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Some Properties of Functions
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Summary. The article includes definitions and theorems concerning
basic properties of the following functions : |z| - modul of real number, sgn
x - signum of real number.

MML Identifier: ANAL_1.

The article [1] provides the terminology and notation for this paper. In the sequel
x, y, z, t are real numbers. Let us consider x. The functor |z| yielding a real
number, is defined by:

|z| =z if 0 <z, |x| = —z, otherwise.

One can prove the following propositions:

1) If 0 <z, then |z| = =.

2) If0<x, then |z| = x.

3) If0 £z, then |z| = —=z.

4) Ifz <0, then |z| = —z.
0 < |z|.
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If x # 0, then 0 < |z|.

xz =0 if and only if |z| = 0.

If |z| = x, then 0 < z.

If |x| = —z and x # 0, then x < 0.
For all x, y holds |z - y| = |z| - |y|.

=~ Y~ /N N/
= O oo 3 Ut

—|z] <z and z < |z|.
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—y <z and x <y if and only if |z| < y.

|z +y| < [z] + |y|.

For every x such that = # 0 holds |z| - |1| = 1.
For every z such that x # 0 holds \%\ = ﬁ
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For all x, y such that y # 0 holds |§| = %

—_
EN |

] = | — 2|

—
oo

For all z, y holds |z| — |y| < |z — y].
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For all z, y holds |x —y| < |z| + |y
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For every z holds ||z|| = |z|.

If x| < z and |y| < t, then |[x +y| < z + ¢.
|| = [yl < |z —yl.

y < |z| if and only if z < —y or y < x.

If 0 <z-y, then |z +y| = |z| + |y|.

If |z +y|=|z| + |y|, then 0 < z - y.

oyl < el Lyl
1+|z+y] — 1+]z] 1+]y|*

Let us consider x. The functor sgn x yielding a real number, is defined by:
sgnr =1if 0 < x, sgnx = —1if x <0, sgnx = 0, otherwise.
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The following propositions are true:

If 0 < x, then sgnz = 1.

If x <0, then sgnx = —1.

If 0 £ x and = £ 0, then sgnz = 0.
If x = 0, then sgnz = 0.

If sgnxz =1, then 0 < z.

If sgnx = —1, then = < 0.

If sgnx = 0, then z = 0.
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x = |z|- (sgnx).

sgn(z - y) = (sgnz) - (sgny).
sgn(sgnz) = sgn .

sgn(z +y) < (sgnz +sgny) + 1.
If x # 0, then (sgnx) - (sgn %) =1.
If x # 0, then —— = sgn%.

sgnx

W W W W
© 00 3 O

N
(an)

(sgnzx +sgny) — 1 < sgn(z +vy).
If £ 0, then sgnz = sgn %

If y # 0, then sgn § = %.
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