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Summary. In the article with a given arbitrary real linear space
we correlate the (ordered) affine space defined in terms of a directed
parallelity of segments. The abstract contains a construction of the or-
dered affine structure associated with a vector space; this is a structure
of the type which frequently occurs in geometry and consists of the set
of points and a binary relation on segments. For suitable underlying vec-
tor spaces we prove that the corresponding affine structures are ordered
affine spaces or ordered affine planes, i.e. that they satisfy appropriate
axioms. A formal definition of an arbitrary ordered affine space and an
arbitrary ordered affine plane is given.

MML Identifier: ANALOAF.

The notation and terminology used here have been introduced in the following
articles: [4], [3], [2], [1], and [5]. We adopt the following rules: V will denote a
real linear space, p, ¢, u, v, w, y will denote vectors of V', and a, b will denote
real numbers. Let us consider V', u, v, w, y. The predicate u,v | w,y is defined

by:

u = v or w = y or there exist a, b such that 0 < aand 0 < band a-(v—u) =
b-(y —w).
Next we state a number of propositions:
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u,v [ w,y if and only if w = v or w = y or there exist a, b such that
O<aandO<banda-(v—u)=0b-(y—w).

If0<aand 0<b, then 0 < a+b.

Ifa#b,then0<a—bor0<b—a.

(w=v)+ (v —u)=w—u.

—(u—v)=v—u.

w—(u—v)=w+ (v—u).

(w—u) +u=w.
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®) (wHu)—u=w.
9) Hfy+u=v+w,theny—w=v—u.
10) a-(u—v)=—-a-(v—u).

Ifa#0anda-u=wv,thenu=a"' v
Ifa#0and a-u=wv, thenu=a"' - vbutifa#0and u=a""'" v,
then a - u = v.
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11) (a=b)-(u—v)=((b—a)- (v—u).
)
)

(14) Ifu=wvorw=y, then u,v || w,y.
(15) Ifa-(v—u)=b-(y—w)and 0 <a and 0 < b, then u,v I w,y.
(16) If u,v || w,y and u # v and w # y, then there exist a, b such that
a-(v—u)=b-(y—w)and 0 <aand 0 <b.
u,v | w,v.

[
oo ~

u,v | w,w and u,u | v, w.
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If w,v || v,u, then u = v.

If p#qand p,q 1| u,v and p,q || w,y, then u,v || w,y.
If w,v || w,y, then v,u || y,w and w,y || u,v.

If w,v || v,w, then u,v 1| u,w.

If u,v || w,w, then u,v | v,w or u,w | w,v.

[\~
(=)

N NN
=W N

Ifv—u=y—w,then u,v || w,y.
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If y=(v+w)— u, then u,v | w,y and u,w | v,y.
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If there exist p, g such that p # ¢, then for every u, v, w there exists y
such that u,v || w,y and v, w | v,y and v # y.
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(27) If p # v and v,p || p,w, then there exists y such that u,p 1| p,y and
u,v | w,y.

(28) If for all a, b such that a-u+b-v = Oy holds a = 0 and b = 0, then
u # v and u # Oy and v # Oy.

(29)  If there exist u, v such that for all a, b such that a-u+b-v = 0y holds
a = 0 and b = 0, then there exist u, v, w, y such that u,v } w,y and
u, v f y,w.

(30) Ifa—b=0,then a =0b.

Next we state a proposition

(31)  Suppose there exist p, ¢ such that for every w there exist a, b such
that a-p+b-q = w. Then for all u, v, w, y such that u,v § w,y and
u,v ff y,w there exists a vector z of V such that u,v [ u,z or u,v | z,u
but w,y 1| w,z or w,y | z,w.
We consider affine structures which are systems
( points, a congruence )
where the points is a non-empty set and the congruence is a relation on [ the
points, the points . We adopt the following convention: AS will denote an affine
structure and a, b, ¢, d will denote elements of the points of AS. Let us consider
AS, a, b, ¢, d. The predicate a,b || ¢,d is defined by:



ANALYTICAL ORDERED AFFINE SPACES 603

({a,b), (c,d)) € the congruence of AS.
We now state a proposition
(32)  a,bl ¢ dif and only if ({a,b), {c,d)) € the congruence of AS.

In the sequel z, z are arbitrary. Let us consider V. The functor 1] i yields a
relation on [ the vectors of V, the vectors of V' | and is defined as follows:

(z,z) € 1y if and only if there exist u, v, w, y such that z = (u,v) and
z=(w,y) and v, v || w,y.

One can prove the following proposition

(33) ({0}, (w,)) € 1y if and only if w0 1| w,y.

Let us consider V. The functor OASpace V yields an affine structure and is
defined as follows:

OASpace V' = ( the vectors of V,1Iy/).

Next we state three propositions:
(34)  OASpaceV = ( the vectors of V,1y/).

(35)  Suppose there exist u, v such that for all real numbers a, b such that
a-u+b-v=0y holdsa=0and b =0. Then
(i)  there exist elements a, b of the points of OASpace V' such that a # b,

(ii)  for all elements a, b, ¢, d, p, g, r, s of the points of OASpace V' holds
a,b | ¢,c but if a,b | b,a, then a = b but if a # b and a,b 1| p,q and
a,b | r,s, then p,q 1 r,s but if a,b 1 ¢,d, then b,a 1 d,c but if a,b || b, c,
then a,b 1| a,c but if a,b || a,c, then a,b ][ b,c or a,c 1| ¢,b,

(ili)  there exist elements a, b, ¢, d of the points of OASpace V' such that
a,blf c,dand a,b }f d,c,

(iv) for every elements a, b, ¢ of the points of OASpace V' there exists an
element d of the points of OASpace V' such that a,b [ ¢,d and a,c || b,d
and b # d,

(v) for all elements p, a, b, ¢ of the points of OASpace V' such that p # b
and b,p || p, c there exists an element d of the points of OASpace V' such
that a,p 1| p,d and a,b || ¢, d.

