JOURNAL OF FORMALIZED MATHEMATICS Volume 3, Released 1991, Published 2003 Inst. of Computer Science, Univ. of Białystok

Similarity of Formulae

Agata Darmochwał Warsaw University

Andrzej Trybulec Warsaw University Białystok

Summary. The main objective of the paper is to define the concept of the similarity of formulas. We mean by similar formulas the two formulas that differs only in the names of bound variables. Some authors (compare [14]) call such formulas congruent. We use the word similar following [12], [11], [13]. The concept is unjustfully neglected in many logical handbooks. It is intuitively quite clear, however the exact definition is not simple. As far as we know, only W.A. Pogorzelski and T. Prucnal [13] define it in the precise way. We follow basically the Pogorzelski’s definition (compare [12]). We define renumeration of bound variables and we say that two formulas are similar if after renumeration are equal. Therefore we need a rule of chosing bound variables independent of the original choice. Quite obvious solution is to use consecutively variables x_{k+1},x_{k+2},..., where k is the maximal index of free variable occurring in the formula. Therefore after the renumeration we get the new formula in which different quantifiers bind different variables. It is the reason that the result of renumeration applied to a formula φ we call φ with variables separated.

MML Identifier: CQC_SIM1.

WWW: http://mizar.org/JFM/Vol3/cqc_sim1.html

The articles [19], [6], [24], [22], [17], [20], [25], [26], [4], [5], [16], [3], [10], [23], [21], [2], [18], [15], [1], [9], [7], and [8] provide the notation and terminology for this paper.

The following propositions are true:

(1) For all sets x, y and for every function f holds ( f +·({x} −→ y))^∘{x} = {y}.

(2) For all sets K, L and for all sets x, y and for every function f holds ( f +·(L −→ y))^∘K ⊆ f^∘K ∪ {y}.

(3) For all sets x, y and for every function g and for every set A holds (g+·({x} −→ y))^∘(A \ {x}) = g^∘(A \ {x}).

(4) For all sets x, y and for every function g and for every set A such that y /∈ g^∘(A \ {x}) holds (g+·({x} −→ y))^∘(A \ {x}) = (g+·({x} −→ y))^∘A \ {y}.

For simplicity, we follow the rules: p, q, r, s are elements of CQC-WFF, x is an element of BoundVar, i, k, l, m, n are elements of N, l_1 is a variables list of k, and P is a k-ary predicate symbol.

We now state several propositions:

(5) If p is atomic, then there exist k, P, l_1 such that p = P[l_1].

(6) If p is negative, then there exists q such that p = ¬q.

(7) If p is conjunctive, then there exist q, r such that p = q ∧ r.

(8) If p is universal, then there exist x, q such that p = ∀_xq.

1 © Association of Mizar Users

(9) For every finite sequence l holds rngl = {l(i) : 1 ≤ i ∧ i ≤ lenl}.

In this article we present several logical schemes. The scheme QC Func ExN deals with a non empty set A, an element B of A, a unary functor F yielding an element of A, a binary functor G yielding an element of A, a ternary functor H yielding an element of A, and a binary functor I yielding an element of A, and states that:

There exists a function F from WFF into A such that (i) F(VERUM) = B, and (ii) for every element p of WFF holds if p is atomic, then F(p) = F (p) and if p is negative, then F(p) = G(F(Arg(p)), p) and if p is conjunctive, then F(p) = H (F(LeftArg(p)),F(RightArg(p)), p) and if p is universal, then F(p) = I (F(Scope(p)), p) for all values of the parameters.

The scheme CQCF2 Func Ex deals with non empty sets A, B, an element C of BA , a ternary functor F yielding an element of BA , a binary functor G yielding an element of BA , a 4-ary functor H yielding an element of B^A , and a ternary functor I yielding an element of B^A , and states that:

There exists a function F from CQC-WFF into BA such that (i) F(VERUM) = C , (ii) for every k and for every variables list l of k and for every k-ary predicate symbol P holds F(P[l]) = F (k,P,l), and (iii) for all r, s, x holds F(¬r) = G(F(r),r) and F(r ∧ s) = H (F(r),F(s),r,s) and F(∀_xr) = I (x,F(r),r) for all values of the parameters.

