JOURNAL OF FORMALIZED MATHEMATICS Volume 12, Released 2000, Published 2003 Inst. of Computer Science, Univ. of Białystok

Formal Topological Spaces

Gang Liu Tokyo University of Mercantile Marine

Yasushi Fuwa Shinshu University Nagano

Masayoshi Eguchi Tokyo University of Mercantile Marine

Summary. This article is divided into two parts. In the first part, we prove some useful theorems on finite topological spaces. In the second part, in order to consider a family of neighborhoods to a point in a space, we extend the notion of finite topological space and define a new topological space, which we call formal topological space. We show the relation between formal topological space struct (FMT Space Str) and the TopStruct by giving a function (NeighSp). And the following notions are introduced in formal topological spaces: boundary, closure, interior, isolated point, connected point, open set and close set, then some basic facts concerning them are proved. We will discuss the relation between the formal topological space and the finite topological space in future work.

MML Identifier: FINTOPO2.

WWW: http://mizar.org/JFM/Vol12/fintopo2.html

The articles [6], [3], [7], [1], [2], [4], [5], and [8] provide the notation and terminology for this paper.

1. SOME USEFUL THEOREMS ON FINITE TOPOLOGICAL SPACES

In this paper F_1 is a non empty finite topology space and A is a subset of F_1.

Next we state several propositions:

(1) For every non empty finite topology space F_1 and for all subsets A, B of F_1 such that A ⊆ B holds A^i ⊆ B^i.

(2) A^δ = A^b ∩ (A^i)^c.

(3) A^δ = A^b \ A^i.

(4) If A^c is open, then A is closed.

(5) If A^c is closed, then A is open.

Let F_1 be a non empty finite topology space, let x be an element of F_1, let y be an element of F_1, and let A be a subset of F_1. The functor P_1(x,y,A) yields an element of Boolean and is defined as follows:

(Def. 1) P_1(x,y,A) = { true, if y ∈ U(x) and y ∈ A, false, otherwise.

1 © Association of Mizar Users

Let F_1 be a non empty finite topology space, let x be an element of F_1, let y be an element of F_1, and let A be a subset of F_1. The functor P_2(x,y,A) yields an element of Boolean and is defined as follows:

(Def. 2) P_2(x,y,A) = { true, if y ∈ U(x) and y ∈ A^c, false, otherwise.

We now state three propositions:

(6) For all elements x, y of F_1 and for every subset A of F_1 holds P_1(x,y,A) = true iff y ∈ U(x) and y ∈ A.

(7) For all elements x, y of F_1 and for every subset A of F_1 holds P_2(x,y,A) = true iff y ∈ U(x) and y ∈ A^c.

(8) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^δ if and only if there exist elements y_1, y_2 of F_1 such that P_1(x,y_1,A) = true and P_2(x,y_2,A) = true.

Let F_1 be a non empty finite topology space, let x be an element of F_1, and let y be an element of F_1. The functor P_0(x,y) yields an element of Boolean and is defined as follows:

(Def. 3) P_0(x,y) = { true, if y ∈ U(x), false, otherwise.

One can prove the following three propositions:

(9) For all elements x, y of F_1 holds P_0(x,y) = true iff y ∈ U(x).

(10) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^i if and only if for every element y of F_1 such that P_0(x,y) = true holds P_1(x,y,A) = true.

(11) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^b if and only if there exists an element y_1 of F_1 such that P_1(x,y_1,A) = true.

Let F_1 be a non empty finite topology space, let x be an element of F_1, and let A be a subset of F_1. The functor P_A(x,A) yields an element of Boolean and is defined by:

(Def. 4) P_A(x,A) = { true, if x ∈ A, false, otherwise.

We now state three propositions:

(12) For every element x of F_1 and for every subset A of F_1 holds P_A(x,A) = true iff x ∈ A. (13) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^{δi} if and only if the following conditions are satisfied:

(i) there exist elements y_1, y_2 of F_1 such that P_1(x,y_1,A) = true and P_2(x,y_2,A) = true, and (ii) P_A(x,A) = true.

(14) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^{δo} if and only if the following conditions are satisfied:

(i) there exist elements y_1, y_2 of F_1 such that P_1(x,y_1,A) = true and P_2(x,y_2,A) = true, and (ii) P_A(x,A) = false.

Let F_1 be a non empty finite topology space, let x be an element of F_1, and let y be an element of F_1. The functor P_e(x,y) yields an element of Boolean and is defined as follows:

(Def. 5) P_e(x,y) = { true, if x = y, false, otherwise.

