JOURNAL OF FORMALIZED MATHEMATICS
Volume2,  Released 1990,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Definable Functions

Grzegorz Bancerek
Warsaw University
Biatystok

Summary. The article is continuation of [4] and][3]. It deals with concepts of vari-
ables occurring in a formula and free variables, replacing of variables in a formula and de-
finable functions. The goal of it is to create a base of facts which are neccesary to show that
every model of ZF set theory is a good model, i.e. it is closed with respect to fundamental
settheoretical operations (union, intersection, Cartesian product etc.). The base includes the
facts concerning with the composition and conditional sum of two definable functions.

MML Identifier: ZFMODEL2.

WWW: http://mizar.org/JFM/Vol2/zfmodel2.html

The articles([10], (9], [[11], [[12],[16], [18], (71, [16], [[1], [[2], [[8], and([4] provide the notation and
terminology for this paper.

For simplicity, we use the following conventiorx, y, z, X1, X2, X3, X4 are variablesM is a
non empty setj, j are natural numbersn, my, mp, mz, my are elements oM, H, Hy, H, are
ZF-formulae, and, v1, v, are functions from VAR intdM.

The following propositions are true:

(1) FregH(])) C (Freed\ {x}) U{y}.

(2) Ify¢ Vary, thenifx € FreeH, then Fre(aH(}%)) = (FreeH \ {x})U{y} and ifx ¢ FreeH,
then FreéH (§)) = FreeH.

(3) Vary is finite.

(4) There exists such that for every such that x € Vary holds | < i and there existz such
thatx ¢ Vary.

(5) If x¢ Vary, thenM,v =H iff M,v = VyH.
(6) If x¢ Vary, thenM,v = H iff M,v(X) }=H.

(7) 1 x+yandy+zandz+ x, thenv(2)(&)(:2) = V() (25)() andv(2)()() =
V(L) () ():

(8) Suppose # Xp andx; # X3 andxq # X4 and X, # X andx # X4 andxs # x4. Then
V() (2) (R)(3%) = V(G2 (32) (26 () and V(R (32) (2) () = V(78 () () (32)
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(11) IfXo ¢ FreeH andM, v = Vy, 3y, Vx, (H < X4=(Xo)), then for allmy, mp holds 'y [v](my) =
mp iff M,v(22) (%) = H.

(12) If FreeH C {x3,X4} andM |= Vy,3x,Vx, (H < X4=(X0)), then i [v] = fy [M].

(13) I x¢ Vary, thenM,v |= H(}) iff M. v(;%5) = H.

(14) Ifx¢ Vary andM,v = H, thenM,v(W’;)) = H(i’).

(15) Supposex¢ FreeH andM, v = Vy, 3y, Vx, (H < Xa=(Xo)) andx ¢ Vary andy # x3 andy #
x4 andy ¢ FreeH andx # Xo andx # Xz andx # X4. Then x ¢ FregH (%)) andM7v(W’§,)) =
Vg o Vs (H(L) < Xa=(X0)) and fy[v] = f H(¥)[V(W>§')”'

(16) Ifx¢ Vary, thenM =H(Y) iff M =H.

(17) Supposex¢ FreeH; andM, vy = Yy, 3x,Vx, (H1 < X4=(X0)). Then there existy, v such
that for everyj such thatj < i and x € Varg,) holdsj = 3 or j = 4 and % ¢ FreeH, and
M,Vz ': VX3HXOVX4(H2 = X4:(X0)) and f,Hl[Vl] =f Ho [Vz].

(18) Supposex¢ FreeH; andM, vy = Vy,3x,Vx, (H1 < X4=(X0)). Then there existl, v such
that Freéd; NFreeH, C {x3,xa} and » ¢ FreeH, andM, v, = Vy, 3y, Vx, (H2 < X4=(Xo)) and
fhy [va] = 1y [V2].

In the sequeF, G are functions.
The following propositions are true:

(19) If Fis definable invl andG is definable inM, thenF - G is definable inM.

(20) Suppose x¢ FreeH. Then M,V |= Vy,3x,Vx, (H < X4=(Xo)) if and only if for everym
there existsry such that for everyng holdsM, v(32) (7)) = H iff mg = mp.

(21) Supposé is definable inM and G is definable inM and Fred¢d C {x3}. Let F; be a
function. Suppose dof = M and for every holds ifM,v = H, thenFy (v(x3)) = F(v(X3))
and ifM,v = —H, thenF(v(x3)) = G(v(x3)). ThenF; is definable inM.

(22) Supposé is parametrically definable iN andG is parametrically definable iNl. Then
G- F is parametrically definable iNl.
(23) Suppose that
(1) {Xo,X1,X2} misses Frekl,
(i) M,V = V3 x, (H1 © Xa=(X0)),
(i) {xo,X1,X2} misses Freky,
(iV) M,v ): vaaxovM(HZ <~ X4:(X0))7
(v)  {xo0,X1,X2} misses FreH, and
(Vi) X4 ¢ FreeH.

Let F, be a function. Suppose ddfn= M and for everym holds if M,v(3¥) = H, then
Fi(m) =f'1, [V(m) and ifM,v(32) = —H, thenF (m) = f' y, [V](m). ThenF, is parametrically
definable inM.

(24) idy is definable inM.

(25) idy is parametrically definable ikl.
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