JOURNAL OF FORMALIZED MATHEMATICS Volume 12, Released 2000, Published 2003 Inst. of Computer Science, Univ. of Białystok

On Replace Function and Swap Function for Finite Sequences

Hiroshi Yamazaki Shinshu University

Nagano

Yoshinori Fujisawa Shinshu University Nagano

Yatsuka Nakamura Shinshu University Nagano

Summary. In this article, we show the property of the Replace Function and the Swap Function of finite sequences. In the first section, we prepared some useful theorems for finite sequences. In the second section, we defined the Replace function and proved some theorems about the function. This function replaces an element of a sequence by another value. In the third section, we defined the Swap function and proved some theorems about the function. This function swaps two elements of a sequence. In the last section, we show the property of composed functions of the Replace Function and the Swap Function.

MML Identifier: FINSEQ_7.

WWW: http://mizar.org/JFM/Vol12/finseq_7.html

The articles [8], [10], [1], [7], [4], [2], [9], [6], [5], and [3] provide the notation and terminology for this paper.

1. SOME BASIC THEOREMS

For simplicity, we follow the rules: D is a non empty set, f , g, h are finite sequences of elements of D, p, p_1, p_2, p_3, q are elements of D, and i, j, k, l, n are natural numbers.

Next we state four propositions:

(1) If 1 ≤ i and j ≤ len f and i < j, then f = ( f ↾(i −^′ 1))^⌢ ⟨ f (i)⟩^⌢ ( f_{⇂i}↾( j −^′ i −^′ 1))^⌢ ⟨ f ( j)⟩^⌢ ( f_{⇂ j}).

(2) If leng = lenh and leng < i and i ≤ len(g^⌢ f ), then (g^⌢ f )(i) = (h^⌢ f )(i).

(3) If 1 ≤ i and i ≤ len f , then f (i) = (g^⌢ f )(len g + i).

(4) If i ∈ dom( f_{⇂n}), then f_{⇂n}(i) = f (n + i).

2. DEFINITION OF REPLACE FUNCTION AND ITS PROPERTIES

Let D be a non empty set, let f be a finite sequence of elements of D, let i be a natural number, and let p be an element of D. Then f +· (i, p) is a finite sequence of elements of D and it can be characterized by the condition:

(Def. 1) f +· (i, p) = { ( f ↾(i −^′ 1))^⌢ ⟨p⟩^⌢ ( f_{⇂i}), if 1 ≤ i and i ≤ len f , f , otherwise.

We introduce Replace( f ,i, p) as a synonym of f +· (i, p).

The following propositions are true:

1 © Association of Mizar Users

(7)^1 lenReplace( f ,i, p) = len f . (8) rngReplace( f ,i, p) ⊆ rng f ∪ {p}.

(9) If 1 ≤ i and i ≤ len f , then p ∈ rngReplace( f ,i, p). (10) If 1 ≤ i and i ≤ len f , then (Replace( f ,i, p))_i = p.

(11) If 1 ≤ i and i ≤ len f , then for every k such that 0 < k and k ≤ len f − i holds (Replace( f ,i, p))(i + k) = f_{⇂i}(k).

(12) If 1 ≤ k and k ≤ len f and k ≠ i, then (Replace( f ,i, p))_k = f_k.

(13) If 1 ≤ i and i < j and j ≤ len f , then Replace(Replace( f , j,q),i, p) = ( f ↾(i −^′ 1))^⌢ ⟨p⟩^⌢ ( f_{⇂i}↾( j −^′ i −^′ 1))^⌢ ⟨q⟩^⌢ ( f_{⇂ j}).

(14) Replace(⟨p⟩,1,q) = ⟨q⟩. (15) Replace(⟨p_1, p_2⟩,1,q) = ⟨q, p_2⟩. (16) Replace(⟨p_1, p_2⟩,2,q) = ⟨p_1,q⟩. (17) Replace(⟨p_1, p_2, p_3⟩,1,q) = ⟨q, p_2, p_3⟩. (18) Replace(⟨p_1, p_2, p_3⟩,2,q) = ⟨p_1,q, p_3⟩. (19) Replace(⟨p_1, p_2, p_3⟩,3,q) = ⟨p_1, p_2,q⟩.

