JOURNAL OF FORMALIZED MATHEMATICS Volume 11, Released 1999, Published 2003 Inst. of Computer Science, Univ. of Białystok

Asymptotic Notation. Part II: Examples and Problems^1

Richard Krueger University of Alberta Edmonton

Piotr Rudnicki University of Alberta Edmonton

Paul Shelley University of Alberta Edmonton

Summary. The widely used textbook by Brassard and Bratley [4] includes a chapter devoted to asymptotic notation (Chapter 3, pp. 79–97). We have attempted to test how suitable the current version of Mizar is for recording this type of material in its entirety. This article is a follow-up to [13] in which we introduced the basic notions and general theory. This article presents a Mizar formalization of examples and solutions to problems from Chapter 3 of [4] (some of the examples and solved problems are also in [13]). Not all problems have been solved as some required solutions not amenable for formalization.

MML Identifier: ASYMPT_1.

WWW: http://mizar.org/JFM/Vol11/asympt_1.html

The articles [19], [25], [2], [21], [8], [5], [6], [20], [23], [1], [11], [9], [26], [14], [16], [17], [12], [15], [22], [10], [18], [3], [7], [24], and [13] provide the notation and terminology for this paper.

1. EXAMPLES FROM THE TEXT

Let us note that every element of N is non negative.

We follow the rules: c, e denote real numbers, k, n, m, N, n_1, M denote natural numbers, and x denotes a set.

The following propositions are true:

(1) Let t, t_1 be sequences of real numbers. Suppose that (i) t(0) = 0, (ii) for every n such that n > 0 holds t(n) = (12 · n^3 · log_2 n − 5 · n^2) + (log_2 n)^2 + 36, (iii) t_1(0) = 0, and (iv) for every n such that n > 0 holds t_1(n) = n^3 · log_2 n.

Then there exist eventually-positive sequences s, s_1 of real numbers such that s = t and s_1 = t_1 and s ∈ O(s_1).

(2) Let a, b be logbase real numbers and f , g be sequences of real numbers. Suppose a > 1 and b > 1 and f (0) = 0 and for every n such that n > 0 holds f (n) = log_a n and g(0) = 0 and for every n such that n > 0 holds g(n) = log_b n. Then there exist eventually-positive sequences s, s_1 of real numbers such that s = f and s_1 = g and O(s) = O(s_1).

Let a, b, c be real numbers. The functor {a^{b·n+c)}}_{n∈N} yielding a sequence of real numbers is defined by:

1This work has been supported by NSERC Grant OGP9207.

1 © Association of Mizar Users

(Def. 1) ({a^{b·n+c)}}_{n∈N})(n) = a^{b·n+c}.

Let a be a positive real number and let b, c be real numbers. One can verify that {a^{b·n+c)}}_{n∈N} is eventually-positive.

One can prove the following proposition (3) For all positive real numbers a, b such that a < b holds {b^{1·n+0)}}_{n∈N} /∈ O({a^{1·n+0)}}_{n∈N}). The sequence {log_2 n}_{n∈N} of real numbers is defined as follows:

(Def. 2) {log_2 n}_{n∈N}(0) = 0 and for every n such that n > 0 holds {log_2 n}_{n∈N}(n) = log_2 n.

Let a be a real number. The functor {n^a}_{n∈N} yields a sequence of real numbers and is defined by: (Def. 3) {n^a}_{n∈N}(0) = 0 and for every n such that n > 0 holds {n^a}_{n∈N}(n) = n^a.

Let us note that {log_2 n}_{n∈N} is eventually-positive.

Let a be a real number. Observe that {n^a}_{n∈N} is eventually-positive. We now state several propositions:

(4) Let f , g be eventually-nonnegative sequences of real numbers. Then O( f ) ⊆ O(g) and O( f ) ≠ O(g) if and only if f ∈ O(g) and f /∈ Ω(g).

(5) O({log_2 n}_{n∈N}) ⊆ O({n^{( 1}2^)}_{n∈N}) and O({log_2 n}_{n∈N}) ≠ O({n^{( 1}2^)}_{n∈N}). (6) {n^{( 1}2^)}_{n∈N} ∈ Ω({log_2 n}_{n∈N}) and {log_2 n}_{n∈N} /∈ Ω({n^{( 1}2^)}_{n∈N}).

(7) For every sequence f of real numbers and for every natural number k such that for every n holds f (n) = ∑^n_{κ=0}({n^k}_{n∈N})(κ) holds f ∈ Θ({n^{(k+1)}}_{n∈N}).

