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Summary. A lattice is defined as an algebra on a nonempty set with binary
operations join and meet which are commutative and associative, and satisfy the
absorption identities. The following kinds of lattices are considered: distributive,
modular, bounded (with zero and unit elements), complemented, and Boolean (with
complement). The article includes also theorems which immediately follow from
definitions.

The terminology and notation used in this paper are introduced in the papers [1] and
[2]. The scheme BooleDomBinOpLam deals with a constant A that has the type
BOOLE_DOMAIN and a binary functor F yielding values of the type Element of A
and states that the following holds

ex o being Binary_Operation of A
st for a,b being Element of A holds o.(a,b) = F(a,b)

for all values of the parameters.

We consider structures LattStr, which are systems

((carrier, join , meet))

where carrier has the type DOMAIN, and join, meet have the type Binary_Operation
of the carrier. In the sequel G has the type LattStr; p, ¢, r have the type Element
of thecarrier of G. We now define two new functors. Let us consider G, p, q. The
functor

pUaq,
yields the type Element of the carrier of G and is defined by

it = (thejoin of G).(p, q).
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The functor
prig,
with values of the type Element of the carrier of G, is defined by

it = (themeet of G).(p, q).
The following propositions are true:
(1) pU g = (thejoin of G).(p, q),
(2) pMq = (themeet of G).(p, q).

Let us consider G, p, q. The predicate

pCyq is defined by pUqg=gq.

We now state a proposition
(3) pCqiffplg=gq
The mode
Lattice,
which widens to the type LattStr, is defined by
(for a,b being Element of the carrier of it holds a Ub=bUla) &
(for a,b,c being Element of the carrier of it holds a U (bl ¢) = (aUb) Uc) &
(for a,b being Element of the carrier of it holds (aMb) Ub=10) &
(for a,b being Element of the carrier of it holds aMb=0bMa) &
(for a,b,c being Element of the carrier of it holds a M (bMM¢) = (aMb) Me)
& for a,b being Element of the carrier of it holds a M (a Ub) = a.

One can prove the following proposition
(4) (forp,qgholds plUg=qlLp) & (forp,q,r holdsplU (¢Ur) = (pUq)Ur) &
(forp,g holds (pMgq) U g = q) & (for p,g holds pMqg = qMp)
& (forp,q,r holds pM(¢gMr) = (pMq) Nr) & (for p,g holds pM (pUq) = p)

implies G is Lattice.

In the sequel L hasthe type Lattice; a, b, ¢ have the type Element of the carrier of L.

One can prove the following propositions:

(5) alb=>bUa,
(6) aflb=>bMa,

(7) al(®bUc)=(aUb)Uec,
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(8) afl(bMe)=(amb)Mec,

(9) (aMb)Ub=b& bL (aMb)=b& bl (bMa)=b& (bMa)ub=Db,

(10)  an(@Ub) =a& (aUb)Na=a& (blUa)Na=a&an(bUa)=a.
The mode

Distributive_Lattice,
which widens to the type Lattice, is defined by

for a,b,c being Element of the carrier of it holds a M (bU¢) = (aMb) U (aMc).

Next we state a proposition
(11) (forab,choldsaM (bUe¢) = (aMb)U (aMe))

implies L is Distributive_Lattice.

The mode
Modular_Lattice

which widens to the type Lattice, is defined by

for a,b,c being Element of the carrier of it st a C cholds a Ll (bMe¢) = (aLIb) Me.

One can prove the following proposition
(12) (forab,cst a C choldsall (bMe) = (alUb)Me)

implies L is Modular_Lattice.

The mode

Lower_Bound_Lattice,
which widens to the type Lattice, is defined by
ex ¢ being Element of the carrier of it
st for a being Element of the carrier of it holds cMa = c.
Next we state a proposition

(13) (ex ¢ st for a holds ¢Ma = ¢) implies L is Lower_Bound_Lattice .

The mode
Upper_Bound_Lattice,

which widens to the type Lattice, is defined by

ex ¢ being Element of the carrier of it

st for a being Element of the carrier of it holds clLia = c.
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One can prove the following proposition

(14) (ex ¢ st fora holds cU a = ¢) implies L is Upper_Bound_Lattice .

The mode
Bound_Lattice,

which widens to the type Lattice, is defined by

it is Lower_Bound_Lattice & it is Upper_Bound_Lattice.

Next we state a proposition
(15) L is Lower_Bound_Lattice & L is Upper_-Bound_Lattice
implies L is Bound_Lattice.
Let us consider L. Assume that the following holds

excstfora holdscMa=c.

The functor
1L,

yields the type Element of the carrier of L and is defined by
itMa=1it.
Let L have the type Lower_Bound_Lattice. Let us note that it makes sense to consider
the following functor on a restricted area. Then

1L is Element of the carrier of L.

Let us consider L. Assume that the following holds

excst fora holdsclla =c.

The functor
TL,

with values of the type Element of the carrier of L, is defined by
itUa=1it.
Let L have the type Upper_Bound_Lattice. Let us note that it makes sense to consider
the following functor on a restricted area. Then

TL is Element of the carrier of L.

