
JOURNAL OF FORMALIZED MATHEMATICS

Volume1, Released 1989, Published 2003

Inst. of Computer Science, Univ. of Białystok

Models and Satisfiability

Grzegorz Bancerek
Warsaw University

Białystok

Summary. The article includes schemes of defining by structural induction, and def-
initions and theorems related to: the set of variables which have free occurrences in a ZF-
formula, the set of all valuations of variables in a model, the set of all valuations which satisfy
a ZF-formula in a model, the satisfiability of a ZF-formula in a model by a valuation, the
validity of a ZF-formula in a model, the axioms of ZF-language, the model of the ZF set
theory.

MML Identifier: ZF_MODEL.

WWW: http://mizar.org/JFM/Vol1/zf_model.html

The articles [7], [6], [5], [8], [9], [3], [1], [4], and [2] provide the notation and terminology for this
paper.

For simplicity, we use the following convention:H, H ′ are ZF-formulae,x, y, zare variables,a,
b, c are sets, andA, X are sets.

In this article we present several logical schemes. The schemeZFsch exdeals with a binary
functor F yielding a set, a binary functorG yielding a set, a unary functorH yielding a set, a
binary functorI yielding a set, a binary functorJ yielding a set, and a ZF-formulaA , and states
that:

There exista, A such that
(i) for all x, y holds〈〈x=y, F (x,y)〉〉 ∈ A and〈〈xεy, G(x,y)〉〉 ∈ A,

(ii) 〈〈A , a〉〉 ∈ A, and
(iii) for all H, asuch that〈〈H, a〉〉 ∈Aholds ifH is an equality, thena= F (Var1(H),Var2(H))
and if H is a membership, thena = G(Var1(H),Var2(H)) and if H is negative, then
there existsb such thata = H (b) and〈〈Arg(H), b〉〉 ∈ A and ifH is conjunctive, then
there existb, c such thata = I (b,c) and〈〈LeftArg(H), b〉〉 ∈ A and〈〈RightArg(H),
c〉〉 ∈ A and if H is universal, then there existsb such thata = J (Bound(H),b) and
〈〈Scope(H), b〉〉 ∈ A

for all values of the parameters.
The schemeZFsch uniqdeals with a binary functorF yielding a set, a binary functorG yielding

a set, a unary functorH yielding a set, a binary functorI yielding a set, a binary functorJ yielding
a set, a ZF-formulaA , a setB, and a setC , and states that:

B = C
provided the parameters have the following properties:

• There existsA such that
(i) for all x, y holds〈〈x=y, F (x,y)〉〉 ∈ A and〈〈xεy, G(x,y)〉〉 ∈ A,

(ii) 〈〈A , B〉〉 ∈ A, and
(iii) for all H, asuch that〈〈H, a〉〉 ∈Aholds ifH is an equality, thena= F (Var1(H),Var2(H))
and if H is a membership, thena = G(Var1(H),Var2(H)) and if H is negative, then
there existsb such thata = H (b) and〈〈Arg(H), b〉〉 ∈ A and ifH is conjunctive, then
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there existb, c such thata = I (b,c) and〈〈LeftArg(H), b〉〉 ∈ A and〈〈RightArg(H),
c〉〉 ∈ A and if H is universal, then there existsb such thata = J (Bound(H),b) and
〈〈Scope(H), b〉〉 ∈ A,

and
• There existsA such that

(i) for all x, y holds〈〈x=y, F (x,y)〉〉 ∈ A and〈〈xεy, G(x,y)〉〉 ∈ A,
(ii) 〈〈A , C 〉〉 ∈ A, and

(iii) for all H, asuch that〈〈H, a〉〉 ∈Aholds ifH is an equality, thena= F (Var1(H),Var2(H))
and if H is a membership, thena = G(Var1(H),Var2(H)) and if H is negative, then
there existsb such thata = H (b) and〈〈Arg(H), b〉〉 ∈ A and ifH is conjunctive, then
there existb, c such thata = I (b,c) and〈〈LeftArg(H), b〉〉 ∈ A and〈〈RightArg(H),
c〉〉 ∈ A and if H is universal, then there existsb such thata = J (Bound(H),b) and
〈〈Scope(H), b〉〉 ∈ A.