(8) Let f be a sequence of real numbers. Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = n^{log2 n}. Then there exists an eventually-positive sequence s of real numbers such that s = f and s is not smooth.

Let b be a real number. The functor {b}_{n∈N} yielding a sequence of real numbers is defined as follows:

(Def. 4) {b}_{n∈N} = N −→ b.

Let us note that {1}_{n∈N} is eventually-nonnegative. We now state the proposition (9) Let f be an eventually-nonnegative sequence of real numbers. Then there exists a non empty set F of functions from N to R such that F = {{n^1}_{n∈N}} and f ∈ F^{O({1}n∈N)} iff there exist N, c, k such that c > 0 and for every n such that n ≥ N holds 1 ≤ f (n) and f (n) ≤ c · {n^k}_{n∈N}(n).

2. PROBLEM 3.1 We now state the proposition

(10) For every sequence f of real numbers such that for every n holds f (n) = (3 · 10^6 − 18 · 10^3 · n) + 27 · n^2 holds f ∈ O({n^2}_{n∈N}).

3. PROBLEM 3.5 We now state three propositions:

(11) {n^2}_{n∈N} ∈ O({n^3}_{n∈N}). (12) {n^2}_{n∈N} /∈ Ω({n^3}_{n∈N}).

(13) There exists an eventually-positive sequence s of real numbers such that s = {2^{1·n+1)}}_{n∈N} and {2^{1·n+0)}}_{n∈N} ∈ Θ(s).

Let a be a natural number. The functor {(n + a)!}_{n∈N} yielding a sequence of real numbers is defined by:

(Def. 5) {(n + a)!}_{n∈N}(n) = (n + a)!.

Let a be a natural number. Note that {(n + a)!}_{n∈N} is eventually-positive. Next we state the proposition (14) {(n + 0)!}_{n∈N} /∈ Θ({(n + 1)!}_{n∈N}). 4. PROBLEM 3.6 We now state the proposition

(15) For every sequence f of real numbers such that f ∈ O({n^1}_{n∈N}) holds f f ∈ O({n^2}_{n∈N}). 5. PROBLEM 3.7 One can prove the following proposition

(16) There exists an eventually-positive sequence s of real numbers such that s = {2^{1·n+0)}}_{n∈N} and 2 {n^1}_{n∈N} ∈ O({n^1}_{n∈N}) and {2^{2·n+0)}}_{n∈N} /∈ O(s). 6. PROBLEM 3.8 We now state the proposition

(17) If log_2 3 <^{159}_{100} , then {n^{(log2 3)}}_{n∈N} ∈ O({n^{( 159100 )}}_{n∈N}) and {n^{(log2 3)}}_{n∈N} /∈ Ω({n^{( 159100 )}}_{n∈N}) and {n^{(log2 3)}}_{n∈N} /∈ Θ({n^{( 159100 )}}_{n∈N}). 7. PROBLEM 3.11 Next we state the proposition

(18) Let f , g be sequences of real numbers. Suppose for every n holds f (n) = n mod 2 and for every n holds g(n) = (n + 1) mod 2. Then there exist eventually-nonnegative sequences s, s_1 of real numbers such that s = f and s_1 = g and s /∈ O(s_1) and s_1 /∈ O(s). 8. PROBLEM 3.19 We now state two propositions:

(19) For all eventually-nonnegative sequences f , g of real numbers holds O( f ) = O(g) iff f ∈ Θ(g).

(20) For all eventually-nonnegative sequences f , g of real numbers holds f ∈ Θ(g) iff Θ( f ) = Θ(g).

9. PROBLEM 3.21

One can prove the following propositions:

(21) Let e be a real number and f be a sequence of real numbers. Suppose 0 < e and f (0) = 0 and for every n such that n > 0 holds f (n) = n · log_2 n. Then there exists an eventuallypositive sequence s of real numbers such that s = f and O(s) ⊆ O({n^{(1+e)}}_{n∈N}) and O(s) ≠ O({n^{(1+e)}}_{n∈N}).

(22) Let e be a real number and g be a sequence of real numbers. Suppose 0 < e and e < 1 and g(0) = 0 and g(1) = 0 and for every n such that n > 1 holds g(n) =^{n2}_{log2 n} . Then there exists an eventually-positive sequence s of real numbers such that s = g and O({n^{(1+e)}}_{n∈N}) ⊆ O(s) and O({n^{(1+e)}}_{n∈N}) ≠ O(s).