The scheme CQCF2 FUniq deals with non empty sets A, B, functions C , D from CQC-WFF into BA , a function E from A into B, a ternary functor F yielding a function from A into B, a binary functor G yielding a function from A into B, a 4-ary functor H yielding a function from A into B, and a ternary functor I yielding a function from A into B, and states that:

C = D provided the following conditions are met:

• C (VERUM) = E, • For all k, l_1, P holds C (P[l_1]) = F (k,P,l_1), • For all r, s, x holds C (¬r) = G(C (r),r) and C (r ∧ s) = H (C (r),C (s),r,s) and C (∀_xr) = I (x,C (r),r), • D(VERUM) = E, • For all k, l_1, P holds D(P[l_1]) = F (k,P,l_1), and • For all r, s, x holds D(¬r) = G(D(r),r) and D(r ∧ s) = H (D(r),D(s),r,s) and D(∀_xr) = I (x,D(r),r).

We now state four propositions:

(10) p is a subformula of ¬p.

(11) p is a subformula of p ∧ q and q is a subformula of p ∧ q.

(12) p is a subformula of ∀_x p.

(13) For every variables list l of k and for every i such that 1 ≤ i and i ≤ lenl holds l(i) ∈ BoundVar.

Let D be a non empty set and let f be a function from D into CQC-WFF. The functor NEG( f ) yields an element of CQC-WFF^D and is defined by:

(Def. 1) For every element a of D and for every element p of CQC-WFF such that p = f (a) holds (NEG( f ))(a) = ¬p.

In the sequel f , h denote elements of BoundVar^{BoundVar} and K denotes a finite subset of BoundVar. Let f , g be functions from [:N, BoundVar^{BoundVar} :] into CQC-WFF and let n be a natural number.

The functor CON( f ,g,n) yielding an element of CQC-WFF^{[: N,BoundVarBoundVar :]} is defined as follows:

(Def. 2) For all k, h, p, q such that p = f (⟨k, h⟩) and q = g(⟨k + n, h⟩) holds (CON( f ,g,n))(⟨k, h⟩) = p ∧ q.

Let f be a function from [:N, BoundVar^{BoundVar} :] into CQC-WFF and let x be a bound variable. The functor UNIV(x, f ) yields an element of CQC-WFF^{[: N,BoundVarBoundVar :]} and is defined as follows: (Def. 3) For all k, h, p such that p = f (⟨k + 1, h+·({x} −→ x_k)⟩) holds (UNIV(x, f ))(⟨k, h⟩) = ∀_{xk} p.

Let us consider k, let l be a variables list of k, and let f be an element of BoundVar^{BoundVar}. Then f · l is a variables list of k.

Let us consider k, let P be a k-ary predicate symbol, and let l be a variables list of k. The functor ATOM(P,l) yielding an element of CQC-WFF^{[: N,BoundVarBoundVar :]} is defined by: (Def. 4) For all n, h holds (ATOM(P,l))(⟨n, h⟩) = P[h · l].

Let us consider p. The number of quantifiers in p yields an element of N and is defined by the condition (Def. 5).

(Def. 5) There exists a function F from CQC-WFF into N such that

(i) the number of quantifiers in p = F(p), (ii) F(VERUM) = 0, and (iii) for all r, s, x, k and for every variables list l of k and for every k-ary predicate symbol P holds F(P[l]) = 0 and F(¬r) = F(r) and F(r ∧ s) = F(r) + F(s) and F(∀_xr) = F(r) + 1.

Let f be a function from CQC-WFF into CQC-WFF^{[: N,BoundVarBoundVar :]} and let x be an element of CQC-WFF. Then f (x) is an element of CQC-WFF^{[: N,BoundVarBoundVar :]}.

The function Renum from CQC-WFF into CQC-WFF^{[: N,BoundVarBoundVar :]} is defined by the conditions (Def. 6).

