JOURNAL OF FORMALIZED MATHEMATICS Volume 3, Released 1991, Published 2003 Inst. of Computer Science, Univ. of Białystok

Filters - Part II.

Quotient Lattices Modulo Filters and

Direct Product of Two Lattices

Grzegorz Bancerek Warsaw University Białystok

Summary. Binary and unary operation preserving binary relations and quotients of those operations modulo equivalence relations are introduced. It is shown that the quotients inherit some important properties (commutativity, associativity, distributivity, etc.). Based on it, the quotient (also called factor) lattice modulo a filter (i.e. modulo the equivalence relation w.r.t the filter) is introduced. Similarly, some properties of the direct product of two binary (unary) operations are present and then the direct product of two lattices is introduced. Besides, the heredity of distributivity, modularity, completeness, etc., for the product of lattices is also shown. Finally, the concept of isomorphic lattices is introduced, and there is shown that every Boolean lattice B is isomorphic with the direct product of the factor lattice B/[a] and the lattice latt[a], where a is an element of B.

MML Identifier: FILTER_1.

WWW: http://mizar.org/JFM/Vol3/filter_1.html

The articles [10], [6], [12], [13], [4], [5], [3], [8], [9], [1], [7], [14], [2], and [11] provide the notation and terminology for this paper.

For simplicity, we adopt the following convention: L, L_1, L_2 are lattices, F_1, F_2 are filters of L, p, q are elements of L, p_1, q_1 are elements of L_1, p_2, q_2 are elements of L_2, x, x_1, y, y_1 are sets, D, D_1, D_2 are non empty sets, R is a binary relation, R_1 is an equivalence relation of D, a, b, d are elements of D, a_1, b_1 are elements of D_1, a_2, b_2 are elements of D_2, B is a Boolean lattice, F_3 is a filter of B, I is an implicative lattice, F_4 is a filter of I, i, i_1, i_2, j, j_1, j_2, k are elements of I, f_1, g_1 are binary operations on D_1, and f_2, g_2 are binary operations on D_2.

The following two propositions are true:

(1) F_1 ∩ F_2 is a filter of L.

(2) If [p) = [q), then p = q.

Let us consider L, F_1, F_2. Then F_1 ∩ F_2 is a filter of L.

Let us consider D, R. A unary operation on D is said to be a unary R-congruent operation on D if: (Def. 1) For all elements x, y of D such that ⟨x, y⟩ ∈ R holds ⟨it(x), it(y)⟩ ∈ R.

A binary operation on D is said to be a binary R-congruent operation on D if:

(Def. 2) For all elements x_1, y_1, x_2, y_2 of D such that ⟨x_1, y_1⟩ ∈ R and ⟨x_2, y_2⟩ ∈ R holds ⟨it(x_1, x_2), it(y_1, y_2)⟩ ∈ R.

1 © Association of Mizar Users

In the sequel F, G denote binary R_1-congruent operations on D.

Let us consider D and let R be an equivalence relation of D. A unary operation on R is a unary R-congruent operation on D. A binary operation on R is a binary R-congruent operation on D. Note that Classes R is non empty.

Let us consider D, let R be an equivalence relation of D, and let d be an element of D. Then [d]_R is an element of Classes R.

Let us consider D, let R be an equivalence relation of D, and let u be a unary operation on D. Let us assume that u is a unary R-congruent operation on D. The functor u_{/R} yields a unary operation on Classes R and is defined by:

(Def. 3) For all x, y such that x ∈ Classes R and y ∈ x holds u_{/R}(x) = [u(y)]_R.

Let us consider D, let R be an equivalence relation of D, and let b be a binary operation on D. Let us assume that b is a binary R-congruent operation on D. The functor b_{/R} yielding a binary operation on Classes R is defined as follows:

(Def. 4) For all x, y, x_1, y_1 such that x ∈ Classes R and y ∈ Classes R and x_1 ∈ x and y_1 ∈ y holds b_{/R}(x, y) = [b(x_1, y_1)]_R.