(23) Let f be a sequence of real numbers. Suppose f (0) = 0 and f (1) = 0 and for every n such that n > 1 holds f (n) =^{n2}_{log2 n} . Then there exists an eventually-positive sequence s of real numbers such that s = f and O(s) ⊆ O({n^8}_{n∈N}) and O(s) ≠ O({n^8}_{n∈N}).

(24) Let g be a sequence of real numbers. Suppose that for every n holds g(n) = ((n^2 − n) + 1)^4. Then there exists an eventually-positive sequence s of real numbers such that s = g and O({n^8}_{n∈N}) = O(s).

(25) Let e be a real number. Suppose 0 < e and e < 1. Then there exists an eventually-positive sequence s of real numbers such that s = {1 + e^{1·n+0)}}_{n∈N} and O({n^8}_{n∈N}) ⊆ O(s) and O({n^8}_{n∈N}) ≠ O(s).

10. PROBLEM 3.22

One can prove the following propositions:

(26) Let f , g be sequences of real numbers. Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = n^{log2 n} and g(0) = 0 and for every n such that n > 0 holds g(n) = n^{√n}. Then there exist eventually-positive sequences s, s_1 of real numbers such that s = f and s_1 = g and O(s) ⊆ O(s_1) and O(s) ≠ O(s_1).

(27) Let f be a sequence of real numbers. Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = n^{√n}. Then there exist eventually-positive sequences s, s_1 of real numbers such that s = f and s_1 = {2^{1·n+0)}}_{n∈N} and O(s) ⊆ O(s_1) and O(s) ≠ O(s_1).

(28) There exist eventually-positive sequences s, s_1 of real numbers such that s = {2^{1·n+0)}}_{n∈N} and s_1 = {2^{1·n+1)}}_{n∈N} and O(s) = O(s_1).

(29) There exist eventually-positive sequences s, s_1 of real numbers such that s = {2^{1·n+0)}}_{n∈N} and s_1 = {2^{2·n+0)}}_{n∈N} and O(s) ⊆ O(s_1) and O(s) ≠ O(s_1).

(30) There exists an eventually-positive sequence s of real numbers such that s = {2^{2·n+0)}}_{n∈N} and O(s) ⊆ O({(n + 0)!}_{n∈N}) and O(s) ≠ O({(n + 0)!}_{n∈N}).

(31) O({(n + 0)!}_{n∈N}) ⊆ O({(n + 1)!}_{n∈N}) and O({(n + 0)!}_{n∈N}) ≠ O({(n + 1)!}_{n∈N}). (32) Let g be a sequence of real numbers. Suppose g(0) = 0 and for every n such that n > 0 holds g(n) = n^n. Then there exists an eventually-positive sequence s of real numbers such that s = g and O({(n + 1)!}_{n∈N}) ⊆ O(s) and O({(n + 1)!}_{n∈N}) ≠ O(s).

11. PROBLEM 3.23

One can prove the following proposition

(33) Let given n. Suppose n ≥ 1. Let f be a sequence of real numbers and k be a natural number.

If for every n holds f (n) = ∑^n_{κ=0}({n^k}_{n∈N})(κ), then f (n) ≥^{nk+1}_{k+1} .

12. PROBLEM 3.24

We now state the proposition

(34) Let f , g be sequences of real numbers. Suppose g(0) = 0 and for every n such that n > 0 holds g(n) = n · log_2 n and for every n holds f (n) = log_2(n!). Then there exists an eventuallynonnegative sequence s of real numbers such that s = g and f ∈ Θ(s).

13. PROBLEM 3.26

One can prove the following proposition

(35) Let f be an eventually-nondecreasing eventually-nonnegative sequence of real numbers and t be a sequence of real numbers. Suppose that for every n holds if n mod 2 = 0, then t(n) = 1 and if n mod 2 = 1, then t(n) = n. Then t /∈ Θ( f ).

14. PROBLEM 3.28

Let f be a function from N into R^∗ and let n be a natural number. Then f (n) is a finite sequence of elements of R.