(Def. 6)(i) Renum(VERUM) = [:N, BoundVar^{BoundVar} :] −→ VERUM,

(ii) for every k and for every variables list l of k and for every k-ary predicate symbol P holds Renum(P[l]) = ATOM(P,l), and (iii) for all r, s, x holds Renum(¬r) = NEG(Renum(r)) and Renum(r ∧ s) = CON(Renum(r),Renum(s),the number of quantifiers in r) and Renum(∀_xr) = UNIV(x,Renum(r)).

Let us consider p, k, f . The functor Renum_{k, f} (p) yielding an element of CQC-WFF is defined by: (Def. 7) Renum_{k, f} (p) = Renum(p)(⟨k, f ⟩).

Next we state several propositions:

(14) The number of quantifiers in VERUM = 0. (15) The number of quantifiers in P[l_1] = 0.

(16) The number of quantifiers in ¬p = the number of quantifiers in p.

(17) The number of quantifiers in p ∧ q = (the number of quantifiers in p) + (the number of quantifiers in q).

(18) The number of quantifiers in ∀_x p = (the number of quantifiers in p) + 1.

Let A be a non empty subset of N. The functor minA yields a natural number and is defined as follows:

(Def. 8) minA ∈ A and for every k such that k ∈ A holds minA ≤ k.

Next we state two propositions:

(19) For all non empty subsets A, B of N such that A ⊆ B holds minB ≤ minA.

(20) For every element p of WFF holds snb(p) is finite.

The scheme MaxFinDomElem deals with a non empty set A, a set B, and a binary predicate P , and states that:

There exists an element x of A such that x ∈ B and for every element y of A such that y ∈ B holds P [x,y] provided the parameters meet the following conditions:

• B is finite and B ≠ /0 and B ⊆ A, • For all elements x, y of A holds P [x,y] or P [y,x], and • For all elements x, y, z of A such that P [x,y] and P [y,z] holds P [x,z]. Let us consider p. The functor NBI(p) yielding a subset of N is defined as follows:

(Def. 9) NBI(p) = {k : ⋀ i (k ≤ i ⇒ x_i /∈ snb(p))}.

Let us consider p. Note that NBI(p) is non empty.

Let us consider p. The functor |• : p|_N yielding a natural number is defined by:

(Def. 10) |• : p|_N = minNBI(p).

One can prove the following propositions:

(21) |• : p|_N = 0 iff p is closed.

(22) If x_i ∈ snb(p), then i < |• : p|_N.

(23) |• : VERUM|_N = 0.

(24) |• : ¬p|_N = |• : p|_N.

(25) |• : p|_N ≤ |• : p ∧ q|_N and |• : q|_N ≤ |• : p ∧ q|_N.

Let C be a non empty set and let D be a non empty subset of C. Then id_D is an element of D^D. Let us consider p. The functor pwith variables separated yielding an element of CQC-WFF is defined by:

(Def. 11) pwith variables separated = Renum_{|•:p|N,idBoundVar} (p).

One can prove the following proposition

(26) VERUMwith variables separated = VERUM.

The scheme CQCInd concerns a unary predicate P , and states that:

For every r holds P [r] provided the parameters meet the following requirements:

• P [VERUM], • For every k and for every variables list l of k and for every k-ary predicate symbol P holds P [P[l]], • For every r such that P [r] holds P [¬r], • For all r, s such that P [r] and P [s] holds P [r ∧ s], and • For all r, x such that P [r] holds P [∀_xr]. Next we state four propositions:

(27) P[l_1]with variables separated = P[l_1].

(28) If p is atomic, then pwith variables separated = p.

(29) (¬p)with variables separated = ¬(pwith variables separated).

(30) If p is negative and q = Arg(p), then pwith variables separated = ¬(qwith variables separated).

Let us consider p and let X be a subset of [:CQC-WFF, N, FinBoundVar, BoundVar^{BoundVar} :]. We say that X is closed w.r.t. p if and only if the conditions (Def. 12) are satisfied.

