JOURNAL OF FORMALIZED MATHEMATICS Volume 12, Released 2000, Published 2003 Inst. of Computer Science, Univ. of Białystok

The Evaluation of Polynomials

Robert Milewski University of Białystok

MML Identifier: POLYNOM4.

WWW: http://mizar.org/JFM/Vol12/polynom4.html

The articles [18], [25], [19], [1], [20], [26], [5], [6], [4], [2], [7], [24], [22], [9], [8], [14], [15], [16], [21], [10], [12], [27], [3], [23], [17], [13], and [11] provide the notation and terminology for this paper.

1. PRELIMINARIES

The following propositions are true:

(1) For every natural number n holds 0 −^′ n = 0.

(3)^1 Let D be a non empty set, p be a finite sequence of elements of D, and n be a natural number. If 1 ≤ n and n ≤ len p, then p = (p↾(n −^′ 1))^⌢ ⟨p(n)⟩^⌢ (p_{⇂n}).

Let us observe that every left zeroed add-right-cancelable right distributive left unital commutative associative non empty double loop structure which is field-like is also integral domain-like.

Let us note that there exists a non empty double loop structure which is strict, Abelian, addassociative, right zeroed, right complementable, associative, commutative, distributive, well unital, integral domain-like, field-like, non degenerated, and non trivial.

2. ABOUT POLYNOMIALS

The following propositions are true:

(5)^2 Let L be an add-associative right zeroed right complementable left distributive non empty double loop structure and p be a sequence of L. Then 0.L ∗ p = 0.L.

(6) For every non empty zero structure L holds len0.L = 0.

(7) For every non degenerated non empty multiplicative loop with zero structure L holds len1.L = 1.

(8) For every non empty zero structure L and for every polynomial p of L such that len p = 0 holds p = 0.L.

(9) Let L be a right zeroed non empty loop structure, p, q be polynomials of L, and n be a natural number. If n ≥ len p and n ≥ lenq, then n ≥ len(p + q).

1 The proposition (2) has been removed. 2 The proposition (4) has been removed.

1 © Association of Mizar Users

(10) Let L be an add-associative right zeroed right complementable non empty loop structure and p, q be polynomials of L. If len p ≠ lenq, then len(p + q) = max(len p,lenq).

(11) Let L be an add-associative right zeroed right complementable non empty loop structure and p be a polynomial of L. Then len(−p) = len p.

(12) Let L be an add-associative right zeroed right complementable non empty loop structure, p, q be polynomials of L, and n be a natural number. If n ≥ len p and n ≥ lenq, then n ≥ len(p − q).

(13) Let L be an add-associative right zeroed right complementable distributive commutative associative left unital non empty double loop structure and p, q be polynomials of L. If p(len p −^′ 1) · q(lenq −^′ 1) ≠ 0_L, then len(p ∗ q) = (len p + lenq) − 1.

3. LEADING MONOMIALS

Let L be a non empty zero structure and let p be a polynomial of L. The functor Leading-Monomial p yields a sequence of L and is defined by:

(Def. 1) (Leading-Monomial p)(len p−^′ 1) = p(len p−^′ 1) and for every natural number n such that n ≠ len p −^′ 1 holds (Leading-Monomial p)(n) = 0_L.

We now state the proposition

(14) For every non empty zero structure L and for every polynomial p of L holds Leading-Monomial p = 0.L +· (len p −^′ 1, p(len p −^′ 1)).

Let L be a non empty zero structure and let p be a polynomial of L. One can check that Leading-Monomial p is finite-Support.

Next we state several propositions:

(15) For every non empty zero structure L and for every polynomial p of L such that len p = 0 holds Leading-Monomial p = 0.L.

(16) For every non empty zero structure L holds Leading-Monomial0.L = 0.L.

(17) For every non degenerated non empty multiplicative loop with zero structure L holds Leading-Monomial1.L = 1.L.

(18) For every non empty zero structure L and for every polynomial p of L holds lenLeading-Monomial p = len p.

(19) Let L be an add-associative right zeroed right complementable non empty loop structure and p be a polynomial of L. Suppose len p ≠ 0. Then there exists a polynomial q of L such that lenq < len p and p = q + Leading-Monomial p and for every natural number n such that n < len p − 1 holds q(n) = p(n).

4. EVALUATION OF POLYNOMIALS

Let L be a unital non empty double loop structure, let p be a polynomial of L, and let x be an element of the carrier of L. The functor eval(p,x) yields an element of L and is defined by the condition (Def. 2).

(Def. 2) There exists a finite sequence F of elements of the carrier of L such that eval(p,x) = ∑F and lenF = len p and for every natural number n such that n ∈ domF holds F(n) = p(n −^′ 1) · power_L(x, n −^′ 1).

The following propositions are true:

(20) For every unital non empty double loop structure L and for every element x of the carrier of L holds eval(0.L,x) = 0_L.

(21) Let L be a well unital add-associative right zeroed right complementable associative non degenerated non empty double loop structure and x be an element of the carrier of L. Then eval(1.L,x) = 1_L.

(22) Let L be an Abelian add-associative right zeroed right complementable unital left distributive non empty double loop structure, p, q be polynomials of L, and x be an element of the carrier of L. Then eval(p + q,x) = eval(p,x) + eval(q,x).

