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Summary. We prove basic facts about enumerated sets: definitional theorems
and their immediate consequences, some theorems related to the decomposition of
an enumerated set into union of two sets, facts about removing elements that occur
more than once, and facts about permutations of enumerated sets (with the length
< 4). The article includes also schemes enabling instantiation of up to nine universal
quantifiers.

The terminology and notation used in this paper have been introduced in the papers [1]
and [2]. For simplicity we adopt the following convention: x, 1, 22, x3, x4, x5, 26,
x7, 8 have the type Any; X has the type set. In the article we present several logical
schemes. The scheme Ul concerns a constant A and a unary predicate P and states
that the following holds

PlA]
provided the parameters satisfy the following condition:

o for 1 holds P[x1].

The scheme UI2 deals with a constant A, a constant 5 and a binary predicate P
and states that the following holds

P[A, B]
provided the parameters satisfy the following condition:

o for 21,22 holds P[z1,22].

The scheme UI8 concerns a constant A, a constant 5, a constant C and a ternary

predicate P and states that the following holds
P[A, B.C]
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provided the parameters satisfy the following condition:

o for z1,22,23 holds P[z1,22,z3].

The scheme UL/ concerns a constant A, a constant B, a constant C, a constant D
and a 4-ary predicate P and states that the following holds

P[A, B,C,D]

provided the parameters satisfy the following condition:

. for z1,22,2:3,24 holds P[z1,22,23,24].

The scheme UI5 deals with a constant A, a constant B, a constant C, a constant D,

a constant £ and a 5-ary predicate P and states that the following holds

PlA,B,C,D,E]

provided the parameters satisfy the following condition:

. for z1,22,23,24,25 holds Plz1,22,23,x4,25].

The scheme UI6 deals with a constant A, a constant B, a constant C, a constant D,

a constant £, a constant F and a 6-ary predicate P and states that the following holds

P[A,B,C,D.E,F]

provided the parameters satisfy the following condition:
° for z1,22,23,24,25,26 holds P[z1,x2,23,24,25,x6].
The scheme UI7 concerns a constant A, a constant B, a constant C, a constant D,

a constant £, a constant F, a constant G and a 7-ary predicate P and states that the

following holds
PlA,B,C,D,E,F.G|

provided the parameters satisfy the following condition:

° for z1,22,23,24,25,26,27 holds P[x1,22,23,24,25,26,27].

The scheme UIS8 concerns a constant A, a constant B, a constant C, a constant D, a
constant £, a constant F, a constant G, a constant H and a 8-ary predicate P and states
that the following holds

PlA,B.C,D,E,F .G H]

provided the parameters satisfy the following condition:

° for z1,22,23,24,25,26,27,28 holds P[z1,22,23,24,25,26,27,28].
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The scheme UI9 concerns a constant A, a constant B, a constant C, a constant D, a
constant £, a constant F, a constant G, a constant H, a constant Z and a 9-ary predicate
P and states that the following holds

PlA,BLC,D.E,F.GHI]

provided the parameters satisfy the following condition:

° for x1,22,23,24,x5,26,27,28, 29 being Any
holds P[z1,22,23,24,25,26,27,28,29].

We now state a number of propositions:

(1) for 21,X holds X = {x1} iff for z holds z € X iff x = 21,
(2) for z1,z holds = € {z1} iff v = z1,
(3) x € {x1} implies © = z1,

(4) x € {x},
(5) for z1,X st for x holds z € X iff z = z1 holds X = {z1},

(6) forx1,22,X holds X = {x1,22} iff for x holds z € X iff z = z1 or z = 22,

(7) for 21,22 for z holds x € {z1,22} iff z = 21 or z = 22,
(8) x € {z1,22} implies z = z1 or © = 22,
9) x =zl or x = 22 implies z € {z1,22},

(10) forzl,22,X st forx holds z € X iff x = z1 or x = 22 holds X = {x1,22}.