(Def. 12)(i) ⟨p,|• : p|_N, /0_{BoundVar},id_{BoundVar}⟩ ∈ X,

(ii) for all q, k, K, f such that ⟨¬q,k,K, f ⟩ ∈ X holds ⟨q,k,K, f ⟩ ∈ X, (iii) for all q, r, k, K, f such that ⟨q∧r,k,K, f ⟩ ∈ X holds ⟨q,k,K, f ⟩ ∈ X and ⟨r,k +the number of quantifiers in q, K, f ⟩ ∈ X, and (iv) for all q, x, k, K, f such that ⟨∀_xq,k,K, f ⟩ ∈ X holds ⟨q,k +1,K ∪{x}, f +·({x} −→ x_k)⟩ ∈ X. Let D be a non empty set and let x be an element of D. Then {x} is an element of FinD. Let us consider p. The functor Quadruples_p yields a subset of [:CQC-WFF, N, FinBoundVar, BoundVar^{BoundVar} :] and is defined by:

(Def. 13) Quadruples_p is closed w.r.t. p and for every subset D of [:CQC-WFF, N, FinBoundVar, BoundVar^{BoundVar} :] such that D is closed w.r.t. p holds Quadruples_p ⊆ D.

We now state several propositions:

(31) ⟨p,|• : p|_N, /0_{BoundVar},id_{BoundVar}⟩ ∈ Quadruples_p .

(32) For all q, k, K, f such that ⟨¬q,k,K, f ⟩ ∈ Quadruples_p holds ⟨q,k,K, f ⟩ ∈ Quadruples_p . (33) For all q, r, k, K, f such that ⟨q ∧ r,k,K, f ⟩ ∈ Quadruples_p holds ⟨q,k,K, f ⟩ ∈ Quadruples_p and ⟨r,k + the number of quantifiers in q, K, f ⟩ ∈ Quadruples_p .

(34) For all q, x, k, K, f such that ⟨∀_xq,k,K, f ⟩ ∈ Quadruples_p holds ⟨q,k + 1,K ∪ {x}, f +·({x} −→ x_k)⟩ ∈ Quadruples_p .

(35) Suppose ⟨q,k,K, f ⟩ ∈ Quadruples_p . Then

(i) ⟨q,k,K, f ⟩ = ⟨p,|• : p|_N, /0_{BoundVar},id_{BoundVar}⟩, or (ii) ⟨¬q,k,K, f ⟩ ∈ Quadruples_p, or (iii) there exists r such that ⟨q ∧ r,k,K, f ⟩ ∈ Quadruples_p, or (iv) there exist r, l such that k = l + the number of quantifiers in r and ⟨r ∧ q,l,K, f ⟩ ∈ Quadruples_p, or (v) there exist x, l, h such that l + 1 = k but h+·({x} −→ x_l) = f but ⟨∀_xq,l,K,h⟩ ∈ Quadruples_p or ⟨∀_xq,l,K \ {x},h⟩ ∈ Quadruples_p .

The scheme Sep regression deals with an element A of CQC-WFF and a 4-ary predicate P , and states that:

For all q, k, K, f such that ⟨q,k,K, f ⟩ ∈ QuadruplesA holds P [q,k,K, f ] provided the parameters meet the following conditions:

• P [A,|• : A|_N, /0_{BoundVar},id_{BoundVar}], • For all q, k, K, f such that ⟨¬q,k,K, f ⟩ ∈ QuadruplesA and P [¬q,k,K, f ] holds P [q,k,K, f ], • For all q, r, k, K, f such that ⟨q∧r,k,K, f ⟩⟩ ∈ QuadruplesA and P [q∧r,k,K, f ] holds P [q,k,K, f ] and P [r,k + the number of quantifiers in q, K, f ], and • For all q, x, k, K, f such that ⟨∀_xq,k,K, f ⟩ ∈ QuadruplesA and P [∀_xq,k,K, f ] holds P [q,k + 1,K ∪ {x}, f +·({x} −→ x_k)].

