JOURNAL OF FORMALIZED MATHEMATICS Volume 15, Released 2003, Published 2003 Inst. of Computer Science, Univ. of Białystok

Lattice of Fuzzy Sets^1

Takashi Mitsuishi Miyagi University

Grzegorz Bancerek Białystok Technical University

Summary. This article concerns a connection of fuzzy logic and lattice theory. Namely, the fuzzy sets form a Heyting lattice with union and intersection of fuzzy sets as meet and join operations. The lattice of fuzzy sets is defined as the product of interval posets. As the final result, we have characterized the composition of fuzzy relations in terms of lattice theory and proved its associativity.

MML Identifier: LFUZZY_0.

WWW: http://mizar.org/JFM/Vol15/lfuzzy_0.html

The articles [17], [9], [23], [6], [7], [16], [1], [8], [22], [19], [20], [15], [24], [21], [14], [18], [2], [3], [4], [12], [10], [5], [13], and [11] provide the notation and terminology for this paper.

1. POSETS OF REAL NUMBERS

Let R be a relational structure. We say that R is real if and only if the conditions (Def. 1) are satisfied.

(Def. 1)(i) The carrier of R ⊆ R, and

(ii) for all real numbers x, y such that x ∈ the carrier of R and y ∈ the carrier of R holds ⟨x, y⟩ ∈ the internal relation of R iff x ≤ y.

Let R be a relational structure. We say that R is interval if and only if:

(Def. 2) R is real and there exist real numbers a, b such that a ≤ b and the carrier of R = [a,b].

One can check that every relational structure which is interval is also real and non empty. Let us note that every relational structure which is empty is also real. One can prove the following proposition

(1) For every subset X of R there exists a strict relational structure R such that the carrier of R = X and R is real.

One can check that there exists a relational structure which is interval and strict. We now state the proposition

(2) Let R_1, R_2 be real relational structures. Suppose the carrier of R_1 = the carrier of R_2. Then the relational structure of R_1 = the relational structure of R_2.

Let R be a non empty real relational structure. One can check that every element of R is real. Let X be a subset of R. The functor RealPoset X yields a real strict relational structure and is defined by:

1This work has been partially supported by the Polish Academy of Sciences and the Japan Society for the Promotion of Science when the first author was visiting Białystok Technical University as postdoctoral fellow.

1 © Association of Mizar Users

(Def. 3) The carrier of RealPosetX = X.

Let X be a non empty subset of R. Note that RealPosetX is non empty.

Let R be a relational structure and let x, y be elements of R. We introduce x ⪯ y and y ⪰ x as synonyms of x ≤ y.

Let x, y be real numbers. We introduce x ≤_R y and y ≥_R x as synonyms of x ≤ y. We introduce y <_R x and x >_R y as antonyms of x ≤ y.

The following proposition is true

(3) For every non empty real relational structure R and for all elements x, y of R holds x ≤_R y iff x ⪯ y.

Let us note that every relational structure which is real is also reflexive, antisymmetric, and transitive.

Let us note that every real non empty relational structure is connected.

Let R be a non empty real relational structure and let x, y be elements of R. Then max(x,y) is an element of R.

Let R be a non empty real relational structure and let x, y be elements of R. Then min(x,y) is an element of R.

Let us mention that every real non empty relational structure has l.u.b.’s and g.l.b.’s. We adopt the following rules: x, y denote real numbers, R denotes a real non empty relational structure, and a, b denote elements of R.

The following four propositions are true:

(4) a ⊔ b = max(a,b).

(5) a ⊓ b = min(a,b).

(6) There exists x such that x ∈ the carrier of R and for every y such that y ∈ the carrier of R holds x ≤ y if and only if R is lower-bounded.

(7) There exists x such that x ∈ the carrier of R and for every y such that y ∈ the carrier of R holds x ≥ y if and only if R is upper-bounded.

Let us observe that every non empty relational structure which is interval is also bounded. We now state the proposition

(8) For every interval non empty relational structure R and for every set X holds sup X exists in R.

Let us note that every interval non empty relational structure is complete. One can check that every chain is distributive.

One can verify that every interval non empty relational structure is Heyting. Let us mention that [0,1] is non empty. Let us mention that RealPoset[0,1] is interval.

2. PRODUCT OF HEYTING LATTICES

One can prove the following propositions:

(9) Let I be a non empty set and J be a relational structure yielding nonempty reflexive-yielding many sorted set indexed by I. Suppose that for every element i of I holds J(i) is a supsemilattice. Then ∏J has l.u.b.’s.