Next we state four propositions:

(15) For all elements x, y of F_1 holds P_e(x,y) = true iff x = y.

(16) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^s if and only if the following conditions are satisfied:

(i) P_A(x,A) = true, and (ii) it is not true that there exists an element y of F_1 such that P_1(x,y,A) = true and P_e(x,y) = false.

(17) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^n if and only if the following conditions are satisfied:

(i) P_A(x,A) = true, and (ii) there exists an element y of F_1 such that P_1(x,y,A) = true and P_e(x,y) = false. (18) Let x be an element of F_1 and A be a subset of F_1. Then x ∈ A^f if and only if there exists an element y of F_1 such that P_A(y,A) = true and P_0(y,x) = true.

2. FORMAL TOPOLOGICAL SPACES

We introduce formal topological spaces which are extensions of 1-sorted structure and are systems ⟨ a carrier, a Neighbour-map ⟩, where the carrier is a set and the Neighbour-map is a function from the carrier into 2^{2the carrier} .

One can verify that there exists a formal topological space which is non empty and strict. In the sequel T is a non empty topological structure, F_2 is a non empty formal topological space, and x is an element of F_2.

Let us consider F_2 and let x be an element of F_2. The functor U_F (x) yielding a subset of 2^{the carrier of F2} is defined as follows:

(Def. 6) U_F (x) = (the Neighbour-map of F_2)(x).

Let us consider T . The functor NeighSpT yielding a non empty strict formal topological space is defined by the conditions (Def. 7).

(Def. 7)(i) The carrier of NeighSpT = the carrier of T , and

(ii) for every point x of NeighSpT holds U_F (x) = {V ;V ranges over subsets of T : V ∈ the topology of T ∧ x ∈ V }.

In the sequel A, B, W , V denote subsets of F_2.

Let I_1 be a non empty formal topological space. We say that I_1 is filled if and only if: (Def. 8) For every element x of I_1 and for every subset D of I_1 such that D ∈ U_F (x) holds x ∈ D.

Let us consider F_2 and let us consider A. The functor A^{Fδ} yielding a subset of F_2 is defined by: (Def. 9) A^{Fδ} = {x : ⋀ W (W ∈ U_F (x) ⇒ W meets A ∧ W meets A^c)}.

Next we state the proposition (20)^1 x ∈ A^{Fδ} iff for every W such that W ∈ U_F (x) holds W meets A and W meets A^c.

Let us consider F_2, A. The functor A^{Fb} yielding a subset of F_2 is defined as follows: (Def. 10) A^{Fb} = {x : ⋀ W (W ∈ U_F (x) ⇒ W meets A)}.

Next we state the proposition

(21) x ∈ A^{Fb} iff for every W such that W ∈ U_F (x) holds W meets A. Let us consider F_2, A. The functor A^{Fi} yields a subset of F_2 and is defined by:

1 The proposition (19) has been removed.

(Def. 11) A^{Fi} = {x : ⋁ V (V ∈ U_F (x) ∧ V ⊆ A)}.

Next we state the proposition (22) x ∈ A^{Fi} iff there exists V such that V ∈ U_F (x) and V ⊆ A. Let us consider F_2, A. The functor A^{Fs} yielding a subset of F_2 is defined by:

(Def. 12) A^{Fs} = {x : x ∈ A ∧ ⋁ V (V ∈ U_F (x) ∧ V \ {x} misses A)}.

We now state the proposition (23) x ∈ A^{Fs} iff x ∈ A and there exists V such that V ∈ U_F (x) and V \ {x} misses A. Let us consider F_2, A. The functor A^{Fon} yields a subset of F_2 and is defined by:

(Def. 13) A^{Fon} = A \ A^{Fs} .

One can prove the following propositions:

(24) x ∈ A^{Fon} iff x ∈ A and for every V such that V ∈ U_F (x) holds V \ {x} meets A. (25) For every non empty formal topological space F_2 and for all subsets A, B of F_2 such that A ⊆ B holds A^{Fb} ⊆ B^{Fb} .

(26) For every non empty formal topological space F_2 and for all subsets A, B of F_2 such that A ⊆ B holds A^{Fi} ⊆ B^{Fi} .

(27) A^{Fb} ∪ B^{Fb} ⊆ A ∪ B^{Fb} . (28) A ∩ B^{Fb} ⊆ A^{Fb} ∩ B^{Fb} . (29) A^{Fi} ∪ B^{Fi} ⊆ A ∪ B^{Fi} . (30) A ∩ B^{Fi} ⊆ A^{Fi} ∩ B^{Fi} .

