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Summary. In this article some basic theorems about singletons, pairs, power
sets, unions of families of sets, and the cartesian product of two sets are proved.

The articles [1] and [2] provide the terminology and notation for this paper. One can

prove the following propositions:

(1) bool § = {0},
(2) Uo=0.

For simplicity we adopt the following convention: =z, zl1, 22, y, y1, y2, z will denote
objects of the type Any; A, B, X, X1, X2,Y, Y1, Y2 Z will denote objects of the

type set. One can prove the following propositions:

(3) {z} #0,

(4) {z,y} #0,

(5) {z} = {z, 2},

(6) {z} = {y} implies z = y,

(7) (o102} = {22,201},

8) (¢} = {yly2) implies z = y1 & z = y2,
(9) {z} = {y1l,y2} implies y1 = y2,

(10) {z1,22} = {yl,y2} implies (z1 =yl or 21 = y2) & (22 = y1 or 22 = y2),

(11) {zl,22} = {21} U {22},
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{z} C {o,y} & {y} € {z, 4},

{z} U{y} = {a} or {z} U{y} = {y} implies z =y,
{z} U{z,y} ={z, v} & {z,y} U{z} = {z,y},
{yr Uiz, yh = {z,y} &{z,y} U{y} = {z,y},

{z}n{y} =0 or {y} N {z} = 0 implies x # y,
x # y implies {z} N {y} =0 & {y} N {a} =0,
{z} N {y} = {«} or {z} N {y} = {y} implies = = y,

{z} n{z,y} = {=}
&A{y} N {z,y} = {y} & {z,y} n{z} = {z} & {z,y} N {y} = {y},

{z}\{y} ={a}iffz £y,
{z}\{y} = 0 implies z = y,
{z} \{z, 9} =0 & A{y} \{z,y} =0,
z # y implies {z,y} \ {y} = {z} & {z,y} \ {z} = {v},
{z} € {y} implies {z} = {y},
{2} C {z,y) implies z = z or z = y,
(2,9} C {z) impliesz = 2 & y = 2,
{z.y} C {2} implies {z,y} = {z},
{21,22} C {y1,42} implies (z1 = yl or z1 = y2) & (2 = y1 or 22 = y2),
z # y implies {z} - {y} = {z,y},
bool{z} = {0.{x}},
Ula} ==,
Uil {o}} = {=. 9},
(x1,22) = (y1,42) implies 21 = y1 & 2 = y2,
(x,y) € Hal} {ylH iff v = 21 &y = y1,

Had Ay = {(= v)},



SOME BASIC PROPERTIES OF SETS 49

Hab w21 = {(@y)de, )} & Ha,yhde = (220,00, 2),
{z} C X iffz € X,
{2122} C Ziffzl € Z & 22 € Z,
Y C{z}if Y =QorY = {a},
Y C X & notz €Y implies Y C X \ {z},
X #{z} &2z € X impliesexysty € X &y # x,
Z C {2122} iff Z =0 or Z = {z1} or Z = {22} or Z = {z1,22},

{z} =XUY
implies X = {z} &Y ={z}or X =0& Y ={z}or X = {2} &Y =0,

(2} =XUY & X #Y implies X = or Y = §,

{(#}UX = X or XU {z} = X implies z € X,

z € X implies {z} UX = X & X U {z} = X,
{z,y}UZ=Zor ZU{x,y} =Z impliesz € Z & y € Z,
x€Z&ye€ Zimplies{z,ylUZ=2Z& ZU{z,y} =Z,

{z}UX #0 & X U{z} #0,
{z,yf UX #£0& X U{z,y} #0,
Xn{z}={2}or {z} N X = {x} implies z € X,
r € X implies X N {z} = {2} & {#} N X = {z},

v € Z &y e Zimplies {z,y} N Z = {z,y} & {z,y} = Z N {z,y},
{z}NX =0or X N{z} =0 implies notz € X,
{z,y}NZ =0or ZN{z,y} =0 impliesnotx € Z & noty € Z,
notz € X implies {z}NX =0 & X Nn{z} =0,
notz € Z & noty € Z implies {z,y}NZ =0& ZN{x,y} =0,
(#}NX =0or {2} NX = {a} & X N {a} = {a},

{z,y}NX ={z} or X N{z,y} = {«} implies noty € X or = = y,
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(60) v € X & (noty € X or x = y) implies {z,y} N X = {z} & X N {z,y} = {=},
(61) {z,y} N X ={y} or X N{z,y} = {y} impliesnotz € X or x =y,