The schemeZFsch resultdeals with a binary functorF yielding a set, a binary functorG
yielding a set, a unary functorH yielding a set, a binary functorI yielding a set, a binary functorJ
yielding a set, a ZF-formulaA , and a unary functorK yielding a set, and states that:

(i) If A is an equality, thenK (A) = F (Var1(A),Var2(A)),
(ii) if A is a membership, thenK (A) = G(Var1(A),Var2(A)),

(iii) if A is negative, thenK (A) = H (K (Arg(A))),
(iv) if A is conjunctive, then for alla, b such thata = K (LeftArg(A)) andb =
K (RightArg(A)) holdsK (A) = I (a,b), and
(v) if A is universal, thenK (A) = J (Bound(A),K (Scope(A)))

provided the following requirement is met:
• Let givenH ′, a. Thena = K (H ′) if and only if there existsA such that for allx, y

holds〈〈x=y, F (x,y)〉〉 ∈ A and〈〈xεy, G(x,y)〉〉 ∈ A and〈〈H ′, a〉〉 ∈ A and for allH, a such
that〈〈H, a〉〉 ∈ A holds if H is an equality, thena = F (Var1(H),Var2(H)) and if H is
a membership, thena = G(Var1(H),Var2(H)) and ifH is negative, then there exists
b such thata = H (b) and〈〈Arg(H), b〉〉 ∈ A and if H is conjunctive, then there exist
b, c such thata = I (b,c) and〈〈LeftArg(H), b〉〉 ∈ A and〈〈RightArg(H), c〉〉 ∈ A and
if H is universal, then there existsb such thata = J (Bound(H),b) and〈〈Scope(H),
b〉〉 ∈ A.

The schemeZFsch propertydeals with a binary functorF yielding a set, a binary functorG
yielding a set, a unary functorH yielding a set, a binary functorI yielding a set, a binary functor
J yielding a set, a unary functorK yielding a set, a ZF-formulaA , and a unary predicateP , and
states that:

P [K (A)]
provided the following conditions are met:

• Let givenH ′, a. Thena = K (H ′) if and only if there existsA such that for allx, y
holds〈〈x=y, F (x,y)〉〉 ∈ A and〈〈xεy, G(x,y)〉〉 ∈ A and〈〈H ′, a〉〉 ∈ A and for allH, a such
that〈〈H, a〉〉 ∈ A holds if H is an equality, thena = F (Var1(H),Var2(H)) and if H is
a membership, thena = G(Var1(H),Var2(H)) and ifH is negative, then there exists
b such thata = H (b) and〈〈Arg(H), b〉〉 ∈ A and if H is conjunctive, then there exist
b, c such thata = I (b,c) and〈〈LeftArg(H), b〉〉 ∈ A and〈〈RightArg(H), c〉〉 ∈ A and
if H is universal, then there existsb such thata = J (Bound(H),b) and〈〈Scope(H),
b〉〉 ∈ A,

• For allx, y holdsP [F (x,y)] andP [G(x,y)],
• For everya such thatP [a] holdsP [H (a)],
• For alla, b such thatP [a] andP [b] holdsP [I (a,b)], and
• For alla, x such thatP [a] holdsP [J (x,a)].

Let us considerH. The functor FreeH yields a set and is defined by the condition (Def. 1).

(Def. 1) There existsA such that

(i) for all x, y holds〈〈x=y, {x,y}〉〉 ∈ A and〈〈xεy, {x,y}〉〉 ∈ A,

(ii) 〈〈H, FreeH〉〉 ∈ A, and
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(iii) for all H ′, a such that〈〈H ′, a〉〉 ∈A holds ifH ′ is an equality, thena= {Var1(H ′),Var2(H ′)}
and if H ′ is a membership, thena = {Var1(H ′),Var2(H ′)} and if H ′ is negative, then there
existsb such thata = b and〈〈Arg(H ′), b〉〉 ∈ A and if H ′ is conjunctive, then there existb,
c such thata =

⋃
{b,c} and〈〈LeftArg(H ′), b〉〉 ∈ A and〈〈RightArg(H ′), c〉〉 ∈ A and if H ′ is

universal, then there existsb such thata =
⋃
{b}\{Bound(H ′)} and〈〈Scope(H ′), b〉〉 ∈ A.