(31) Let F_2 be a non empty formal topological space. Then for every element x of F_2 and for all subsets V_1, V_2 of F_2 such that V_1 ∈ U_F (x) and V_2 ∈ U_F (x) there exists a subset W of F_2 such that W ∈ U_F (x) and W ⊆ V_1 ∩V_2 if and only if for all subsets A, B of F_2 holds A ∪ B^{Fb} = A^{Fb} ∪ B^{Fb} .

(32) Let F_2 be a non empty formal topological space. Then for every element x of F_2 and for all subsets V_1, V_2 of F_2 such that V_1 ∈ U_F (x) and V_2 ∈ U_F (x) there exists a subset W of F_2 such that W ∈ U_F (x) and W ⊆ V_1 ∩V_2 if and only if for all subsets A, B of F_2 holds A^{Fi} ∩ B^{Fi} = A ∩ B^{Fi} .

(33) Let F_2 be a non empty formal topological space and A, B be subsets of F_2. Suppose that for every element x of F_2 and for all subsets V_1, V_2 of F_2 such that V_1 ∈ U_F (x) and V_2 ∈ U_F (x) there exists a subset W of F_2 such that W ∈ U_F (x) and W ⊆ V_1 ∩V_2. Then A∪B^{Fδ} ⊆ A^{Fδ} ∪B^{Fδ}.

(34) Let F_2 be a non empty formal topological space. Suppose F_2 is filled. Suppose that for all subsets A, B of F_2 holds A ∪ B^{Fδ} = A^{Fδ} ∪ B^{Fδ}. Let x be an element of F_2 and V_1, V_2 be subsets of F_2. If V_1 ∈ U_F (x) and V_2 ∈ U_F (x), then there exists a subset W of F_2 such that W ∈ U_F (x) and W ⊆ V_1 ∩V_2.

(35) For every element x of F_2 and for every subset A of F_2 holds x ∈ A^{Fs} iff x ∈ A and x /∈ A \ {x}^{Fb}.

(36) For every non empty formal topological space F_2 holds F_2 is filled iff for every subset A of F_2 holds A ⊆ A^{Fb} .

(37) For every non empty formal topological space F_2 holds F_2 is filled iff for every subset A of F_2 holds A^{Fi} ⊆ A.

(38) (A^{cFb} )^c = A^{Fi} .

(39) (A^{cFi} )^c = A^{Fb} . (40) A^{Fδ} = A^{Fb} ∩ A^{cFb} . (41) A^{Fδ} = A^{Fb} ∩ (A^{Fi} )^c. (42) A^{Fδ} = A^{cFδ}. (43) A^{Fδ} = A^{Fb} \ A^{Fi} .

Let us consider F_2 and let us consider A. The functor A^{Fδi} yields a subset of F_2 and is defined as follows:

(Def. 14) A^{Fδi} = A ∩ A^{Fδ}.

The functor A^{Fδo} yields a subset of F_2 and is defined by: (Def. 15) A^{Fδo} = A^c ∩ A^{Fδ}.

One can prove the following proposition (44) A^{Fδ} = A^{Fδi} ∪ A^{Fδo} .

Let us consider F_2 and let G be a subset of F_2. We say that G is open if and only if: (Def. 16) G = G^{Fi} .

We say that G is closed if and only if: (Def. 17) G = G^{Fb} .

We now state four propositions: (45) If A^c is open, then A is closed. (46) If A^c is closed, then A is open.

(47) Let F_2 be a non empty formal topological space and A, B be subsets of F_2. Suppose F_2 is filled. If for every element x of F_2 holds {x} ∈ U_F (x), then A ∩ B^{Fb} = A^{Fb} ∩ B^{Fb} .

(48) Let F_2 be a non empty formal topological space and A, B be subsets of F_2. Suppose F_2 is filled. If for every element x of F_2 holds {x} ∈ U_F (x), then A^{Fi} ∪ B^{Fi} = A ∪ B^{Fi} .

REFERENCES

[1] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[2] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[3] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/zfmisc_

1.html.

[4] Hiroshi Imura and Masayoshi Eguchi. Finite topological spaces. Journal of Formalized Mathematics, 4, 1992. http://mizar.org/

JFM/Vol4/fin_topo.html.

[5] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/pre_topc.html.

[6] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[7] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html.

[8] Edmund Woronowicz. Many-argument relations. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/

margrel1.html.

Received October 13, 2000 Published January 2, 2004