(23) Let L be an Abelian add-associative right zeroed right complementable unital distributive non empty double loop structure, p be a polynomial of L, and x be an element of the carrier of L. Then eval(−p,x) = −eval(p,x).

(24) Let L be an Abelian add-associative right zeroed right complementable unital distributive non empty double loop structure, p, q be polynomials of L, and x be an element of the carrier of L. Then eval(p − q,x) = eval(p,x) − eval(q,x).

(25) Let L be an add-associative right zeroed right complementable right zeroed distributive unital non empty double loop structure, p be a polynomial of L, and x be an element of the carrier of L. Then eval(Leading-Monomial p,x) = p(len p −^′ 1) · power_L(x, len p −^′ 1).

(26) Let L be an add-associative right zeroed right complementable Abelian left unital distributive commutative associative non trivial non empty double loop structure, p, q be polynomials of L, and x be an element of the carrier of L. Then eval(Leading-Monomial p ∗ q,x) = eval(Leading-Monomial p,x) · eval(q,x).

(27) Let L be an add-associative right zeroed right complementable Abelian left unital distributive commutative associative non trivial non empty double loop structure, p, q be polynomials of L, and x be an element of the carrier of L. Then eval(p ∗ q,x) = eval(p,x) · eval(q,x).

5. EVALUATION HOMOMORPHISM

Let L be an add-associative right zeroed right complementable distributive unital non empty double loop structure and let x be an element of the carrier of L. The functor Polynom-Evaluation(L,x) yielding a map from Polynom-RingL into L is defined by:

(Def. 3) For every polynomial p of L holds (Polynom-Evaluation(L,x))(p) = eval(p,x).

Let L be an add-associative right zeroed right complementable distributive associative well unital non degenerated non empty double loop structure and let x be an element of the carrier of L. Observe that Polynom-Evaluation(L,x) is unity-preserving.

Let L be an Abelian add-associative right zeroed right complementable distributive unital non empty double loop structure and let x be an element of the carrier of L. Observe that Polynom-Evaluation(L,x) is additive.

Let L be an add-associative right zeroed right complementable Abelian left unital distributive commutative associative non trivial non empty double loop structure and let x be an element of the carrier of L. One can verify that Polynom-Evaluation(L,x) is multiplicative.

Let L be an add-associative right zeroed right complementable Abelian left unital distributive commutative associative non degenerated non empty double loop structure and let x be an element of the carrier of L. One can check that Polynom-Evaluation(L,x) is ring homomorphism.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/finseq_1.html.

[3] Józef Białas. Group and field definitions. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/realset1.

html.

[4] Czesław Byliński. Binary operations. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/binop_1.html.

THE EVALUATION OF POLYNOMIALS 4

[5] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[6] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[7] Czesław Byliński. Finite sequences and tuples of elements of a non-empty sets. Journal of Formalized Mathematics, 2, 1990. http:

//mizar.org/JFM/Vol2/finseq_2.html.

[8] Agata Darmochwał and Yatsuka Nakamura. The topological space E^2_T . Arcs, line segments and special polygonal arcs. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/topreal1.html.

[9] Jarosław Kotowicz. Functions and finite sequences of real numbers. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/

JFM/Vol5/rfinseq.html.

[10] Eugeniusz Kusak, Wojciech Leończuk, and Michał Muzalewski. Abelian groups, fields and vector spaces. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/vectsp_1.html.

[11] Robert Milewski. The ring of polynomials. Journal of Formalized Mathematics, 12, 2000. http://mizar.org/JFM/Vol12/polynom3.

html.

[12] Michał Muzalewski. Construction of rings and left-, right-, and bi-modules over a ring. Journal of Formalized Mathematics, 2, 1990.

http://mizar.org/JFM/Vol2/vectsp_2.html.

[13] Michał Muzalewski and Lesław W. Szczerba. Construction of finite sequence over ring and left-, right-, and bi-modules over a ring.

Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/algseq_1.html.

[14] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/JFM/

Vol5/binarith.html.

[15] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/pre_topc.html.

[16] Jan Popiołek. Real normed space. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/normsp_1.html. [17] Piotr Rudnicki and Andrzej Trybulec. Multivariate polynomials with arbitrary number of variables. Journal of Formalized Mathematics, 11, 1999. http://mizar.org/JFM/Vol11/polynom1.html.

[18] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[19] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[20] Andrzej Trybulec and Czesław Byliński. Some properties of real numbers operations: min, max, square, and square root. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/square_1.html.

[21] Wojciech A. Trybulec. Vectors in real linear space. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

rlvect_1.html.

[22] Wojciech A. Trybulec. Binary operations on finite sequences. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/

Vol2/finsop_1.html.

[23] Wojciech A. Trybulec. Groups. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/group_1.html. [24] Wojciech A. Trybulec. Pigeon hole principle. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/finseq_

4.html.

[25] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [26] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

[27] Katarzyna Zawadzka. Sum and product of finite sequences of elements of a field. Journal of Formalized Mathematics, 4, 1992.

http://mizar.org/JFM/Vol4/fvsum_1.html.

Received June 7, 2000 Published January 2, 2004