Let n be a natural number and let a, b be positive real numbers. The functor Prob28(n,a,b) yielding a real number is defined by: (Def. 6)(i) Prob28(n,a,b) = 0 if n = 0,

(ii) there exists a natural number l and there exists a function p_{28} from N into R^∗ such that l + 1 = n and Prob28(n,a,b) = p_{28}(l)_n and p_{28}(0) = ⟨a⟩ and for every natural number n there exists a natural number n_1 such that n_1 = ⌈^{n+1+1}_2 ⌉ and p_{28}(n + 1) = p_{28}(n)^⌢ ⟨4 · p_{28}(n)_{n1} + b · (n + 1 + 1)⟩, otherwise.

Let a, b be positive real numbers. The functor {Prob28(n,a,b)}_{n∈N} yields a sequence of real numbers and is defined as follows:

(Def. 7) ({Prob28(n,a,b)}_{n∈N})(n) = Prob28(n,a,b).

We now state the proposition (36) For all positive real numbers a, b holds {Prob28(n,a,b)}_{n∈N} is eventually-nondecreasing.

15. PROBLEM 3.30

The non empty subset {2^n : n ∈ N} of N is defined by: (Def. 8) {2^n : n ∈ N} = {2^n : n ranges over natural numbers}.

We now state three propositions:

(37) Let f be a sequence of real numbers. Suppose that for every n holds if n ∈ {2^n : n ∈ N}, then f (n) = n and if n /∈ {2^n : n ∈ N}, then f (n) = 2^n. Then f ∈ Θ({n^1}_{n∈N}|{2^n : n ∈ N}) and f /∈ Θ({n^1}_{n∈N}) and {n^1}_{n∈N} is smooth and f is not eventually-nondecreasing.

(38) Let f , g be sequences of real numbers. Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = n^{2⌊log2 n⌋} and g(0) = 0 and for every n such that n > 0 holds g(n) = n^n. Then there exists an eventually-positive sequence s of real numbers such that (i) s = g, (ii) f ∈ Θ(s|{2^n : n ∈ N}), (iii) f /∈ Θ(s), (iv) f is eventually-nondecreasing, (v) s is eventually-nondecreasing, and (vi) s is not smooth w.r.t. 2.

(39) Let g be a sequence of real numbers. Suppose that for every n holds if n ∈ {2^n : n ∈ N}, then g(n) = n and if n /∈ {2^n : n ∈ N}, then g(n) = n^2. Then there exists an eventually-positive sequence s of real numbers such that s = g and {n^1}_{n∈N} ∈ Θ(s|{2^n : n ∈ N}) and {n^1}_{n∈N} /∈ Θ(s) and s_2 ∈ O(s) and {n^1}_{n∈N} is eventually-nondecreasing and s is not eventually-nondecreasing.

16. PROBLEM 3.31 Let x be a natural number. The functor x¡ yielding a natural number is defined as follows: (Def. 9)(i) There exists n such that n! ≤ x and x < (n + 1)! and x¡ = n! if x ≠ 0, (ii) x¡ = 0, otherwise.

The following proposition is true (40) Let f be a sequence of real numbers. Suppose that for every n holds f (n) = n¡. Then there exists an eventually-positive sequence s of real numbers such that s = f and f is eventuallynondecreasing and for every n holds f (n) ≤ {n^1}_{n∈N}(n) and s is not smooth.

17. PROBLEM 3.34 Let us observe that {n^1}_{n∈N} − {1}_{n∈N} is eventually-positive.

We now state the proposition (41) Θ({n^1}_{n∈N} − {1}_{n∈N}) + Θ({n^1}_{n∈N}) = Θ({n^1}_{n∈N}).

18. PROBLEM 3.35 The following proposition is true

(42) There exists a non empty set F of functions from N to R such that F = {{n^1}_{n∈N}} and for every n holds {n^{(−1)}}_{n∈N}(n) ≤ {n^1}_{n∈N}(n) and {n^{(−1)}}_{n∈N} /∈ F^{O({1}n∈N)}.

19. ADDITION One can prove the following proposition

(43) Let c be a non negative real number and x, f be eventually-nonnegative sequences of real numbers. Given e, N such that e > 0 and for every n such that n ≥ N holds f (n) ≥ e. If x ∈ O(c + f ), then x ∈ O( f ).

20. POTENTATIALLY USEFUL We now state a number of propositions:

(44) 2^2 = 4. (45) 2^3 = 8. (46) 2^4 = 16. (47) 2^5 = 32. (48) 2^6 = 64. (49) 2^{12} = 4096.

(50) For every n such that n ≥ 3 holds n^2 > 2 · n + 1. (51) For every n such that n ≥ 10 holds 2^{n−1} > (2 · n)^2.