(36)  Suppose there exist vectors p, ¢ of V' such that for every vector w of
V' there exist real numbers a, b such that a-p+b-q = w. Let a, b,
¢, d be elements of the points of OASpaceV. Then if a,b § ¢,d and
a,b }f d,c, then there exists an element ¢ of the points of OASpace V' such
that a,b 1] a,t or a,b ] t,a but ¢,d | ¢,t or ¢,d || t,c.

An affine structure is called an ordered affine space if:

(i)  there exist elements a, b of the points of it such that a # b,

(ii)  for all elements a, b, ¢, d, p, q, r, s of the points of it holds a,b || ¢, ¢ but
if a,b 1 b,a, then a =bbut if a # b and a,b || p,q and a,b || r, s, then p,q || r, s
but if a,b [ ¢,d, then b,a || d,c but if a,b [ b, ¢, then a,b | a,c but if a,b || a,c,
then a,b [ b,c or a,c | ¢,b,

(ili)  there exist elements a, b, ¢, d of the points of it such that a,b } ¢,d and
a, b} d,c,
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(iv) for every elements a, b, ¢ of the points of it there exists an element d of
the points of it such that a,b 1| ¢,d and a,c 1| b,d and b # d,
(v)  for all elements p, a, b, ¢ of the points of it such that p # b and b,p || p,c
there exists an element d of the points of it such that a,p | p,d and a,b || ¢, d.
One can prove the following propositions:
(37)  The following conditions are equivalent:

(i)  there exist elements a, b of the points of AS such that a # b and for
all elements a, b, ¢, d, p, q, r, s of the points of AS holds a,b | ¢,c but
if a,b 1| b,a, then a = b but if a # b and a,b [ p,q and a,b || r,s, then
p,q 1 r,s but if a,b || ¢,d, then b,a || d,c but if a,b | b, ¢, then a,b | a,c
but if a,b || a,c, then a,b |[ b,c or a,c || ¢,b and there exist elements a, b,
¢, d of the points of AS such that a,b §f ¢,d and a,b }f d,c and for every
elements a, b, ¢ of the points of AS there exists an element d of the points
of AS such that a,b 1] ¢,d and a,c || b,d and b # d and for all elements
p, a, b, ¢ of the points of AS such that p # b and b,p || p,c there exists
an element d of the points of AS such that a,p [ p,d and a,b | ¢,d,

(ii) AS is an ordered affine space.

(38)  If there exist u, v such that for all real numbers a, b such that a-u+b-v =
Oy holds a = 0 and b = 0, then OASpace V' is an ordered affine space.
We adopt the following rules: A will denote an ordered affine space and a, b,
¢, d, p, q, r, s will denote elements of the points of A. We now state a number
of propositions:
(39)  There exist a, b such that a # b.
a, bl ¢, c
If a,b 1l b,a, then a = b.
If a#band a,b | p,q and a,b | r,s, then p,q | r,s.
If a, b ¢,d, then b,a | d, c.
If a,b 1l b,¢c, then a,b | a,c.
If a, b1l a,c, then a,b | b,c or a,c | ¢,b.
There exist a, b, ¢, d such that a,b }f ¢,d and a,b }f d,c.
There exists d such that a,b || ¢,d and a,c [ b,d and b # d.
If p# b and b,p || p,c, then there exists d such that a,p || p,d and
a, b1l ¢, d.
An ordered affine space is said to be an ordered affine plane if:
Let a, b, ¢, d be elements of the points of it . Then if a,b §f ¢,d and a,b }f d, c,
then there exists an element p of the points of it such that a,b {[ a,por a,b | p,a
but ¢, d 1| ¢,p or ¢,d || p,ec.
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We now state three propositions:
(49)  The following conditions are equivalent:
(i) for all elements a, b, ¢, d of the points of A such that a,b }f ¢,d and
a,b }f d,c there exists an element p of the points of A such that a,b || a,p
or a,b ]| p,abut ¢,d | ¢,por ¢,d 1| p,c,
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(ii) A is an ordered affine plane.

(50)  The following conditions are equivalent:

(i)  there exist elements a, b of the points of AS such that a # b and for
all elements a, b, ¢, d, p, q, r, s of the points of AS holds a,b | ¢,c but
if a,b || b,a, then a = b but if a # b and a,b 1| p,q and a,b || r, s, then
p,q 1 r,s but if a,b [ ¢,d, then b,a || d,c but if a,b || b, ¢, then a,b || a,c
but if a,b | a,c, then a,b | b,c or a,c || ¢,b and there exist elements
a, b, ¢, d of the points of AS such that a,b }f ¢,d and a,b § d,c and for
every elements a, b, ¢ of the points of AS there exists an element d of the
points of AS such that a,b 1| ¢,d and a,c || b,d and b # d and for all
elements p, a, b, ¢ of the points of AS such that p # b and b,p || p, ¢ there
exists an element d of the points of AS such that a,p || p,d and a,b || ¢,d
and for all elements a, b, ¢, d of the points of AS such that a,b ¥ ¢,d
and a,b Jf d,c there exists an element p of the points of AS such that
a,b 1l a,pora,b]l p,abut c,d] ¢c,porecdll p,c,

(ii) AS is an ordered affine plane.

(51)  If there exist u, v such that for all real numbers a, b such that a-u+b-v =

Oy holds @ = 0 and b = 0 and for every w there exist real numbers a, b
such that w = a-u + b - v, then OASpace V is an ordered affine plane.
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