JOURNAL OF FORMALIZED MATHEMATICS Volume 13, Released 2001, Published 2003 Inst. of Computer Science, Univ. of Białystok

Properties of Fuzzy Relation

Noboru Endou Gifu National College of Technology

Takashi Mitsuishi Miyagi University

Keiji Ohkubo Shinshu University Nagano

Summary. In this article, we introduce four fuzzy relations and the composition, and some useful properties are shown by them. In section 2, the definition of converse relation R^{−1} of fuzzy relation R and properties concerning it are described. In the next section, we define the composition of the fuzzy relation and show some properties. In the final section we describe the identity relation, the universe relation and the zero relation.

MML Identifier: FUZZY_4.

WWW: http://mizar.org/JFM/Vol13/fuzzy_4.html

The articles [9], [2], [12], [1], [10], [11], [13], [5], [4], [3], [6], [7], and [8] provide the notation and terminology for this paper.

1. BASIC PROPERTIES OF THE MEMBERSHIP FUNCTION

We follow the rules: x, y, z denote sets and C_1, C_2, C_3 denote non empty sets.

Let C_1 be a non empty set and let F be a membership function of C_1. Observe that rngF is non empty.

One can prove the following four propositions:

(1) Let F be a membership function of C_1. Then rngF is bounded and for every x such that x ∈ domF holds F(x) ≤ suprngF and for every x such that x ∈ domF holds F(x) ≥ infrngF.

(2) For all membership functions F, G of C_1 such that for every x such that x ∈ C_1 holds F(x) ≤ G(x) holds suprngF ≤ suprngG.

(3) For every membership function f of C_1, C_2 and for every element c of [:C_1, C_2 :] holds 0 ≤ f (c) and f (c) ≤ 1.

(4) For every membership function f of C_1, C_2 and for all x, y such that ⟨x, y⟩ ∈ [:C_1, C_2 :] holds 0 ≤ f (⟨x, y⟩) and f (⟨x, y⟩) ≤ 1.

2. DEFINITION OF CONVERSE FUZZY RELATION AND SOME PROPERTIES

Let C_1, C_2 be non empty sets and let h be a membership function of C_2, C_1. The functor converseh yielding a membership function of C_1, C_2 is defined by:

(Def. 1) For all x, y such that ⟨x, y⟩ ∈ [:C_1, C_2 :] holds (converseh)(⟨x, y⟩) = h(⟨y, x⟩).

1 © Association of Mizar Users

Let C_1, C_2 be non empty sets, let f be a membership function of C_2, C_1, and let R be a fuzzy relation of C_2, C_1, f . The functor R^{−1} yields a fuzzy relation of C_1, C_2, converse f and is defined as follows:

(Def. 2) R^{−1} = [:[:C_1, C_2 :], (converse f )^∘[:C_1, C_2 :]:].

Next we state a number of propositions:

(5) For every membership function f of C_1, C_2 holds converseconverse f = f . (6) For every membership function f of C_1, C_2 and for every fuzzy relation R of C_1, C_2, f holds (R^{−1})^{−1} = R.

(7) For every membership function f of C_1, C_2 holds 1-minusconverse f = converse1-minus f . (8) For every membership function f of C_1, C_2 and for every fuzzy relation R of C_1, C_2, f holds (R^{−1})^c = (R^c)^{−1}.

(9) For all membership functions f , g of C_1, C_2 holds conversemax( f ,g) = max(converse f ,converseg). (10) Let f , g be membership functions of C_1, C_2, R be a fuzzy relation of C_1, C_2, f , and S be a fuzzy relation of C_1, C_2, g. Then (R ∪ S)^{−1} = R^{−1} ∪ S^{−1}.

(11) For all membership functions f , g of C_1, C_2 holds conversemin( f ,g) = min(converse f ,converseg). (12) Let f , g be membership functions of C_1, C_2, R be a fuzzy relation of C_1, C_2, f , and S be a fuzzy relation of C_1, C_2, g. Then (R ∩ S)^{−1} = R^{−1} ∩ S^{−1}.

(13) Let f , g be membership functions of C_1, C_2 and given x, y. If x ∈ C_1 and y ∈ C_2, then if f (⟨x, y⟩) ≤ g(⟨x, y⟩), then (converse f )(⟨y, x⟩) ≤ (converseg)(⟨y, x⟩).

(14) Let f , g be membership functions of C_1, C_2, R be a fuzzy relation of C_1, C_2, f , and S be a fuzzy relation of C_1, C_2, g. If R ⊆ S, then R^{−1} ⊆ S^{−1}.