Let us consider z1, x2, 3. The functor

{x1,22,23},

yields the type set and is defined by

rzeitifx =zl orax=22o0rz=23.

One can prove the following propositions:

(11) for x1,22,23,X
holds X = {z1,22,23} iff for x holds « € X iff z = z1 or x = 22 or z = 23,

(12) for z1,22,23 for z holds z € {z1,22,23} iff x = 21 or © = 22 or = = 3,

(13) x € {x1,22,23} implies x = 21 or z = 22 or z = z3,
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(14) x =zl or x = 22 or = 23 implies z € {z1,22,23},
(15) for z1,22,23,X
st forz holds € X iff z = 21 or z = 22 or = 23 holds X = {z1,22,23}.
Let us consider z1, 22, 3, 4. The functor
{z1,22,23,24},
with values of the type set, is defined by

reitifx =zlorz=220r z=2x3o0rz=ux4.

We now state several propositions:
(16) for 21,22,23,24,X holds X = {z1,22,23,z4}
iff forz holds z € X iff t = 21 or x = 22 or z = 3 or x = x4,
(17) for z1,22,23,x4

forz holds z € {z1,22,23,24} iff x = 21 or z = 22 or © = 23 or x = x4,

(18) x € {x1,22,23,24} implies z = 21 or x = 22 or x = x3 or = = x4,
(19) z=uzlorz=2z2orz=a3orz=ux4implies z € {zl,22,23,24},
(20) for z1,22,23,24,X st

forz holdsz € X iffr =zl orx =22 or z =x3 or x = 24
holds X = {x1,22,23,24}.
Let us consider z1, x2, x3, x4, 5. The functor
{xl,22,23,24,25},
yields the type set and is defined by
zeitifr=xlorxz=2x20rx=z3 orz=2x4orzx=uxb.

Next we state several propositions:

(21) for z1,22,23,24,25 for X being set holds X = {z1,22,23,24,25}

iff forz holdsx € X iffxr =xlorz =220rxz =z3 or x = x4 or x = x5,
(22) z € {xl,22,23,24,25} iff x =2l or z =22 or x = 23 or x = x4 or z = x5,

(23) x € {zl,x2,23,24,25}

impliesz =zl or x =22 or x = 3 or x = 24 or x = x5,

(24) z=zlorz=a2orzx=z30orz=axdorzx=2ad

implies x € {z1,22,23,24,25},
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(25) for X being set st
forrholdsx € X iffr =xlorxz=220orz=z3orx=x40rx =2x5
holds X = {x1,22,23,24,25}.
Let us consider z1, x2, x3, x4, 5, 6. The functor

{zl,22,23,24,25,26},

with values of the type set, is defined by

zeitifr=xlorzx=220rxz=x30rxz=x4o0rzx=ux5o0rzx=ux0.

We now state several propositions:

(26) for x1,22,23,24,25,26 for X being set holds X = {z1,22,23,24,25,26} iff
for z

holdsz € X iffr =zlorxz=220rx =23 0or z = z4 or x = z5 or x = x6,

(27) x € {x1,22,23,24,25,26}

iffr=zxlorx=220rxz=2a30rz=ux4orzx=ux5o0rx=ux6,

(28) x € {x1,22,23,24,25,26}

impliesz =zl orx =22 or x =x3 or x = x4 or x = z5 or = = x6,

(29) r=zxzlorz=x20orr=2z30orx=x4dorz=ux50rx=2a6

implies x € {z1,22,23,24,25,26},

(30) for X being set st
for z
holdsr e X iffr=zlorx=220rxz=230orz=z40or x = x5 or x = 26
holds X = {z1,22,23,24,25,26}.
Let us consider z1, x2, x3, x4, x5, 26, 7. The functor

{z1,22,23,24,25,26,27},

yields the type set and is defined by

zeitiffr=xlorzx=220orx=x3orx=xdorxz=zx50rx=ux6o0rzx==z".