We now state a number of propositions: (3) F_{/R1} ([a]_{(R1)}, [b]_{(R1)}) = [F(a, b)]_{(R1)}. (4) If F is commutative, then F_{/R1} is commutative. (5) If F is associative, then F_{/R1} is associative.

(6) If d is a left unity w.r.t. F, then [d]_{(R1)} is a left unity w.r.t. F_{/R1} . (7) If d is a right unity w.r.t. F, then [d]_{(R1)} is a right unity w.r.t. F_{/R1} . (8) If d is a unity w.r.t. F, then [d]_{(R1)} is a unity w.r.t. F_{/R1} . (9) If F is left distributive w.r.t. G, then F_{/R1} is left distributive w.r.t. G_{/R1} . (10) If F is right distributive w.r.t. G, then F_{/R1} is right distributive w.r.t. G_{/R1} . (11) If F is distributive w.r.t. G, then F_{/R1} is distributive w.r.t. G_{/R1} . (12) If F absorbs G, then F_{/R1} absorbs G_{/R1} .

(13) The join operation of I is a binary ≡_{(F4)}-congruent operation on the carrier of I. (14) The meet operation of I is a binary ≡_{(F4)}-congruent operation on the carrier of I. Let L be a lattice and let F be a filter of L. Let us assume that L is an implicative lattice. The functor L_{/F} yielding a strict lattice is defined by the condition (Def. 5).

(Def. 5) Let R be an equivalence relation of the carrier of L. Suppose R = ≡_F . Then L_{/F} = ⟨Classes R,(the join operation of L)_{/R},(the meet operation of L)_{/R}⟩.

Let L be a lattice, let F be a filter of L, and let a be an element of L. Let us assume that L is an implicative lattice. The functor a_{/F} yields an element of L_{/F} and is defined as follows: (Def. 6) For every equivalence relation R of the carrier of L such that R = ≡_F holds a_{/F} = [a]_R.

We now state several propositions:

(15) i_{/F4} ⊔ j_{/F4} = (i ⊔ j)_{/F4} and i_{/F4} ⊓ j_{/F4} = (i ⊓ j)_{/F4} . (16) i_{/F4} ⊑ j_{/F4} iff i ⇒ j ∈ F_4. (17) i ⊓ j ⇒ k = i ⇒ ( j ⇒ k).

(18) If I is lower-bounded, then I_{/F4} is a lower bound lattice and ⊥_{I/F4} = (⊥_I )_{/F4} . (19) I_{/F4} is an upper bound lattice and ⊤_{I/F4} = (⊤_I)_{/F4} . (20) I_{/F4} is implicative. (21) B_{/F3} is a Boolean lattice.

Let D_1, D_2 be sets, let f_1 be a binary operation on D_1, and let f_2 be a binary operation on D_2. Then |: f_1, f_2:| is a binary operation on [:D_1, D_2 :].

Next we state a number of propositions:

(22) |: f_1, f_2:|(⟨a_1, a_2⟩, ⟨b_1, b_2⟩) = ⟨ f_1(a_1, b_1), f_2(a_2, b_2)⟩. (23) f_1 is commutative and f_2 is commutative iff |: f_1, f_2:| is commutative. (24) f_1 is associative and f_2 is associative iff |: f_1, f_2:| is associative.

(25) a_1 is a left unity w.r.t. f_1 and a_2 is a left unity w.r.t. f_2 iff ⟨a_1, a_2⟩ is a left unity w.r.t.

|: f_1, f_2:|.

(26) a_1 is a right unity w.r.t. f_1 and a_2 is a right unity w.r.t. f_2 iff ⟨a_1, a_2⟩ is a right unity w.r.t.

|: f_1, f_2:|.

(27) a_1 is a unity w.r.t. f_1 and a_2 is a unity w.r.t. f_2 iff ⟨a_1, a_2⟩ is a unity w.r.t. |: f_1, f_2:|. (28) f_1 is left distributive w.r.t. g_1 and f_2 is left distributive w.r.t. g_2 if and only if |: f_1, f_2:| is left distributive w.r.t. |:g_1, g_2:|.