3. DEFINITION OF SWAP FUNCTION AND ITS PROPERTIES Let D be a non empty set, let f be a finite sequence of elements of D, and let i, j be natural numbers. The functor Swap( f ,i, j) yields a finite sequence of elements of D and is defined by: (Def. 2) Swap( f ,i, j) = { Replace(Replace( f ,i, f_j ), j, f_i), if 1 ≤ i and i ≤ len f and 1 ≤ j and j ≤ len f , f , otherwise.

Next we state a number of propositions: (20) lenSwap( f ,i, j) = len f . (21) Swap( f ,i,i) = f .

(22) Swap(Swap( f ,i, j), j,i) = f . (23) Swap( f ,i, j) = Swap( f , j,i). (24) rngSwap( f ,i, j) = rng f . (25) Swap(⟨p_1, p_2⟩,1,2) = ⟨p_2, p_1⟩. (26) Swap(⟨p_1, p_2, p_3⟩,1,2) = ⟨p_2, p_1, p_3⟩. (27) Swap(⟨p_1, p_2, p_3⟩,1,3) = ⟨p_3, p_2, p_1⟩. (28) Swap(⟨p_1, p_2, p_3⟩,2,3) = ⟨p_1, p_3, p_2⟩.

(29) If 1 ≤ i and i < j and j ≤ len f , then Swap( f ,i, j) = ( f ↾(i−^′ 1))^⌢ ⟨ f_j⟩^⌢ ( f_{⇂i}↾( j −^′ i−^′ 1))^⌢ ⟨ f_i⟩^⌢ ( f_{⇂ j}).

(30) If 1 < i and i ≤ len f , then Swap( f ,1,i) = ⟨ f_i⟩^⌢ ( f_{⇂1}↾(i −^′ 2))^⌢ ⟨ f_1⟩^⌢ ( f_{⇂i}). (31) If 1 ≤ i and i < len f , then Swap( f ,i,len f ) = ( f ↾(i−^′ 1))^⌢ ⟨ f_{len f} ⟩^⌢ ( f_{⇂i}↾(len f −^′ i−^′ 1))^⌢ ⟨ f_i⟩.

(32) If i ≠ k and j ≠ k and 1 ≤ k and k ≤ len f , then (Swap( f ,i, j))_k = f_k. (33) If 1 ≤ i and i ≤ len f and 1 ≤ j and j ≤ len f , then (Swap( f ,i, j))_i = f_j and (Swap( f ,i, j))_j = f_i.

1 The propositions (5) and (6) have been removed.

ON REPLACE FUNCTION AND SWAP FUNCTION FOR . . . 3

4. PROPERTIES OF COMBINATION FUNCTION OF REPLACE FUNCTION AND SWAP FUNCTION We now state four propositions:

(34) If 1 ≤ i and i ≤ len f and 1 ≤ j and j ≤ len f , then Replace(Swap( f ,i, j),i, p) = Swap(Replace( f , j, p),i, j).

(35) If i ≠ k and j ≠ k and 1 ≤ i and i ≤ len f and 1 ≤ j and j ≤ len f and 1 ≤ k and k ≤ len f , then Swap(Replace( f ,k, p),i, j) = Replace(Swap( f ,i, j),k, p).

(36) If i ≠ k and j ≠ k and 1 ≤ i and i ≤ len f and 1 ≤ j and j ≤ len f and 1 ≤ k and k ≤ len f , then Swap(Swap( f ,i, j), j,k) = Swap(Swap( f ,i,k),i, j).

(37) Suppose i ≠ k and j ≠ k and l ≠ i and l ≠ j and 1 ≤ i and i ≤ len f and 1 ≤ j and j ≤ len f and 1 ≤ k and k ≤ len f and 1 ≤ l and l ≤ len f . Then Swap(Swap( f ,i, j),k,l) = Swap(Swap( f ,k,l),i, j).

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/finseq_1.html.

[3] Grzegorz Bancerek and Andrzej Trybulec. Miscellaneous facts about functions. Journal of Formalized Mathematics, 8, 1996. http:

//mizar.org/JFM/Vol8/funct_7.html.

[4] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[5] Agata Darmochwał and Yatsuka Nakamura. The topological space E^2_T . Arcs, line segments and special polygonal arcs. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/topreal1.html.

[6] Jarosław Kotowicz. Functions and finite sequences of real numbers. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/

JFM/Vol5/rfinseq.html.

[7] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/JFM/

Vol5/binarith.html.

[8] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[9] Wojciech A. Trybulec. Pigeon hole principle. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/finseq_

4.html.

[10] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html.

Received August 28, 2000 Published January 2, 2004