The following propositions are true:

(31) for x1,22,23,24,25,26,27 for X being set holds X = {x1,22,23,24,25,26,27}
iff for z holds x € X

iffr=zlorx=220orz=23orz=zdorx=2x50rx=2x6o0rz==2x"7,

29



30 ANDRZEJ TRYBULEC

(32) x € {z1,22,23,24,25,26,27}
ifr=xzlorx=220orz=230orz=zdorx=2x50rzx=ax6orz==zx"7,

(33) x € {x1,22,23,24,25,26,27} implies

r=xlorx=zx20orx=x30orx=zdorx=uxborz=ux6orz==a",

(34) r=zlorz=22orx=z30orx=xdorzx=xdorx=a6orz=a7

implies z € {z1,22,23,24,25,26,27},

(35) for X being set st
forz holds x € X
ifr=xzlorx=220orz=230orx=zdorx=zx50rx=2a6orz==zx7
holds X = {z1,22,23,24,25,26,27}.
Let us consider z1, 22, x3, x4, x5, 6, 7, 8. The functor

{z1,22,23,24,25,26,27,28},

with values of the type set, is defined by
T € it
iffr=zxzlorx=220rz=x30orxr=zdorx=2x5orxz=a6orz=zx7orzx=uz8.
Next we state a number of propositions:
(36) for x1,22,23,24,25,26,27,28 for X being set holds
X = {x1,22,23,24,25,26,27,28} iff for x holds x € X iff z = z1
orr=x2orx=x3orx=xd4orx=zborx=2x6orzx=2x7o0rz=2x8,
(37) x € {xl,22,23,24,25,26,27,28} iff v = x1
orrzr=x2orx=x3orx=xd4orx=zborx=ux6orzx=2x7o0rz=2x8,
(38) x € {xl,22,23,24,25,26,27,28} implies x = z1
orr=x2orx=x3orx=xd4orx=zborx=ux6orzx=2x7o0rz=2x8,
(39) =zl
orr=x2orx=x3orx=x4orx=xborx=ax60rx=2a7o0rx=2x8

implies x € {z1,22,23,24,25,26,27,28},

(40) for X being set st
forx holdsz € X iff z = z1
orxr=x2orx=x30orx=x4orx=xborx=x60rx=2a7o0rx=ux8

holds X = {x1,22,23,24,25,26,27,28},
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{zl,22} = {x1} U {22},
{z1,22,23} = {21} U {22,23},
{zl,22,23} = {xl,22} U {23},
{zl,22,23,24} = {x1} U {22,23,24},
{zl,22,23,24} = {x1,22} U {«3,24},
{zl,22,23,24} = {x1,22,23} U {24},
{z1,22,23,24,25} = {21} U {22,23,24,25},
{z1,22,23,24,25} = {x1,22} U {x3,24,25},
{z1,22,23,24,25} = {x1,22,23} U {x4,25},
{z1,22,23,24,25} = {x1,22,23,24} U {25},
{z1,22,23,24,25,26} = {z1} U {22,23,24,25,26},
{zl,22,23,24,25,26} = {z1,22} U {x3,24,25,26},
{zl,22,23,24,25,26} = {x1,22,23} U {z4,25,26},
{zl,22,23,24,25,26} = {z1,22,23,24} U {x5,26},
{z1,22,23,24,25,26} = {z1,22,23,24,25} U {26},
{z1,22,23,24,25,26,27} = {21} U {22,23,24,25,26,27},
{z1,22,23,24,25,26,27} = {21,222} U {23,24,25,26,27},
{z1,22,23,24,25,26,27} = {x1,22,23} U {z4,25,26,27},
{z1,22,23,24,25,26,27} = {x1,22,23,24} U {25,26,27},
{zl,22,23,24,25,26,27} = {x1,22,23,24,25} U {x6,27},
{zl,22,23,24,25,26,27} = {x1,22,23,24,25,26} U {xT},
{z1,22,23,24,25,26,27,28} = {x1} U {22,23,24,25,26,27,28},
{z1,22,23,24,25,26,27,28} = {x1,22} U {x3,24,25,26,27,28},
{zl,22,23,24,25,26,27,28} = {x1,22,23} U {x4,25,26,27,28},

