  1c* = I¢

(116) i =~

(117) 2 =z

(118) (21 + 22)" = 21* + 29™.

(119) (—2)" = —2z*.

(120) (21 — 22)" = 21* — 20*.

(121) (21 2’2) = 2’1 . 22*.

(122)  If 2 # O¢, then (271)" = z*~L.

(123)  If 23 # Oc, then 2% = 2.

(124) If S(z) =0, then z* = z.

(125) If R(z) =0, then z* = —=.

(126)  R(z-2*) = R(2)% + 3(2)? and S(z - 2*) = 0.
(127)  R(z+2*) =2 R(z) and J(z + z*) = 0.
(128) R(z—2*)=0and S(z — z*) =2 3(2).

Let us consider z. The functor |z| yielding a real number, is defined as follows:
2] = R(2)% + S(2)%.

One can prove the following propositions:

(129)  |z| = VR(2)2 + S(2)2.

(130)  [0c| = 0.

(131) If |z2| =0, then z = O¢.

(132)  0< 2.

(133) 2z # 0Oc if and only if 0 < |z|.
(134)  |1le|=1.

(135) |i| =1.

(136) If S(z) = 0, then |z| = |R(2)].
(137)  If R(z) = 0, then |z| = [J(2)].
(138) | = 2| =|zl.

(139)  |z7] = [2].
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(140)  R(z) <|z|.
(141)  (2) < |z|.
(142) |21 + 22| < |z1] + |22].
(143) |21 — 22| < 21| + [22]-
(144) ’21‘ — ‘2’2’ < ‘2’1 + 22’.
(145)  [z1] — |22| < |21 — 2.
(146) ’Zl — 22| = |Z2 — 21|.
(147) |21 — 22| = 0 if and only if z; = 29.
(148) 2 # 2o if and only if 0 < |21 — 22].
(149)  |z1 — 22| < |21 — 2| + |z — 22].
(150)  [lz1] = |z2]] <21 — 22l
(151) |21 - 22| = [z1] - |22l.
(152)  If 2 # O, then |27 = |2| L.
(153)  If 25 # Oc, then {2} = [Z|.
(154)  |z- 2| = R(2)? + S(2)%
(155)  |z-z| = |z- 2|
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