Let us considerH. Then FreeH is a subset of VAR.
We now state the proposition

(1) Let givenH. Then

(i) if H is an equality, then FreeH = {Var1(H),Var2(H)},
(ii) if H is a membership, then FreeH = {Var1(H),Var2(H)},

(iii) if H is negative, then FreeH = FreeArg(H),

(iv) if H is conjunctive, then FreeH = FreeLeftArg(H)∪FreeRightArg(H), and

(v) if H is universal, then FreeH = FreeScope(H)\{Bound(H)}.

Let D be a non empty set. The functor VALD yielding a set is defined as follows:

(Def. 2) a∈ VAL D iff a is a function from VAR intoD.

Let D be a non empty set. Note that VALD is non empty.
We adopt the following convention:E denotes a non empty set,f , g denote functions from VAR

into E, andv1, v2, v3, v4, v5 denote elements of VALE.
Let us considerH, E. The functor StE(H) yielding a set is defined by the condition (Def. 3).

(Def. 3) There existsA such that

(i) for all x, y holds〈〈x=y, {v1 :
∧

f ( f = v1 ⇒ f (x) = f (y))}〉〉 ∈ A and〈〈xεy, {v2 :
∧

f ( f =
v2 ⇒ f (x) ∈ f (y))}〉〉 ∈ A,

(ii) 〈〈H, StE(H)〉〉 ∈ A, and

(iii) for all H ′, a such that〈〈H ′, a〉〉 ∈ A holds if H ′ is an equality, thena = {v3 :
∧

f ( f =
v3 ⇒ f (Var1(H ′)) = f (Var2(H ′)))} and if H ′ is a membership, thena = {v4 :

∧
f ( f =

v4 ⇒ f (Var1(H ′)) ∈ f (Var2(H ′)))} and if H ′ is negative, then there existsb such thata =
VAL E \

⋃
{b} and〈〈Arg(H ′), b〉〉 ∈ A and if H ′ is conjunctive, then there existb, c such that

a=
⋃
{b}∩

⋃
{c} and〈〈LeftArg(H ′), b〉〉 ∈A and〈〈RightArg(H ′), c〉〉 ∈A and ifH ′ is universal,

then there existsb such thata = {v5 :
∧

X, f (X = b ∧ f = v5 ⇒ f ∈ X ∧
∧

g (
∧

y (g(y) 6=
f (y) ⇒ Bound(H ′) = y) ⇒ g∈ X))} and〈〈Scope(H ′), b〉〉 ∈ A.

Let us considerH, E. Then StE(H) is a subset of VALE.
The following propositions are true:

(2) For allx, y, f holds f (x) = f (y) iff f ∈ StE(x=y).

(3) For allx, y, f holds f (x) ∈ f (y) iff f ∈ StE(xεy).

(4) For allH, f holds f /∈ StE(H) iff f ∈ StE(¬H).

(5) For allH, H ′, f holds f ∈ StE(H) and f ∈ StE(H ′) iff f ∈ StE(H ∧H ′).

(6) Let givenx, H, f . Then f ∈ StE(H) and for everyg such that for everyy such thatg(y) 6=
f (y) holdsx = y holdsg∈ StE(H) if and only if f ∈ StE(∀xH).

(7) If H is an equality, then for everyf holds f (Var1(H)) = f (Var2(H)) iff f ∈ StE(H).

(8) If H is a membership, then for everyf holds f (Var1(H)) ∈ f (Var2(H)) iff f ∈ StE(H).

(9) If H is negative, then for everyf holds f /∈ StE(Arg(H)) iff f ∈ StE(H).

(10) If H is conjunctive, then for everyf holds f ∈StE(LeftArg(H)) and f ∈StE(RightArg(H))
iff f ∈ StE(H).
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(11) SupposeH is universal. Let givenf . Then f ∈ StE(Scope(H)) and for everyg such that
for everyy such thatg(y) 6= f (y) holds Bound(H) = y holdsg∈ StE(Scope(H)) if and only
if f ∈ StE(H).