(29) f_1 is right distributive w.r.t. g_1 and f_2 is right distributive w.r.t. g_2 if and only if |: f_1, f_2:| is right distributive w.r.t. |:g_1, g_2:|.

(30) f_1 is distributive w.r.t. g_1 and f_2 is distributive w.r.t. g_2 iff |: f_1, f_2:| is distributive w.r.t.

|:g_1, g_2:|.

(31) f_1 absorbs g_1 and f_2 absorbs g_2 iff |: f_1, f_2:| absorbs |:g_1, g_2:|.

Let L_1, L_2 be non empty lattice structures. The functor [:L_1, L_2 :] yields a strict lattice structure and is defined by the condition (Def. 7).

(Def. 7) [:L_1, L_2 :] = ⟨[:the carrier of L_1, the carrier of L_2 :],|:the join operation of L_1, the join operation of L_2:|,|:the meet operation of L_1, the meet operation of L_2:|⟩.

Let L_1, L_2 be non empty lattice structures. One can check that [:L_1, L_2 :] is non empty. Let L be a lattice. The functor LattRel(L) yields a binary relation and is defined by:

(Def. 8) LattRel(L) = {⟨p, q⟩; p ranges over elements of L, q ranges over elements of L: p ⊑ q}.

We now state two propositions: (32) ⟨p, q⟩ ∈ LattRel(L) iff p ⊑ q.

(33) domLattRel(L) = the carrier of L and rngLattRel(L) = the carrier of L and fieldLattRel(L) = the carrier of L.

Let L_1, L_2 be lattices. We say that L_1 and L_2 are isomorphic if and only if: (Def. 9) LattRel(L_1) and LattRel(L_2) are isomorphic.

Let us notice that the predicate L_1 and L_2 are isomorphic is reflexive and symmetric. One can verify that [:L_1, L_2 :] is lattice-like.

Next we state two propositions:

(34) Let L_1, L_2, L_3 be lattices. Suppose L_1 and L_2 are isomorphic and L_2 and L_3 are isomorphic.

Then L_1 and L_3 are isomorphic.

(35) For all non empty lattice structures L_1, L_2 such that [:L_1, L_2 :] is a lattice holds L_1 is a lattice and L_2 is a lattice.

Let L_1, L_2 be lattices, let a be an element of L_1, and let b be an element of L_2. Then ⟨a, b⟩ is an element of [:L_1, L_2 :].

Next we state a number of propositions:

(36) ⟨p_1, p_2⟩ ⊔ ⟨q_1, q_2⟩ = ⟨p_1 ⊔ q_1, p_2 ⊔ q_2⟩ and ⟨p_1, p_2⟩ ⊓ ⟨q_1, q_2⟩ = ⟨p_1 ⊓ q_1, p_2 ⊓ q_2⟩. (37) ⟨p_1, p_2⟩ ⊑ ⟨q_1, q_2⟩ iff p_1 ⊑ q_1 and p_2 ⊑ q_2. (38) L_1 is modular and L_2 is modular iff [: L_1, L_2 :] is modular.

(39) L_1 is a distributive lattice and L_2 is a distributive lattice if and only if [:L_1, L_2 :] is a distributive lattice.

(40) L_1 is lower-bounded and L_2 is lower-bounded iff [:L_1, L_2 :] is lower-bounded. (41) L_1 is upper-bounded and L_2 is upper-bounded iff [:L_1, L_2 :] is upper-bounded. (42) L_1 is bounded and L_2 is bounded iff [:L_1, L_2 :] is bounded.

(43) If L_1 is a lower bound lattice and L_2 is a lower bound lattice, then ⊥_{[:L1,L2 :]} = ⟨⊥_{(L1)}, ⊥_{(L2)}⟩.