(52) For every n such that n ≥ 9 holds (n + 1)^6 < 2 · n^6. (53) For every n such that n ≥ 30 holds 2^n > n^6. (54) For every real number x such that x > 9 holds 2^x > (2 · x)^2. (55) There exists N such that for every n such that n ≥ N holds √ n − log_2 n > 1.

(56) For all real numbers a, b, c such that a > 0 and c > 0 and c ≠ 1 holds a^b = c^{b·logc a}. (57) (4 + 1)! = 120. (58) 5^5 = 3125. (59) 4^4 = 256.

(60) For every n holds (n^2 − n) + 1 > 0. (61) For every n such that n ≥ 2 holds n! > 1. (62) For all n_1, n such that n ≤ n_1 holds n! ≤ n_1!.

(63) For every k such that k ≥ 1 there exists n such that n! ≤ k and k < (n + 1)! and for every m such that m! ≤ k and k < (m + 1)! holds m = n.

(64) For every n such that n ≥ 2 holds ⌈^n_2 ⌉ < n. (65) For every n such that n ≥ 3 holds n! > n. (67)^1 For every n such that n ≥ 2 holds 2^n > n + 1.

(68) Let a be a logbase real number and f be a sequence of real numbers. Suppose a > 1 and f (0) = 0 and for every n such that n > 0 holds f (n) = log_a n. Then f is eventually-positive.

(69) For all eventually-nonnegative sequences f , g of real numbers holds f ∈ O(g) and g ∈ O( f ) iff O( f ) = O(g).

(70) For all real numbers a, b, c such that 0 < a and a ≤ b and c ≥ 0 holds a^c ≤ b^c. (71) For every n such that n ≥ 4 holds 2 · n + 3 < 2^n. (72) For every n such that n ≥ 6 holds (n + 1)^2 < 2^n. (73) For every real number c such that c > 6 holds c^2 < 2^c.

(74) Let e be a positive real number and f be a sequence of real numbers. Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = log_2(n^e). Then f /{n^e}_{n∈N} is convergent and lim( f /{n^e}_{n∈N}) = 0.

(75) For every real number e such that e > 0 holds {log_2 n}_{n∈N}/{n^e}_{n∈N} is convergent and lim({log_2 n}_{n∈N}/{n^e}_{n∈N}) = 0.

(76) For every sequence f of real numbers and for every N such that for every n such that n ≤ N holds f (n) ≥ 0 holds ∑^N_{κ=0} f (κ) ≥ 0.

(77) For all sequences f , g of real numbers and for every N such that for every n such that n ≤ N holds f (n) ≤ g(n) holds ∑^N_{κ=0} f (κ) ≤ ∑^N_{κ=0} g(κ).

(78) Let f be a sequence of real numbers and b be a real number. Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = b. Let N be a natural number. Then ∑^N_{κ=0} f (κ) = b · N.

(79) For all sequences f , g of real numbers and for all natural numbers N, M holds ∑^M_{κ=N+1} f (κ) + f (N + 1) = ∑^M_{κ=N+1+1} f (κ).

1 The proposition (66) has been removed.

(80) Let f , g be sequences of real numbers, M be a natural number, and given N. Suppose N ≥ M + 1. If for every n such that M + 1 ≤ n and n ≤ N holds f (n) ≤ g(n), then ∑^M_{κ=N+1} f (κ) ≤ ∑^M_{κ=N+1} g(κ).

(81) For every n holds ⌈^n_2 ⌉ ≤ n.

(82) Let f be a sequence of real numbers, b be a real number, and N be a natural number.

Suppose f (0) = 0 and for every n such that n > 0 holds f (n) = b. Let M be a natural number. Then ∑^M_{κ=N+1} f (κ) = b · (N − M).

(83) Let f , g be sequences of real numbers, N be a natural number, and c be a real number.

Suppose f is convergent and lim f = c and for every n such that n ≥ N holds f (n) = g(n). Then g is convergent and limg = c.

(84) For every n such that n ≥ 1 holds (n^2 − n) + 1 ≤ n^2. (85) For every n such that n ≥ 1 holds n^2 ≤ 2 · ((n^2 − n) + 1).

(86) For every real number e such that 0 < e and e < 1 there exists N such that for every n such that n ≥ N holds n · log_2(1 + e)− 8 · log_2 n > 8 · log_2 n.