Let D be a non empty set, letf be a function from VAR intoD, and let us considerH. The
predicateD, f |= H is defined as follows:

(Def. 4) f ∈ StD(H).

The following propositions are true:

(12) For allE, f , x, y holdsE, f |= x=y iff f (x) = f (y).

(13) For allE, f , x, y holdsE, f |= xεy iff f (x) ∈ f (y).

(14) For allE, f , H holdsE, f |= H iff E, f 6|= ¬H.

(15) For allE, f , H, H ′ holdsE, f |= H ∧H ′ iff E, f |= H andE, f |= H ′.

(16) For allE, f , H, x holdsE, f |= ∀xH iff for every g such that for everyy such thatg(y) 6= f (y)
holdsx = y holdsE,g |= H.

(17) For allE, f , H, H ′ holdsE, f |= H ∨H ′ iff E, f |= H or E, f |= H ′.

(18) For allE, f , H, H ′ holdsE, f |= H ⇒ H ′ iff if E, f |= H, thenE, f |= H ′.

(19) For allE, f , H, H ′ holdsE, f |= H ⇔ H ′ iff E, f |= H iff E, f |= H ′.

(20) For all E, f , H, x holds E, f |= ∃xH iff there existsg such that for everyy such that
g(y) 6= f (y) holdsx = y andE,g |= H.

(21) For allE, f , x and for every elemente of E there existsg such thatg(x) = e and for every
z such thatz 6= x holdsg(z) = f (z).

(22) E, f |= ∀x,yH iff for every g such that for everyzsuch thatg(z) 6= f (z) holdsx = zor y = z
holdsE,g |= H.

(23) E, f |= ∃x,yH iff there existsg such that for everyz such thatg(z) 6= f (z) holdsx = z or
y = z andE,g |= H.

Let us considerE, H. The predicateE |= H is defined as follows:

(Def. 5) For everyf holdsE, f |= H.

Next we state the proposition

(25)1 E |= ∀xH iff E |= H.

The ZF-formula the axiom of extensionality is defined as follows:

(Def. 6) The axiom of extensionality= ∀x0,x1(∀x2(x2ε(x0)⇔ x2ε(x1))⇒ x0=(x1)).

The ZF-formula the axiom of pairs is defined as follows:

(Def. 7) The axiom of pairs= ∀x0,x1∃x2∀x3(x3ε(x2)⇔ x3=(x0)∨x3=(x1)).

The ZF-formula the axiom of unions is defined by:

(Def. 8) The axiom of unions= ∀x0∃x1∀x2(x2ε(x1)⇔∃x3(x2ε(x3)∧x3ε(x0))).

The ZF-formula the axiom of infinity is defined by:

1 The proposition (24) has been removed.
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(Def. 9) The axiom of infinity = ∃x0,x1(x1ε(x0) ∧ ∀x2(x2ε(x0) ⇒ ∃x3(x3ε(x0) ∧ ¬x3=(x2) ∧
∀x4(x4ε(x2)⇒ x4ε(x3))))).

The ZF-formula the axiom of power sets is defined as follows:

(Def. 10) The axiom of power sets= ∀x0∃x1∀x2(x2ε(x1)⇔∀x3(x3ε(x2)⇒ x3ε(x0))).

Let H be a ZF-formula. The axiom of substitution forH yielding a ZF-formula is defined as
follows:

(Def. 11) The axiom of substitution forH = ∀x3∃x0∀x4(H ⇔ x4=(x0)) ⇒ ∀x1∃x2∀x4(x4ε(x2) ⇔
∃x3(x3ε(x1)∧H)).

Let us considerE. We say thatE is model of ZF if and only if the conditions (Def. 12) are
satisfied.

(Def. 12)(i) E is transitive,

(ii) E |= the axiom of pairs,

(iii) E |= the axiom of unions,

(iv) E |= the axiom of infinity,

(v) E |= the axiom of power sets, and

(vi) for everyH such that{x0,x1,x2} misses FreeH holdsE |= the axiom of substitution for
H.

We introduceE is a model of ZF as a synonym ofE is model of ZF.
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