(44) If L_1 is an upper bound lattice and L_2 is an upper bound lattice, then ⊤_{[:L1,L2 :]} = ⟨⊤_{(L1)}, ⊤_{(L2)}⟩.

(45) Suppose L_1 is a bound lattice and L_2 is a bound lattice. Then p_1 is a complement of q_1 and p_2 is a complement of q_2 if and only if ⟨p_1, p_2⟩ is a complement of ⟨q_1, q_2⟩.

(46) L_1 is a complemented lattice and L_2 is a complemented lattice if and only if [:L_1, L_2 :] is a complemented lattice.

(47) L_1 is a Boolean lattice and L_2 is a Boolean lattice iff [:L_1, L_2 :] is a Boolean lattice. (48) L_1 is implicative and L_2 is implicative iff [:L_1, L_2 :] is implicative. (49) [:L_1, L_2 :]^∘ = [:L_1^∘, L_2^∘ :].

(50) [:L_1, L_2 :] and [:L_2, L_1 :] are isomorphic.

We follow the rules: B is a Boolean lattice and a, b, c, d are elements of B. Next we state a number of propositions: (51) a ⇔ b = (a ⊓ b) ⊔ (a^c ⊓ b^c).

(52) (a ⇒ b)^c = a ⊓ b^c and (a ⇔ b)^c = (a ⊓ b^c) ⊔ (a^c ⊓ b) and (a ⇔ b)^c = a ⇔ b^c and (a ⇔ b)^c = a^c ⇔ b.

(53) If a ⇔ b = a ⇔ c, then b = c. (54) a ⇔ (a ⇔ b) = b.

(55) i ⊔ j ⇒ i = j ⇒ i and i ⇒ i ⊓ j = i ⇒ j.

(56) i ⇒ j ⊑ i ⇒ j ⊔ k and i ⇒ j ⊑ i ⊓ k ⇒ j and i ⇒ j ⊑ i ⇒ k ⊔ j and i ⇒ j ⊑ k ⊓ i ⇒ j. (57) (i ⇒ k) ⊓ ( j ⇒ k) ⊑ i ⊔ j ⇒ k. (58) (i ⇒ j) ⊓ (i ⇒ k) ⊑ i ⇒ j ⊓ k.

FILTERS - PART II. . . . 5

(59) If i_1 ⇔ i_2 ∈ F_4 and j_1 ⇔ j_2 ∈ F_4, then i_1 ⊔ j_1 ⇔ i_2 ⊔ j_2 ∈ F_4 and i_1 ⊓ j_1 ⇔ i_2 ⊓ j_2 ∈ F_4. (60) If i ∈ [k]_{≡(F4)} and j ∈ [k]_{≡(F4)} , then i ⊔ j ∈ [k]_{≡(F4)} and i ⊓ j ∈ [k]_{≡(F4)} . (61) c ⊔ (c ⇔ d) ∈ [c]_{≡[d)} and for every b such that b ∈ [c]_{≡[d)} holds b ⊑ c ⊔ (c ⇔ d). (62) B and [:B_{/[a)}, L_{[a)} :] are isomorphic. REFERENCES

[1] Grzegorz Bancerek. The well ordering relations. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

wellord1.html.

[2] Grzegorz Bancerek. Filters — part I. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/filter_0.html. [3] Czesław Byliński. Binary operations. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/binop_1.html. [4] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[5] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[6] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

zfmisc_1.html.

[7] Czesław Byliński. The modification of a function by a function and the iteration of the composition of a function. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/funct_4.html.

[8] Konrad Raczkowski and Paweł Sadowski. Equivalence relations and classes of abstraction. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/eqrel_1.html.

[9] Andrzej Trybulec. Domains and their Cartesian products. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/domain_1.html.

[10] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[11] Andrzej Trybulec. Finite join and finite meet, and dual lattices. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/

Vol2/lattice2.html.

[12] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [13] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

[14] Stanisław Żukowski. Introduction to lattice theory. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

lattices.html.

Received April 19, 1991 Published January 2, 2004