(10) Let I be a non empty set and J be a relational structure yielding nonempty reflexive-yielding many sorted set indexed by I. Suppose that for every element i of I holds J(i) is a semilattice. Then ∏ J has g.l.b.’s.

(11) Let I be a non empty set and J be a relational structure yielding nonempty reflexive-yielding many sorted set indexed by I. Suppose that for every element i of I holds J(i) is a semilattice. Let f , g be elements of ∏J and i be an element of I. Then ( f ⊓ g)(i) = f (i) ⊓ g(i).

(12) Let I be a non empty set and J be a relational structure yielding nonempty reflexive-yielding many sorted set indexed by I. Suppose that for every element i of I holds J(i) is a supsemilattice. Let f , g be elements of ∏ J and i be an element of I. Then ( f ⊔g)(i) = f (i)⊔g(i).

(13) Let I be a non empty set and J be a relational structure yielding nonempty reflexive-yielding many sorted set indexed by I. Suppose that for every element i of I holds J(i) is a Heyting complete lattice. Then ∏J is complete and Heyting.

Let A be a non empty set and let R be a complete Heyting lattice. Observe that R^A is Heyting.

3. LATTICE OF FUZZY SETS Let A be a non empty set. The functor FuzzyLatticeA yields a Heyting complete lattice and is defined by:

(Def. 4) FuzzyLatticeA = (RealPoset[0,1])^A.

The following proposition is true (14) For every non empty set A holds the carrier of FuzzyLatticeA = [0,1]^A. Let A be a non empty set. One can check that FuzzyLatticeA is constituted functions. We now state the proposition (15) Let R be a complete Heyting lattice, X be a subset of R, and y be an element of R. Then ⨆ R X ⊓ y = ⨆ R{x ⊓ y;x ranges over elements of R: x ∈ X}.

Let X be a non empty set and let a be an element of FuzzyLatticeX. The functor^@a yielding a membership function of X is defined as follows: (Def. 5)^@a = a.

Let X be a non empty set and let f be a membership function of X. The functor f^@ yields an element of FuzzyLatticeX and is defined as follows: (Def. 6) f^@ = f .

Let X be a non empty set, let f be a membership function of X, and let x be an element of X. Then f (x) is an element of RealPoset[0,1].

Let X be a non empty set, let f be an element of FuzzyLatticeX, and let x be an element of X. Then f (x) is an element of RealPoset[0,1].

For simplicity, we use the following convention: C is a non empty set, c is an element of C, f , g are membership functions of C, and s, t are elements of FuzzyLatticeC.

Next we state several propositions:

(16) For every c holds f (c) ≤_R g(c) iff f^@ ⪯ g^@. (17) s ⪯ t iff for every c holds (^@s)(c) ≤_R (^@t)(c). (18) max( f ,g) = f^@ ⊔ g^@. (19) s ⊔ t = max(^@s,^@t). (20) min( f ,g) = f^@ ⊓ g^@. (21) s ⊓ t = min(^@s,^@t).

4. ASSOCIATIVITY OF COMPOSITION OF FUZZY RELATIONS

In this article we present several logical schemes. The scheme SupDistributivity deals with a complete lattice A, non empty sets B, C , a binary functor F yielding an element of A, and two unary predicates P , Q , and states that: ⨆ A { ⨆ A {F (x,y);y ranges over elements of C : Q [y]};x ranges over elements of B :

P [x]} =^⨆_A {F (x,y);x ranges over elements of B,y ranges over elements of C : P [x] ∧ Q [y]} for all values of the parameters.

The scheme SupDistributivity’ deals with a complete lattice A, non empty sets B, C , a binary functor F yielding an element of A, and two unary predicates P , Q , and states that: ⨆ A { ⨆ A {F (x,y);x ranges over elements of B : P [x]};y ranges over elements of C :

Q [y]} =^⨆_A {F (x,y);x ranges over elements of B,y ranges over elements of C : P [x] ∧ Q [y]} for all values of the parameters.

The scheme FraenkelF’R’ deals with a non empty set A, a non empty set B, two binary functors F and G yielding sets, and a binary predicate P , and states that:

{F (u_1,v_1);u_1 ranges over elements of A,v_1 ranges over elements of B : P [u_1,v_1]} = {G(u_2,v_2);u_2 ranges over elements of A,v_2 ranges over elements of B : P [u_2,v_2]} provided the parameters satisfy the following condition:

• For every element u of A and for every element v of B such that P [u,v] holds F (u,v) = G(u,v).