(62) y € X & (notz € X or z =y) implies {z,y} N X = {y} & X N {z,y} = {y},

(63) (2,5} N X = {a,y} or X N {z,y} = {z,y} impliesz € X &y € X,
(64) seX\{a}iffz€ X & 2 £z,
(65) X\ {z} = X iffnot z € X,
(66) X\ {z} = 0 implies X = 0 or X = {z},
(67) {2} \ X = {z} iffnotz € X,
(68) {z}\ X =0 iffz € X,
(69) {z}\ X =0or {z}\ X = {z},
(70) (2,9} \ X = {z} iffnotz € X & (y € X or z = y),
(71) (2,9} \ X = {y} iff (+ € X or 2 = ) & noty € X,
(72) {2y} \ X = {z,y} iff notz € X & noty € X,
(73) (e, )\ X =0iffre X &ye X,
(74) {z,y}\ X =10
or {z,y} \ X = {z} or {z,y} \ X = {y} or {z,y} \ X = {z,y},
(75) X\{z,y}=0if X =0or X ={z} or X = {y} or X = {z,y},
(76) 0 € bool A,
(77) A € bool A,
(78) bool A # ),
(79) A C B implies bool A C bool B,
(80) {A} C bool 4,
(81) bool A U bool B C bool(A U B),
(82) bool A U bool B = bool(A U B) implies A C Bor B C A,

(83) bool(A N B) = bool A Nbool B,
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bool(A \ B) C {0} U (bool A \ bool B),
X € bool(A\ B) iff X C A & X misses B,
bool(A \ B) Ubool(B \ A) C bool(A ~ B),
X €bool(A=B)iff X C AU B & X misses AN B,
X €boolA &Y € bool A implies X UY € bool A4,
X €boolAorY € bool A implies X NY € bool A4,
X € bool A implies X \' Y € bool 4,
X €boolA &Y € bool A implies X ~Y € bool 4,
X € Aimplies X C | J A,
J{x, v} =xuy,
(for X st X € Aholds X C Z) implies | JA C Z,

AC Bimplies| JAC| B,

Uuus) = Jaul B,
Uuanp) clJan B,
(for X st X € Aholds X N B = ()) implies |_J(4)n B =10,
[Jbool 4 = 4,
A C bool | A,

(for X,Y st X#Y & X € AUB&Y € AUBholds X NY =)
implies U(AﬁB) = UAQUB,
z € [ X, Y] implies exz,y st (z,y) = z,
ACIX,Y]& z€ Aimpliesexzyste e X &yeY &z = (z,y),

2 € [X1,Y1]NEX2,Y2)
impliesexz,yst z=(r,y) & r e X1NX2&yeY1INY2,

[X,Y] C boolbool(X UY),

(r,y) e [ X,)Y]ifze X &yeY,
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(107) (z,y) € [X,Y] implies (y,z) € [Y, X],

(108) (for z,y holds (x,y) € [ X1,Y1]iff (x,y) € [ X2,Y2])
implies [X1,Y1] = [X2Y2],

(109) ACX,Y] & (forz,y st (x,y) € Aholds (z,y) € B) implies A C B,

(110) AC[X1,Y1] & B C [X2,Y2] & (forz,y holds (x,y) € Aiff (x,y) € B)
implies A = B,

(111) (forzst z € Aexx,yst z = (z,y)) & (forz,y st (x,y) € A holds (z,y) € B)
implies A C B,

(112) (forzst z € Aexxyst 2= (r,y) &

(forz st z € Bexx,yst z = (z,y)) & (forz,y holds (z,y) € A iff (z,y) € B)

implies A = B,

(113) X, Y]{=0if X =0orY =0,
(114) X#A0&Y #0 & [X,Y] =[Y, X] implies X =,
(115) EX, X] =Y, Y] implies X =Y,
(116) X C X, X]implies X =0,
(117) Z#0& ([X,Z] C}Y,Z]or [Z,X] C }Z,Y]) implies X C Y,
(118) X CY implies [ X, Z] C [V, Z] & [Z,X] C }[Z,Y],
(119) X1CY1& X2C Y2implies [ X1,X2] C [V1,Y2],
(120) EXUY,Z] =X, Z]JUY, Z] & [Z, X UY] = [Z, X]U}Z,Y],
(121) EXTUX2Y1UY2] = [XLYTJUEX1L,Y2] U X2 Y1]U[X2,Y?2],
(122) X NY,Z] =X, ZIN}Y, Z] & 12, X Y] = }Z, X]N}Z, Y],
(123) EX1NX2Y1NY2] = [X1,Y1]NEX2,Y?2],
(124) AC X & BCY implies [A,Y]N[X, B] = [A, B],
(125) [XA\Y,Z] = (X, ZI\ Y, Z] & (2, X \ Y] = [ Z, X]\ |[Z,Y],
(126) EX1,X2]\ [Y1,Y2] = [X1\Y1,X2] U[X1,X2\ V2],

(127) X1NX2=0orY1NY2=0implies [X1,Y1]N[X2,Y2] =0,
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(128) (@,y) € e} Y]iffz =2 &y €Y,
(129) (w,y) € [X, {z}iffre X &y =2

(130) X # 0 implies [{z},X] # 0 & (X, {x}] # 0,

(131) z # y implies {o} X]NH{y} Y] =0 & [ X {aH N Y {y}{ =0,
(132) Hzyh X = Ha b XU Hy b X & (X {z, yH = [X {a U X {yh,

(133) Z=I[X,Y]iffforzholdsz € Ziffexz,ystz e X &y Y & z = (z,y),
(134) X1#0&Y1#0&[X1,Y1] = [X2,Y2] implies X1 = X2 & Y1 = Y2,

(135) X CiX,Y]or X C[Y,X]implies X = ().
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