Next we state a number of propositions:

(36) For all q, k, K, f such that ⟨q,k,K, f ⟩ ∈ Quadruples_p holds q is a subformula of p. (37) Quadruples_{VERUM} = {⟨VERUM,0, /0_{BoundVar},id_{BoundVar}⟩}.

(38) For every k and for every variables list l of k and for every k-ary predicate symbol P holds Quadruples_{P[l]} = {⟨P[l],|• : P[l]|_N, /0_{BoundVar},id_{BoundVar}⟩}.

(39) For all q, k, K, f such that ⟨q,k,K, f ⟩ ∈ Quadruples_p holds snb(q) ⊆ snb(p) ∪ K.

SIMILARITY OF FORMULAE 6

(40) If ⟨q,m,K, f ⟩ ∈ Quadruples_p and x_i ∈ f^∘K, then i < m. (41) If ⟨q,m,K, f ⟩ ∈ Quadruples_p, then x_m /∈ f^∘K. (42) If ⟨q,m,K, f ⟩ ∈ Quadruples_p and x_i ∈ f^∘ snb(p), then i < m. (43) If ⟨q,m,K, f ⟩ ∈ Quadruples_p and x_i ∈ f^∘ snb(q), then i < m. (44) If ⟨q,m,K, f ⟩ ∈ Quadruples_p, then x_m /∈ f^∘ snb(q). (45) snb(p) = snb(pwith variables separated). (46) |• : p|_N = |• : pwith variables separated|_N.

Let us consider p, q. We say that p and q are similar if and only if: (Def. 14) pwith variables separated = qwith variables separated.

Let us notice that the predicate p and q are similar is reflexive and symmetric.

One can prove the following proposition (49)^1 If p and q are similar and q and r are similar, then p and r are similar.

REFERENCES

[1] Grzegorz Bancerek. Connectives and subformulae of the first order language. Journal of Formalized Mathematics, 1, 1989. http:

//mizar.org/JFM/Vol1/qc_lang2.html.

[2] Grzegorz Bancerek. The fundamental properties of natural numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/nat_1.html.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/finseq_1.html.

[4] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[5] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[6] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

zfmisc_1.html.

[7] Czesław Byliński. A classical first order language. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/cqc_

lang.html.

[8] Czesław Byliński. The modification of a function by a function and the iteration of the composition of a function. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/funct_4.html.

[9] Czesław Byliński and Grzegorz Bancerek. Variables in formulae of the first order language. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/qc_lang3.html.

[10] Agata Darmochwał. Finite sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/finset_1.html. [11] Włodzimierz Lesisz and Witold A. Pogorzelski. A simplified definition of the notion of similarity between formulas of the first order predicate calculus. Reports on Mathematical Logic, (7):63–69, 1976.

[12] Witold A. Pogorzelski. Klasyczny Rachunek Predykatów. PWN, Warszawa, 1981.

[13] Witold A. Pogorzelski and Tadeusz Prucnal. The substitution rule for predicate letters in the first-order predicate calculus. Reports on Mathematical Logic, (5):77–90, 1975.

[14] Helena Rasiowa and Roman Sikorski. The Mathematics of Metamathematics, volume 41 of Monografie Matematyczne. PWN, Warszawa, 1968.

[15] Piotr Rudnicki and Andrzej Trybulec. A first order language. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/qc_lang1.html.

[16] Andrzej Trybulec. Binary operations applied to functions. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/funcop_1.html.

[17] Andrzej Trybulec. Domains and their Cartesian products. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/domain_1.html.

1 The propositions (47) and (48) have been removed.

SIMILARITY OF FORMULAE 7

[18] Andrzej Trybulec. Semilattice operations on finite subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/setwiseo.html.

[19] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[20] Andrzej Trybulec. Tuples, projections and Cartesian products. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/mcart_1.html.

[21] Andrzej Trybulec. Function domains and Frænkel operator. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/

Vol2/fraenkel.html.

[22] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[23] Andrzej Trybulec and Agata Darmochwał. Boolean domains. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/finsub_1.html.

[24] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [25] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

[26] Edmund Woronowicz. Relations defined on sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

relset_1.html.

Received November 22, 1991 Published January 2, 2004