Let L have the type Bound_Lattice. Let us note that it makes sense to consider the

following functors on restricted areas. Then

1L is Element of the carrier of L,
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TL is Element of the carrier of L.
Let us consider L, a, b. Assume that the following holds

L is Bound_Lattice .

The predicate

a is_a_complement_of b is defined by alb=TL&aNb=11L.

The mode

Lattice_with_Complement ,
which widens to the type Bound_Lattice, is defined by
for b being Element of the carrier of it

ex a being Element of the carrier of it st a is_a_complement _of b.

The mode

Boolean_Lattice,
which widens to the type Lattice_with_Complement, is defined by

it is Distributive_Lattice .

The following propositions are true:

(16) aUb=biffanb=a,

(17) ala=a,

(18) ala=a,

(19) for L holds (for a,b,c holds a T (bUc) = (aMb) U (aMc))

iff for a,b,c holds a U (bMe¢) = (aUb) M (aUec),

(20) aCbiffallb=0,
(21) aCbiffanb=a,
(22) aCallbd,

(23) allbl a,

(24) ata,

(25) aEb& bLC cimpliesa C c,
(26) aEb& bLC aimplies a = b,

(27) a CbimpliesalcC blMe,
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(28) a C bimpliescMa C cMb,

(29) (fora,b,c holds (aMb) L (bMNec) U (cMa) =(alUb)M(bUc)M(cUa))

implies L is Distributive_Lattice .

In the sequel L denotes an object of the type Distributive_Lattice; a, b, ¢ de-

note objects of the type Element of the carrier of L. One can prove the following
propositions:
(30) for L holds (for a,b,c holds a M (bUc¢) = (aMb) U (aMc))

& fora,b,c holds (bUc¢)Ma= (bMa)U (cMa),

(31) for L holds (for a,b,c holds a LU (bM¢) = (a Ub) M (alUc))
& fora,b,c holds (bMc)Ua= (bUa)M(cUa),

(32) cMa=cNbé& cla=cUbimpliesa = b,
(33) aflMec=bMc& alc=>bUcimpliesa = b,
(34) (aUb)(bUc)MN(cUa)=(aMb)U(bMNec)U(cMa),
(35) L is Modular_Lattice .

In the sequel L has the type Modular_Lattice; a, b, ¢ have the type Element of

thecarrier of L.  One can prove the following two propositions:

(36) a C cimpliesalU (bMc¢) = (aUb) Me,
(37) cCaimpliesan(bUc) = (aMb)Uec.

In the sequel L has the type Lower_Bound_Lattice; a, ¢ have the type Element of

thecarrier of L.  We now state four propositions:

(38) excst fora holds cMa = ¢,
(39) lLua=a&allL=nqa,

(40) 1lLNa=1L&anNlL=_1L,
(41) LLCa.

In the sequel L denotes an object of the type Upper_Bound_Lattice; a, ¢ denote

objects of the type Element of thecarrier of L.  The following four propositions are
true:
(42) excst fora holds cUa = ¢,

(43) TLMNa=a&alTL=a,



INTRODUCTION TO LATTICE THEORY 221

(44) TLUa=TL&aUTL=TL,
(45) aC TL.

In the sequel L has the type Lattice_with_-Complement; a, b have the type Element

of the carrier of L.  One can prove the following proposition

(46) exa st a is_a_complement_of b.

In the sequel L has the type Lattice. The arguments of the notions defined below
are the following: L which is an object of the type reserved above; z which is an object

of the type Element of the carrier of L. Assume that the following holds

L is Boolean_Lattice.

The functor

z°,

yields the type Element of the carrier of L and is defined by

it is_a_complement_of x.

The arguments of the notions defined below are the following: L which is an object of
the type Boolean_Lattice; x which is an object of the type Element of the carrier of L.
Let us note that it makes sense to consider the following functor on a restricted area.
Then

z© is Element of the carrier of L.

In the sequel L will denote an object of the type Boolean_Lattice; a, b will denote

objects of the type Element of thecarrier of L. We now state several propositions:

(47) a°Na=1L&aNa®= 1L,
(48) a°Ua=TL&ala®=TL,
(49) a®‘=a,

(50) (aMb)¢=a°Ube,

(51) (aUb)¢=a°mbe,

(52) bha= LLiffbCa®,
(53) a C bimplies b C a®.

In the sequel L will have the type Bound_Lattice; a, b will have the type Element

of the carrier of L.  We now state three propositions:

(54) L is Lower_Bound_Lattice & L is Upper_Bound_Lattice,
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(55) a is_a_complement_of biff aUb=T L& aMNb= 1L,
(56) (forbexa st ais_a_complement_of b) implies L is Lattice_with_Complement .

In the sequel L has the type Lattice_with-Complement. One can prove the
following proposition

(57) L is Distributive_Lattice implies L is Boolean Lattice .

In the sequel L has the type Boolean_Lattice. The following two propositions are

true:

(58) L is Lattice_with_Complement ,
(59) L is Distributive_Lattice .
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