The scheme FraenkelF6”R deals with a non empty set A, a non empty set B, two binary functors F and G yielding sets, and two binary predicates P , Q , and states that:

{F (u_1,v_1);u_1 ranges over elements of A,v_1 ranges over elements of B : P [u_1,v_1]} = {G(u_2,v_2);u_2 ranges over elements of A,v_2 ranges over elements of B : Q [u_2,v_2]} provided the following requirements are met:

• For every element u of A and for every element v of B holds P [u,v] iff Q [u,v], and • For every element u of A and for every element v of B such that P [u,v] holds F (u,v) = G(u,v).

The scheme SupCommutativity deals with a complete lattice A, non empty sets B, C , two binary functors F and G yielding elements of A, and two unary predicates P , Q , and states that: ⨆ A { ⨆ A {F (x,y);y ranges over elements of C : Q [y]};x ranges over elements of B : P [x]} =^⨆_A {^⨆_A {G(x^′,y^′);x^′ ranges over elements of B : P [x^′]};y^′ ranges over elements of C : Q [y^′]} provided the parameters meet the following requirement:

• For every element x of B and for every element y of C such that P [x] and Q [y] holds F (x,y) = G(x,y).

Next we state two propositions:

(22) Let X, Y , Z be non empty sets, R be a membership function of X, Y , S be a membership function of Y , Z, x be an element of X, and z be an element of Z. Then (R S)(⟨x, z⟩) = ⨆ RealPoset[0,1]{R(⟨x, y⟩) ⊓ S(⟨y, z⟩) : y ranges over elements of Y }.

(23) Let X, Y , Z, W be non empty sets, R be a membership function of X, Y , S be a membership function of Y , Z, and T be a membership function of Z, W . Then (R S) T = R (S T ).

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/ordinal1.

html.

[2] Grzegorz Bancerek. Complete lattices. Journal of Formalized Mathematics, 4, 1992. http://mizar.org/JFM/Vol4/lattice3.html.

[3] Grzegorz Bancerek. Bounds in posets and relational substructures. Journal of Formalized Mathematics, 8, 1996. http://mizar.org/

JFM/Vol8/yellow_0.html.

[4] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Journal of Formalized Mathematics, 8, 1996. http://mizar.org/

JFM/Vol8/waybel_0.html.

LATTICE OF FUZZY SETS 5

[5] Grzegorz Bancerek. The “way-below” relation. Journal of Formalized Mathematics, 8, 1996. http://mizar.org/JFM/Vol8/waybel_

3.html.

[6] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[7] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[8] Czesław Byliński. Partial functions. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/partfun1.html. [9] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

zfmisc_1.html.

[10] Czesław Byliński. Galois connections. Journal of Formalized Mathematics, 8, 1996. http://mizar.org/JFM/Vol8/waybel_1.html. [11] Noboru Endou, Takashi Mitsuishi, and Keiji Ohkubo. Properties of fuzzy relation. Journal of Formalized Mathematics, 13, 2001.

http://mizar.org/JFM/Vol13/fuzzy_4.html.

[12] Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and products of relational structures. Journal of Formalized Mathematics, 8, 1996. http://mizar.org/JFM/Vol8/yellow_1.html.

[13] Takashi Mitsuishi, Noboru Endou, and Yasunari Shidama. The concept of fuzzy set and membership function and basic properties of fuzzy set operation. Journal of Formalized Mathematics, 12, 2000. http://mizar.org/JFM/Vol12/fuzzy_1.html.

[14] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/pre_topc.html.

[15] Konrad Raczkowski and Paweł Sadowski. Topological properties of subsets in real numbers. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/rcomp_1.html.

[16] Andrzej Trybulec. Domains and their Cartesian products. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/domain_1.html.

[17] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[18] Andrzej Trybulec. Many-sorted sets. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/JFM/Vol5/pboole.html. [19] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[20] Andrzej Trybulec and Czesław Byliński. Some properties of real numbers operations: min, max, square, and square root. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/square_1.html.

[21] Wojciech A. Trybulec. Partially ordered sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/orders_

1.html.

[22] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [23] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

[24] Edmund Woronowicz. Relations defined on sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

relset_1.html.

Received August 12, 2003 Published January 2, 2004