(87) For every n such that n ≥ 10 holds^{22·n}_{n!} <^1_{2n−9} . (88) For every n such that n ≥ 3 holds 2 · (n − 2) ≥ n − 1. (89) For every real number c such that c ≥ 0 holds c^12 = √ c. (90) There exists N such that for every n such that n ≥ N holds n − √ n · log_2 n >^n_2 .

(91) For every sequence s of real numbers such that for every n holds s(n) = (1 +^1_{n+1} )^{n+1} holds s is non-decreasing.

(92) For every n such that n ≥ 1 holds (^{n+1}_n )^n ≤ (^{n+2}_{n+1} )^{n+1}. (93) For all k, n such that k ≤ n holds

(_n k ) ≥ (^{n+1k} )_{n+1} .

(94) For every sequence f of real numbers such that for every n holds f (n) = log_2(n!) and for every n holds f (n) = ∑^n_{κ=0}({log_2 n}_{n∈N})(κ).

(95) For every n such that n ≥ 4 holds n · log_2 n ≥ 2 · n.

(96) Let a, b be positive real numbers. Then Prob28(0,a,b) = 0 and Prob28(1,a,b) = a and for every n such that n ≥ 2 there exists n_1 such that n_1 = ⌈^n_2 ⌉ and Prob28(n,a,b) = 4 · Prob28(n_1,a,b) + b · n.

(97) For every n such that n ≥ 2 holds n^2 > n + 1. (98) For every n such that n ≥ 1 holds 2^{n+1} − 2^n > 1. (99) For every n such that n ≥ 2 holds 2^n − 1 /∈ {2^n : n ∈ N}. (100) For all n, k such that k ≥ 1 and n! ≤ k and k < (n + 1)! holds k¡ = n!. (101) For all real numbers a, b, c such that a > 1 and b ≥ a and c ≥ 1 holds log_a c ≥ log_b c.

ASYMPTOTIC NOTATION. PART II: EXAMPLES . . . 9

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek. The ordinal numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/ordinal1.

html.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/finseq_1.html.

[4] Gilles Brassard and Paul Bratley. Fundamentals of Algorithmics. Prentice Hall, 1996.

[5] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[6] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[7] Czesław Byliński. Finite sequences and tuples of elements of a non-empty sets. Journal of Formalized Mathematics, 2, 1990. http:

//mizar.org/JFM/Vol2/finseq_2.html.

[8] Krzysztof Hryniewiecki. Basic properties of real numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/real_1.html.

[9] Jarosław Kotowicz. Convergent sequences and the limit of sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/seq_2.html.

[10] Jarosław Kotowicz. Monotone real sequences. Subsequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/seqm_3.html.

[11] Jarosław Kotowicz. Real sequences and basic operations on them. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/

JFM/Vol1/seq_1.html.

[12] Elżbieta Kraszewska and Jan Popiołek. Series in Banach and Hilbert spaces. Journal of Formalized Mathematics, 4, 1992. http:

//mizar.org/JFM/Vol4/bhsp_4.html.

[13] Richard Krueger, Piotr Rudnicki, and Paul Shelley. Asymptotic notation. Part I: Theory. Journal of Formalized Mathematics, 11, 1999.

http://mizar.org/JFM/Vol11/asympt_0.html.

[14] Rafał Kwiatek. Factorial and Newton coefficients. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/

newton.html.

[15] Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. Preliminaries to circuits, I. Journal of Formalized Mathematics, 6, 1994. http://mizar.org/JFM/Vol6/pre_circ.html.

[16] Konrad Raczkowski and Andrzej Nȩdzusiak. Real exponents and logarithms. Journal of Formalized Mathematics, 2, 1990. http:

//mizar.org/JFM/Vol2/power.html.

[17] Konrad Raczkowski and Andrzej Nȩdzusiak. Series. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/

series_1.html.

[18] Andrzej Trybulec. Domains and their Cartesian products. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/domain_1.html.

[19] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[20] Andrzej Trybulec. Function domains and Frænkel operator. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/

Vol2/fraenkel.html.

[21] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[22] Andrzej Trybulec and Czesław Byliński. Some properties of real numbers operations: min, max, square, and square root. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/square_1.html.

[23] Michał J. Trybulec. Integers. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/int_1.html. [24] Wojciech A. Trybulec. Pigeon hole principle. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/finseq_

4.html.

[25] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html.

[26] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

Received November 4, 1999 Published January 2, 2004