(15) For all membership functions f , g of C_1, C_2 holds conversemin( f ,1-minusg) = min(converse f ,1-minusconverseg).

(16) Let f , g be membership functions of C_1, C_2, R be a fuzzy relation of C_1, C_2, f , and S be a fuzzy relation of C_1, C_2, g. Then (R \ S)^{−1} = R^{−1} \ S^{−1}.

(17) For all membership functions f , g of C_1, C_2 holds conversemax(min( f ,1-minusg),min(1-minus f ,g)) = max(min(converse f ,1-minusconverseg),min(1-minusconverse f ,converseg)).

(18) Let f , g be membership functions of C_1, C_2, R be a fuzzy relation of C_1, C_2, f , and S be a fuzzy relation of C_1, C_2, g. Then (R−. S)^{−1} = R^{−1}−. S^{−1}.

3. DEFINITION OF THE COMPOSITION AND SOME PROPERTIES Let C_1, C_2, C_3 be non empty sets, let h be a membership function of C_1, C_2, let g be a membership function of C_2, C_3, and let x, z be sets. Let us assume that x ∈ C_1 and z ∈ C_3. The functor min(h,g,x,z) yields a membership function of C_2 and is defined by: (Def. 3) For every element y of C_2 holds (min(h,g,x,z))(y) = min(h(⟨x, y⟩),g(⟨y, z⟩)).

Let C_1, C_2, C_3 be non empty sets, let h be a membership function of C_1, C_2, and let g be a membership function of C_2, C_3. The functor h g yielding a membership function of C_1, C_3 is defined by: (Def. 4) For all x, z such that ⟨x, z⟩ ∈ [:C_1, C_3 :] holds (h g)(⟨x, z⟩) = suprngmin(h,g,x,z).

Let C_1, C_2, C_3 be non empty sets, let f be a membership function of C_1, C_2, let g be a membership function of C_2, C_3, let R be a fuzzy relation of C_1, C_2, f , and let S be a fuzzy relation of C_2, C_3, g. The functor R S yielding a fuzzy relation of C_1, C_3, f g is defined by:

(Def. 5) R S = [:[:C_1, C_3 :], ( f g)^∘[:C_1, C_3 :]:].

The following propositions are true:

(19) For every membership function f of C_1, C_2 and for all membership functions g, h of C_2, C_3 holds f max(g,h) = max( f g, f h).

(20) Let f be a membership function of C_1, C_2, g, h be membership functions of C_2, C_3, R be a fuzzy relation of C_1, C_2, f , S be a fuzzy relation of C_2, C_3, g, and T be a fuzzy relation of C_2, C_3, h. Then R (S ∪ T ) = R S ∪ R T.

(21) For all membership functions f , g of C_1, C_2 and for every membership function h of C_2, C_3 holds max( f ,g) h = max( f h,g h).

(22) Let f , g be membership functions of C_1, C_2, h be a membership function of C_2, C_3, R be a fuzzy relation of C_1, C_2, f , S be a fuzzy relation of C_1, C_2, g, and T be a fuzzy relation of C_2, C_3, h. Then (R ∪ S) T = R T ∪ S T.

(23) Let f be a membership function of C_1, C_2, g, h be membership functions of C_2, C_3, and x, z be sets. If x ∈ C_1 and z ∈ C_3, then ( f min(g,h))(⟨x, z⟩) ≤ (min( f g, f h))(⟨x, z⟩).

(24) Let f be a membership function of C_1, C_2, g, h be membership functions of C_2, C_3, R be a fuzzy relation of C_1, C_2, f , S be a fuzzy relation of C_2, C_3, g, and T be a fuzzy relation of C_2, C_3, h. Then R (S ∩ T ) ⊆ (R S) ∩ (R T ).

(25) Let f , g be membership functions of C_1, C_2, h be a membership function of C_2, C_3, and x, z be sets. If x ∈ C_1 and z ∈ C_3, then (min( f ,g) h)(⟨x, z⟩) ≤ (min( f h,g h))(⟨x, z⟩).

(26) Let f , g be membership functions of C_1, C_2, h be a membership function of C_2, C_3, R be a fuzzy relation of C_1, C_2, f , S be a fuzzy relation of C_1, C_2, g, and T be a fuzzy relation of C_2, C_3, h. Then (R ∩ S) T ⊆ (R T ) ∩ (S T ).

(27) For every membership function f of C_1, C_2 and for every membership function g of C_2, C_3 holds converse f g = converseg converse f .