{z1,22,23,24,25,26,27,28} = {z1,22,23,24} U {x5,26,27,28},
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{z1,22,23,24,25,26,27,28} = {z1,22,23,24,25} U {26,27,28},
{z1,22,23,24,25,26,27,28} = {z1,22,23,24,25,26} U {x7,28},
{z1,22,23,24,25,26,27,28} = {x1,22,23,24,25,26,27} U {28},
{zl,21} = {x1},
{zl,21,22} = {z1,22},

{zl,21,22,23} = {x1,22,23},
{zl,21,22,23,24} = {x1,22,23,24},
{zl,21,22,23,24,25} = {x1,22,23,24,25},
{zl,21,22,23,24,25,26} = {x1,22,23,24,25,26},
{zl,21,22,23,24,25,26,27} = {x1,22,23,24,25,26,27},
{zl,21,21} = {z1},

{zl,21,21,22} = {x1,22},
{zl,21,21,22,23} = {x1,22,23},
{zl,21,21,22,23,24} = {x1,22,23,24},
{zl,21,21,22,23,24,25} = {x1,22,23,24,25},
{zl,21,21,22,23,24,25,26} = {zl,22,23,24,25,26},
{zl,21,21,21} = {z1},

{zl,21,21,21,22} = {2122},
{zl,21,21,21,22,23} = {z1,22,23},
{zl,21,21,21,202,23,24} = {x1,22,23,24},
{zl,21,21,21,22,23,24,25} = {xl,22,23,24,25},
{zl,21,21,21,21} = {z1},
{zl,21,21,21,21,22} = {x1,22},
{zl,21,21,21,21,22,23} = {x1,22,23},

{zl,21,21,21,21,22,23,24} = {z1,22,23 24},
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{zl,21,21,21,21,21} = {z1},
{zl,21,21,21,21,21,22} = {21,222},
{zl,21,21,21,21,21,22,23} = {zl,22,23},
{zl,21,21,21,21,21,21} = {x1},
{zl,21,21,21,21,21,21,22} = {x1,22},
{zl,21l,21,21,21,21,21,21} = {z1},
{z1,22} = {2221},
{z1,22,23} = {z1,23,22},
{z1,22,23} = {x2,21,23},
{x1,22,23} = {x2,23,21},
{z1,22,23} = {23,21,22},
{zl,22,23} = {x3,22,21},
{z1,22,23,24} = {z1,22,24,23},
{zl,22,23,24} = {z1,23,22,24},
{zl,22,23,24} = {z1,23,24,22},
{z1,22,23,24} = {z1,24,22,23},
{z1,22,23,24} = {x1,24,23,22},
{z1,22,23,24} = {22,21,23,24},
{z1,22,23,24} = {22,21,24,23},
{zl,22,23,24} = {x2,23,x1,24},
{zl,22,23,24} = {22,23,24,21},
{zl,22,23,24} = {22,24,21,23},
{zl,22,23,24} = {22,24,23,21},
{zl,22,23,24} = {x3,x1,22,24},

{z1,22,23,24} = {23,21,24,22},
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(116) {z1,22,23,24} = {23,22,21,24},
(117) {zl,22,23,24} = {23,22,24,x1},
(118) {z1,22,23,24} = {x3,24,21,22},
(119) {z1,22,23,24} = {23,24,22,21},
(120) {zl,22,23,24} = {zd,21,22,23},
(121) {zl,22,23,24} = {zd,21,23,22},
(122) {z1,22,23,24} = {z4,22,21,23},
(123) {z1,22,23,24} = {2z4,22,23,21},
(124) {zl,22,23,24} = {z4,23,21,22},
(125) {zl,22,23,24} = {24,23,22,21}.
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