(28) Let f be a membership function of C_1, C_2, g be a membership function of C_2, C_3, R be a fuzzy relation of C_1, C_2, f , and S be a fuzzy relation of C_2, C_3, g. Then (R S)^{−1} = S^{−1} R^{−1}.

(29) Let f , g be membership functions of C_1, C_2, h, k be membership functions of C_2, C_3, and x, z be sets. Suppose x ∈ C_1 and z ∈ C_3 and for every set y such that y ∈ C_2 holds f (⟨x, y⟩) ≤ g(⟨x, y⟩) and h(⟨y, z⟩) ≤ k(⟨y, z⟩). Then ( f h)(⟨x, z⟩) ≤ (g k)(⟨x, z⟩).

(30) Let f , g be membership functions of C_1, C_2, h, k be membership functions of C_2, C_3, R be a fuzzy relation of C_1, C_2, f , S be a fuzzy relation of C_1, C_2, g, T be a fuzzy relation of C_2, C_3, h, and W be a fuzzy relation of C_2, C_3, k. If R ⊆ S and T ⊆ W, then R T ⊆ S W.

4. DEFINITION OF IDENTITY RELATION AND PROPERTIES OF UNIVERSE AND ZERO RELATION

Let C_1, C_2 be non empty sets. The functor Imf(C_1,C_2) yielding a membership function of C_1, C_2 is defined as follows:

(Def. 6) For all x, y such that ⟨x, y⟩ ∈ [:C_1, C_2 :] holds if x = y, then (Imf(C_1,C_2))(⟨x, y⟩) = 1 and if x ≠ y, then (Imf(C_1,C_2))(⟨x, y⟩) = 0.

Next we state several propositions:

(31) For every element c of [:C_1, C_2 :] holds (Zmf(C_1,C_2))(c) = 0 and (Umf(C_1,C_2))(c) = 1.

(32) For all x, y such that ⟨x, y⟩ ∈ [:C_1, C_2 :] holds (Zmf(C_1,C_2))(⟨x, y⟩) = 0 and (Umf(C_1,C_2))(⟨x, y⟩) = 1.

PROPERTIES OF FUZZY RELATION 4

(33) Let f be a membership function of C_2, C_3, O_1 be a zero relation of C_1, C_2, O_2 be a zero relation of C_1, C_3, and R be a fuzzy relation of C_2, C_3, f . Then O_1 R = O_2.

(34) For every membership function f of C_1, C_2 holds f Zmf(C_2,C_3) = Zmf(C_1,C_3). (35) Let f be a membership function of C_1, C_2, O_1 be a zero relation of C_2, C_3, O_2 be a zero relation of C_1, C_3, and R be a fuzzy relation of C_1, C_2, f . Then R O_1 = O_2.

(36) For every membership function f of C_1, C_1 holds f Zmf(C_1,C_1) = Zmf(C_1,C_1) f . (37) Let f be a membership function of C_1, C_1, O be a zero relation of C_1, C_1, and R be a fuzzy relation of C_1, C_1, f . Then R O = O R.

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/ordinal1.

html.

[2] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

zfmisc_1.html.

[3] Czesław Byliński and Piotr Rudnicki. Bounding boxes for compact sets in E^2. Journal of Formalized Mathematics, 9, 1997. http:

//mizar.org/JFM/Vol9/pscomp_1.html.

[4] Jarosław Kotowicz. Convergent real sequences. Upper and lower bound of sets of real numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/seq_4.html.

[5] Jarosław Kotowicz. Real sequences and basic operations on them. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/

JFM/Vol1/seq_1.html.

[6] Takashi Mitsuishi, Noboru Endou, and Yasunari Shidama. The concept of fuzzy set and membership function and basic properties of fuzzy set operation. Journal of Formalized Mathematics, 12, 2000. http://mizar.org/JFM/Vol12/fuzzy_1.html.

[7] Takashi Mitsuishi, Katsumi Wasaki, and Yasunari Shidama. Basic properties of fuzzy set operation and membership function. Journal of Formalized Mathematics, 12, 2000. http://mizar.org/JFM/Vol12/fuzzy_2.html.

[8] Takashi Mitsuishi, Katsumi Wasaki, and Yasunari Shidama. The concept of fuzzy relation and basic properties of its operation. Journal of Formalized Mathematics, 12, 2000. http://mizar.org/JFM/Vol12/fuzzy_3.html.

[9] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[10] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[11] Andrzej Trybulec and Czesław Byliński. Some properties of real numbers operations: min, max, square, and square root. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/square_1.html.

[12] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [13] Edmund Woronowicz. Relations defined on sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

relset_1.html.

Received June 25, 2001 Published January 2, 2004